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±  his  work  had  been  published  some  months, 
when  the  author's  attention  was  called  to  an  error 
in  the  solution  of  the  Problem  at  page  186,  Part  IV. 
This  mistake  is  now  corrected  ;  and  the  principle 
of  the  solution  of  the  Problem  as  it  stands  at 
present  will  be  found  to  agree  with  that  by  which 
it  is  solved  in  Simpsons  Miscellaneous  Tracts, 
page  131,  Ed.  1757.  In  the  revision  of  the  work, 
some  further  corrections  and  alterations  have  been 
made.  The  substance  of  the  Notes,  which  were 
annexed  to  the  end  of  Part  II,  are  now  introduced 
into  the  Text :  and  a  new  form  has  been  given 
to  the  First  Lecture.  The  work  is  still  divided 
into  Four  Parts,  according  to  the  following 
arrangement. 

Part  !.  relates  to  tlie  Rectilinear  Motion  of  Bodies  both  by 
Impulse  and  Gravity ;  the  Composition  and  Resolution 
of  Motion,  with  the  Solution  of  the  Problem  for 
resolving  any  Number  of  Forces  into  the  direction  of 
Three  Axes  at  Right  Angles  to  each  other;  the  Method 
of  finding  the  Center  of  Gravity  of  a  Body  or  System 
of  Bodies;  the  Motion  of  the  common  Center  of 
Gravity  of  a  System  ;  the  Collision  of  Hard  and  Elastic 
Bodies  ;  and  the  Motion  of  Projectiles. 

The 


(vi)  ADVERTISEMENT. 

The  matter  is  now  so  arranged  as  to  be  all  bound 
up  in  one ;  and  any  possessors  of  the  two  volumes 
who  desire  to  avail  themselves  of  this  arrangement, 
may  be  supplied  with  the  extra  sheets  for  that 
purpose,  without  expense,  on  application  to  the 
Publishers. 


East-India  Collkce, 
November  1814.  ' 
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Part  I. 

ON  THE  RECTILINEAR  MOTION  OF  BODIES  — 
COMPOSITION  AND  RESOLUTION  OF  MOTION 
—THE  CENTER  OF  GRAVITY- COLLISION  OF 
BODIES— AND  PROJECTILES. 
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Lecture  I. 

■   ON  MOTION,  ANB  THE  LAWS  OF  MOTION. 

All  bodies  with  which  we  are  acquainted,  besides 
those  essential  properties  more  immediately  suggest- 
ed to  us.  by  our  senses,  and  inseparable  from  our 
very  conceptions  of  .matter,  such  as,  extension, 
figure,  solidity,  divisibility,  &c.  are  found  by  ex- 
perience to  possess  two  qualities  intimately  con- 
nected with  the  Phenomena  and  the  Laws  of 
Motion:    these  are, 

Gravity  and  Inertia. 

i: 

1.  Gravity  is  that  property,  by  which  all  the 
particles  of  matter,  and  all  the  bodies  of  which  they 

are 
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are  the  elements,  tend  towards  each  other;  and 
which,  in  bodies  existing  near  the  Earth's  surface* 
operates  as  "  a  tendency  to  descend  towards  its 
center."  It  is  in  this  latter  and  limited  sense  that 
the  term  gravity  is  generally  used  in  the  following 
treatise. 

2.  This  property  discovers  itself,  not  only  in  the' 
motion  of  falling  bodies,  but  in  the  pressure  exerted 
by  one  portion  of  matter  upon  another  which 
sustains  it ;  and  bodies  descending  freely  under  its 
influence,  whatever  be  their  figure,  dimensions,*or 
texture,  are  all  equally  accelerated  in  right  lines 
perpendicular  to  the  plane  of  the  horizon. 

3.  The  apparent  inequality  of  the  action  of  gra- 
vity upon  different  species  of  matter  near  the 
surface  of  the  Earth,  arises  entirely  from  the  resist- 
ance which  they  meet  with  in  their  passage  through 
the  air.  When  this  resistance  is  removed,  (as  in 
the  exhausted  receiver  of  an  air-pump,)  no  such 
inequality  is  perceived;  bodies  of  all  kinds  there 
descend  with  equal  velocities ;  and  a  guinea,  a  feather, 
or  the  smallest  particle  of  matter,  if  let  fall  together, 
are  observed  to  reach  the  bottom  of  the  receiver 
exactly  at  the  same  instant. 

4.  The  weight  of  a  body  is  its  gravity  or  tendency 
towards  the  Earth's  center,  as  referred  to  some  fixed 
standard.  Thus,  if  the  gravity  of  some  given  body 
be  called  an  ounce  or  a  pound,  any  other  body 
having  the  same  gravity,  (or  the  same  tendency  to 
descend,  when  placed  under  the  same  circum- 
stances,) is  also  railed  an  ounce  or  a  pound ;  and 

two 
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two  such  bodies,  taken  together,  two  ounces,  or  ttoo 
pounds,  &c.  Sec. 

5.  Gravity,  at  different  distances  from  the  Earth, 
varies  inversely  as  the  square  of  the  distance  from 
its  center.  The  weight  of  a  given  body,  therefore, 
will  vary  at  different  heights  above  the  Earth's 
surface.  But  the  heights  at  which  experiments  are 
commonly  made  upon  the  weights  of  bodies,  bears 
so  small  a  proportion  to  the  radius  of  the  Earth, 
that  this  variation  is  almost  imperceptible.  At  the 
-height  of  half  a  mile,  it  does  not  amount  to  more 

than  about  4550th  part  of  its  weight  at  the  surface(a>. 


1.  By  the  Inertia  of  matter,  is  meant  "  its 
inability  to  change  its  state  of  rest  or  motion." 
That  matter  possesses  not  the  power  of  putting 
itself  in  motion,  is  a  fact  of  common  observation 
and  experience.  That  "  when  once  put  in  motion, 
it  cannot  of  itself  either  stop  or  alter  its  motion/* 
will  be  shewn  from  experiment,  when  we  come  to 
the  First  Law  of  Motion. 

2.  Of  this  inability  in  matter  to  change  its  state 

of 

(*)  Let  r=the  radius  of  the  Earth = nearly  4000  miles  $  and 
let  x=the  height  to  which  the  body  is  carried  $  then  its  weight 
at  the  Earth's  surface  (W)  :  its  weight  at  the  distance  x  above  it 
s:  r+z)'  :  r"  ::  r*+2rx+x*  :  ra  ::  (if  x  be  very  small  when 
compared  with  r)  r*+ 2rx  :  r*.  Hence  the  weight  at  the 
Earth's  surface  (W)  :  the  difference  of  the  weights  at  the  surface 
and  at  the  distance  x  above  it  (D)  ::  r*+ 2rx*\  2rx  ::  r-f2r 

,»*,   ...  Z>=~j.^=  Of*-*  «  mile)  JL. 
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of  rest  or  motion,  as  existing  in  a  given  body,  we 
have  no  other  means  of  judging,  than  from  the  diffi- 
culty experienced  in  originating  or  altering  motion 
in  that  body.  Now  in  bodies  of  uniform  texture, 
i.e.  in  such  as  are  capable  of  being  resolved  into 
particles  each  having  the  same  weight,  this  diffi- 
culty is  found  to  increase  with  the  number  of  such 
particles ;  from  hence  it  appears,  that  in  bodies  of 
this  kind,  weight  is  the  proper  measure  of  inertia* 

3.  But  this  connection:  between  weight  and 
inertia  is  of  the  most  general  nature ;  for  by  expe- 
riments, performed  upon  the  Machine  invented  by 
Mr.  Atwood,  it  has  been  proved,  that,  at  a  given 
place  upon  the  Earth's  surface,  the  retardation  of 
motion  arising  from  inertia  is  proportional  to  the 
weight  of  a  body,  whatever  be  its  figure,  dimensions,  * 
or  texture  °°. 

4.  The  weight  or  inertia  of  a  body  must  evi- 
dently consist  of  the  weight  or  inertia  of  all  its 
parts ;  they  may  either  of  diem,  therefore,  be  made 
the  measure  of  the  quantity  of  matter  which  it 
contains.  Inertia,  however,  is  the  fixed  and  proper 
standard  to  be  referred  to  for  that  purpose;  inas- 
much as  the  weight  of  a  body  varies  at  different  di- 
stances from  the  Earth's  center,  whilst  its  inertia  is 

always, 

(•)  The  definition  here  given  of  inertia  differs  somewhat  from 
that  which  will  be  fonnd  in  the  Note,  page  49,  Vol.  II.  and  from 
that  which  has  been  given  in  some  other  Authors.  The  sense 
in  which  the  word  is  here  used  must  be  distinguished  from  that 
particular  effect  of  inertia  arising  from  the  rotatory  motion  of 
bodies  round  a  fixed  axis*  called  the  "  moment  of  inertia/'  which 
is  made  the  subject  of  calculation  in  the  14th  Lecture. 
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always,  and  under  all  circumstances,  the  same.  But 
at  small  heights  above  the  Earth,  this  variation  has 
been  shewn  to  be  very  inconsiderable;  for  all  prac- 
tical purposes,  therefore,  the  quantity  of  matter  in  a 
body  may  be  considered  as  proportional  to  its  weight. 


2 


ii. 

'n  observing  the  phenomena  connected  with  the 
tual  motion  of  a  body,  we  are  naturally  led  to 
consider,  I.  The  Space  over  which  it  moves. 
II.  The  Time  of  its  motion.  III.  The  Velocity 
with  which  it  moves. 

1.  If  the  motion  of  a  body  be  such,  that  it 
describes  equal  spaces  in  equal  successive  parts  of 
time,  then  it  is  said  to  move  with  an  uniform 
velocity.  When  the  spaces  described  by  it  in 
equal  successive  parts  of  time  continually  increase, 
it  is  said  to  move  with  an  accelerated  velocity ; 
and  with  a  retarded  velocity,  when  those  spaces 
continually  decrease.  If  its  motion  be  so  regu- 
lated, that  it  receives  equal  increments  of  velocity 
in  equal  successive  parts  of  time,  then  it  is  said  to 
be  uniformly  accelerated;  and  uniformly  retarded, 
if  the  body  suffers  equal  decrements  of  velocity  in 
those  equal  portions  of  time. 

2.  The  space  described  by  a  body  moving  with 
a  uniform  velocity,  increases  in  a  compound  pro- 
portion of  the  time  and  velocity  of  its  motion. 
For  letx=the  number  of  seconds  for  which  a  body 
moves  uniformly,  and  let  ^  =  the  number  of  feet 
described  in  each  second ;  then  it  is  evident  that 

c  xy 
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xy  will  denote  the  number,  of  feet  (i.e.  the  space) 
described  by  it  in  x  seconds. 

3.  In  general/  if  5=  the  space  described  by 
a "  body ;  T=  the  time  of  its  motion,  expressed  in 
seconds;  /^the  uniform  velocity  with  which  it 
moves,  expressed  by  the  number  of  feet  described 
in  a  second ;  and  if  s = the  space,  t  =  the  v  time, 
v  =  the  velocity,  of  any  other  body,  expressed  in  the 
same  manner ;  then  the  relation  between  S,  T,  P] 
and  s9 1,  v9  mky  be  expressed  by  the  following  pro- 
portion ; 

S  :  s  ::  Tx  V :  txv. 

4.  Adopting,  therefore,  the  Algebraic  notation 

for  variable  quantities,  we  have  SocTxV;  hence 

S  S  1 

Tocp,  and  Foe— .    If  S  be  given,  then  Toc^ 

and  /^oc—. 
T 

.  Ex.  1 .  If  two  bodies  move  uniformly  for  9  and  5  seconds  ; 
the  former  with  a  velocity  of  17  feet*  and  the  latter  with 
a  velocity  of  10  feet,  in  a  second ;  then  the  spaces  described 
by  them  will  be,  9  x  17  and  5  x  10,  or  153  and  50  feet. 

Ex.  2.  The  spaces  described  by  two  bodies  are  540  and 
320  feet ;  the  velocities  with  which  they  move  are  6  and 
&  feet  in  a  second ;  hence  the  times  of  their  motion  are, 

-^-  and  «— ,  or  90  and  64  seconds. 

Ex.  3.  Three  bodies  move  over  spaces  which  are  to  each 

other  as  19,  17,  and  12 ;  the  times  of  their  motion  are  as 

7,  3,  and  5 ;    consequently  the  velocities  with  which  they 

10     17  12 

move  are,  as  -^,  ~y  and  —,  or  as  285,  595,  and  252 

respectively. 

III. 
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III. 

The  motion  of  a  body  considered  with  reference 
to  the  mass  moved  as  well  as  its  velocity,  is  called 
its  momentum,  or  quantity  of  motion. 

1.  The  momentum  of  a  body  is  in  the  joint  ratio 
of  its  quantity  of  matter  and  velocity.  For  since 
the  momentum  of  the  whole  mass  is  the  sum  of 
the  motions  of  all  its  parts,  it  must  evidently  depend 
upon  the  number  of  parts,  and  the  velocity  of  each. 

2.  Let  A/=the  momentum  of  a  body;  Q=its 
quantity  of  matter  or  weight  (Art.  4,  page  6), 
expressed  in  pounds;  ^"=  its  velocity,  expressed  in 
feet;  and  let  m  =  the  momentum,  q  =  the  weight, 
v  =  the  velocity,  of  any  other  body,  expressed  in  the 
same  manner  ;  then  the  relation  between  M,  Q,  V, 
and  m,q,v,  will  be  expressed  by  the  following  pro- 


:  QxFiqxv. 


3.   Hence  AfoeQx  F; 


,  Qacp-,  and  V'x. 


If  Q  be  given,  M<xV;  if  ^"be  given,  M°cQ;  and 
if  Q^p-,  or  Foe—,  then  M  will  be  given;  i.e. 
"  if  two  bodies  move  with  velocities  which  are 
"  inversely  as  their  quantities  of  matter,  then  their 
"  momenta  will  be  equal;"  this  constitutes  a  funda- 
mental principle  in  the  mechanical  action  of  bodies, 

Ex.  J.  The  body  A  weighs  71bs.  and  is  moving  with  a 
velocity  of  9  feet  in  a  second  ;  B  weighs  5!bs.  and  moves 
witli  a  velocity  of  1 1  feet  in  a  second  ;  then  the  momentum 
of  A  :  the  momentum  of  B  ::  7x9  :  5x  11  ::  63  :  55. 

Ex.2. 
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Ex.  2.  The  momenta  of  A  and  B  are  as  15  :  7>  and 
their  velocities  as  10  :  3 ;  then  the  weight  of  A  :  the  weight 
of  2?  • :  ~  •  Z  . .  q  .  4 

Ex.  3.  The  weights  of  three  bodies  are  as  5, 3,  2 ;  and 

their  momenta  as    1,2,3;    then   their   velocities    are  as 

12    3 

5'  3'  29  0TQS  6>  20>  45>  respectively. 

IV. 

Since  matter,  from  its  inertia,  is  incapable  of 
changing  its  state  of  rest  or  motion,  it  is  evident 
that  whenever  such  change  is  produced,  it  must  be 
tiy  the  agency  of  some  external  cause.  This  cause 
is  denominated  force  or  power.  Before  we  proceed 
to  the  Laws  of  Motion,  it  will  be  proper,  therefore, 
to  make  3  few  observations  upon  the  nature  of 
Forces  in  general. 

1 .  Forces  are  divided  into  two  kinds,  according 
to  the  manner  in  which  they  act. 

I.  If  a  force  acts  instantaneously,  and  then  ceases, 
it  is  called  an  impulsive  force.  A  ball,  suddenly 
put  in  motion  by  the  hand  or  any  instrument,  along 
an  horizontal  plane,  is  an  instance  of  the  effect 
produced  by  an  impulsive  force.  If  it  moves  with 
a  uniform  velocity,  the  space  over  which  it  passes 
in  a  given  time,  and  the  momentum  communicated 
to  it,  may  be  estimated  according  to  the  rules 
stated  above. 

II.  When  a  forcq  acts  incessantly,  it  is  called  a  con- 
stant or  variable  force,  according  as  the  increments 
or  decrements  of  velocity  caused  by  it,  in  equal  suc- 
cessive parts  of  time,  are  equal  or  unequal.  The  force 

of 
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of  gravity  near  the  Earth's  surface  is  an  example  of 
a  constant1^  force;  for  it  causes  equal  increments  or 
decrements  of  velocity  in  equal  portions  of  time,  not 
by  impulses,  but  by  incessant  action.  To  estimate 
the  effects  produced  by  it  upon  bodies  moving  freely 
under  its  influence,  is  the  subject  of  Lectures  II, 
and  XII.  —  Gravity,  considered  as  a  branch  of  the 
genera!  law  of  nature  before  alluded  to,  is  an 
instance  of  a  variable  force;  the  law  of  whose  vari- 
ation is,  the  inverse  duplicate  ratio  of  the  dUtancc 
of  the  body  from  the  center  9i  the  Earth.  Lecture 
XXII.  relates  to  the  motion  of  bodies  proceeding 
under  the  influence  of  a  force  of  this  kind. 

1.  Forces  also  receive  different  denominations, 
according  as  the  momentum  or  the  velocity  generated 
by  them  is  the  subject  of  consideration.  With 
reference  to  the  momentum  generated,  they  are 
called  moving  forces;  with  reference  to  the  ve- 
locity, acceleraiive  forces.  This  distinction  between 
moving  and  accelerative  forces,  and  the  effects 
produced  by  them,  forms  the  subject  of  Lectures 
XHI,  XIV,  and  XV. 

3.  An  attentive  comparison  of  the  effects  pro- 
duced upon  a  body  by  the  single  or  joint  action  of 
several  kinds,  of  forces,  under  all  the  cir- 
cumstances 

(■)  This  force  cannot  be  considered  as  a&solittely  constant, 
a  given  distance  from  the  Earth's  center.  Its  variation 
i  calculated  in  the  same  manner  as  the  variation  of  the 
weight  of  a  body  in  Note  (•),  page  5,  and  may  therefore  be 
i  almost  imperceptible  lor  all  heights  above  ihe 
lorface,  not  exceeding  half  a  mile. 
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cumstances  in  which  it  may  be  placed,  has  led  to  the 
establishment  of  three  general  rules  or  maxims ;  irt 
conformity  to  which,  every  change  of  the  state  of 
test  or  motion  in  a  body  is  found,  by  experience, 
t6  take  place.  These  are  called  Laws  of  Motion, 
and  have  sometimes  been  considered  as  axioms  in 
Natural  Philosophy.  They  are,  however,  by  no 
means  self  evident ;  nor  are  they  capable  of  strict 
mathematical  demonstration.  The  true  light  in 
which  they  ought  to  be  considered,  is  that  of 
fundamental  principles  in  the  science  of  Mechanics ; 
the  truth  of  which  may  be  established,  either  by 
experiment,  or  by  a  just  prdcess  of  reasoning  upon 
the  circumstances  universally  connected  with  the 
Gravity  and  Inertia  of  matter.  They -are  as 
follow. 

I.  A  body  continues  always  in  its  state  of  rest,  or 
of  uniform  rectilinear  motion,  till,  by  some  external 

force,  it  is  made  to  change  its  state. 

II.  Motion,  or  change  of  motion,  is  proportional  to 
the  force  impressed,  and  is  produced  in  the  right  line 
in  which  that  force  acts. 

III.  When  bodies  act  upon  each  other,  action  and 
re-action  are  equal,  and  in  opposite  directions. 

» 

* 

Illustration  of  the  First  Law. 

1 .  That  a  body  at  rest  will  continue  at  rest,  is 
s  consequence  immediately  arising  from  the  inertia 
of  matter.  That  a  body  in  motion  "  will  continue 
"  to  proceed  uniformly  along-  the  right  line  in 
"  which  it  began  to  move,  until  it  is  acted  upon  by 

"  some 
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ome  external  force,"  may  be  illustrated  by  the 
following  experiments. 

I.  A  Spherics]  ball  is  put  in  motion,  along  horizontal  planes 
of  different  degrees  of  smoothness,  such  as,  an  uneven  pave- 
ment, a  Ijowling-green,  a  sheet  of  ice  or  some  polished 
surface.  In  all  these  cases,  it  begins  to  move  with  a  velocity 
very  nearly  uniform,  and  in  tlie  direction  of  the  force  im- 
pressed ;  hut  its  motion  is  continued  in  a  very  different 
manner  on  the  different  planes.  On  the  pavement,  it  meets 
with  much  collision  and  friction  from  the  obstacles  which  it 
encounters ;  in  tlm  ease,  therefore,  its  motion  is  very  irre- 
gular, and  soon  ceases.  In  passing  over  the  bowling-green, 
friction'*'  is  the  principal  impediment  which  obstructs  its 
progress;  and  here  we  find,  that  it  moves  more  regularly,  and 
that  its  motion  is  continued  for  a  longer  time.  On  ice,  or 
on  any  polished  surface,  the  friction  is  very  much  diminished; 
and  in  this  case  it  is  observed  to  move,  for  a  very  considerable 
time,  with  still  greater  regularity. 

II.  A  body  is  projected  in  a  direction  oblique  to  the  ho- 
rizon. By  the  action  of  the  force  of  gravity,  it  is  imme- 
diately made  to  deviate  from  the  right  line  in  which  it  would 
have  uniformly  moved  from  the  impulse  received  ;  under  the 
joint  influence  of  the  forces  of  projection  and  gravity,  it 
proceeds  in  a  curvilinear  direction  ;  it  meets  with  considerable 
resistance  in  its  passage  through  the  air  :  and  its  motion  is 
at  last  destroyed  by  collision  at  the  Earth's  surface. 

III.  A  small  brass  wheel,  of  uniform  thickness  and  texture, 
U  put  in  motion  round  an  horizontal  axis.  From  the  regu- 
larity of  its  construction,  the  different  parts  of  the  wheel  just 

e  each  other  round  its  center,  so  that,  in  its  rotatory 
motion, 


)  In  each  case  the  body  meets  with  a  small  degree  of  re- 
from  the  air ;  but  it  is  very  inconsiderable,  when  compared 
the  impediment!  arising  from  collision  or  friction. 
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motion,  it  is  neither  accelerated  nor  retarded  by  the  force  of 
gravity.  The  only  causes,  therefore,  which  retard  its  motion, 
are,  the  friction  upon  its  axis,  and  the  resistance  of  the  air. 
If  the  friction  be  diminished  by  placing  the  axis  itself  upon 
friction  wheels,  its  motion  is  continued  for  a  much  longer 
time  than  when  it  revolves  simply  upon  its  axis.  By  placing 
the  whole  apparatus  in  the  exhausted  receiver  of  an  air-pump, 
the  resistance  of  (he  air  is  removed ;  and  then  it  is  found  to 
revolve  with  a  velocity  nearly  uniform,  for  a  very  considerable 
length  of  time. 

2.  It  is  from  a  due  consideration  and  just  com- 
parison of  the  results  arising  from  a  variety  of  plain 
and  simple  experiments  of  this  kind,  that  we  are 
enabled  to  establish  the  truth  of  this  First  Law  of 
Motion.  From  the  instances  just  adduced,  it 
appears,  that  when  a  body  is  once  put  in  motion 
by  the  agency  of  some  force,  the  continuance  and 
regularity  of  its  motion  is  always  increased,  as  we 
diminish  the  number  of  impediments  arising  from 
collision,  friction,  resistance  of  the  air,  and  other 
retarding  causes.  As  this  is  the  case  in  every  instance 
which  comes  under  our  notice,  it  seems  fair  to  con- 
clude, that  if  a  body  could  be  placed  under  such 
circumstances  as  to  be  entirely  exempt  from  the  ope- 
ration of  these  causes,  its  motion  would  then  become 
altogether  uniform,  rectilinear,  and  perpetual. 

Illustration  of  the  Second  Law. 

1 .  It  has  already  been  observed,  that  every  change 
in  the  state  of  .rest  or  motion  in  a  body  must  be 
effected  by  the  agency  of  some  force  j  this  Second 
Law  asserts,  that  this  change  will  in  all  cases  be 

proportional 
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proportional  to  that  force,  .and   will   be  produced  in 
"  the  direction  in  which  the  force  acts." 

2.  That  motion,  or  the  change  of  motion  in  a  body, 
will  be  proportional  to  the  force  which  produces  it, 
i.  e.  "  if  a  certain  force  produces  a  certain  quantity 
"  of  motion,  twice  that  force  will  produce  twice  the 
"  quantity  of  motion,  &c."  is  a  proposition  to  which 
the  mind  very  readily  assents ;  it  may  however  be 
proper  to  illustrate  it  by  experiment.  The  experi- 
ments most  adapted  to  this  purpose  are  such  as  are 
performed  by  the  Machine  invented  by  Mr.  Atwooo  ; 
the  principle  of  which  is  this; 

I.  A  weight  IV  (see  Fig.  page  33,  Vol.  II.)  descends  |K-r- 
pcndiciilarly  against  the  action  of  another  weight  Wt  attached 
to  it  by  a  very  fine  cord  going  over  a  small  wheel  or  pulley 
fixed  at  A.  In  order  to  facilitate  as  much  as  passible  the 
descent  of  IV,  the  axis  of  this  pulley  is  placed  upon  friction 
wheels  ;  and  the  weights  employed  are  so  small,  as  to  meet 
with  little  or  no  resistance  from  the  air.  If  the  weights  be 
equal,  it  is  evident  that  no  motion  will  ensue ;  and  by  pro- 
perly adjusting  tiie  relation  between  them,  the  force  of  descent 
of  If' may  be  made  to  bear  any  given  ratio  to  the  force  with 
which  it  would  descend  freely  by  the  action  of  gravity. 

II.  Suppose  now,  that,  in  three  separate  experiments,  the 
weights  IV,  IV  should  bear  such  a  proportion  to  each  other, 

that  the  force  of  descent  of  /Fshould  be  —  th,  — th,  and  — :th 
48     '  64    '  yo 

part  of  the  force  of  gravity  ;  then  the  spaces  described  in  the 

first  second,  bv  IV  descending  from  rest,  would   be  about 

4,  3,  and  2  inches,  in  each  case  respectively.     The  fractions 

r        1         1  ,  ...  4  3  2  .. 

— ,  -z-,  — ;  are  to  each  other  as  — ;,    — -,  - —  ,  or  as  the 
48'  64*  oo  192'   192'   192' 

numbers  4,  3,  2  ;  in  these  cases,   therefore,  the  spaces   de- 
scribed   by   IV  arc  in  proportion    to   the  forces  respectively 
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III.  But  this  machine  is  so  nicely  contrived,  that  when  th£ 
weight  W  has  descended  for  any  given  time,  the  weight 
W  in  its  ascent  is  made  to  connect  itself  with  another 
small  weight,  which  is  equal  to  the  difference  between  the 
weights  JV,  W.  The  descending  and  ascending  bodies  thus 
becoming  equal,  the  weight  W  will  proceed  on  uniformly, 
with  the  velocity  which  it  had  previously  acquired.  In  the 
three  preceding  experiments,  supposing  the  weight  Wlo  have 
descended  for  two  seconds,  then  the  velocity  acquired  at  the 
end  of  that  time  would  be  such  as  to  make  it  move  uniformly 
in  one  second  over- about  16,  12,  and  8  inches  respectively. 
But  these  numbers  are  to  each  other  as  4,  3,  and  2 ;  the  velo- 
cities generated  in  a  given  time  are,  therefore,  proportional  to 
the  forces  impressed  upon  the  body. 

3.  From  these  experiments  it  appears,  that 
whether  we  consider  the  motion  of  a  body,  simply 
as  "  the  act  of  changing  its  place,"  and  measure  it 
by  the  space  passed  over  in  a  given  time;  or 
whether  we  consider  the  momentum  produced  in  it, 
which  is  measured  by  the  velocity  generated  in 
a  given  timew;  the  motion  or  change  of  motion  is, 
in  each  case,  proportional  to  the  force  impressed. 

4.  The  same  conclusions  may  be  drawn  from 
comparing  the  spaces  passed  over  or  the  velo- 
cities generated  in  a  given  time,  when  bodies 
descend  freely  by  the  action  of  gravity  down  inclined 
planes  of  different  degrees  of  elevation;  but  ex- 
periments for  this  purpose  are  performed  with 
much  less  facility  and  accuracy  upon  inclined  planes, 

than 

(*)  The  momentum  of  a  boSy  is  measured  by  its  quantity  of 
matter  and  velocity  jointly ;  the  momentum  of  a  given  body, 
therefore,  is  measured  by  its  velocity. 
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than  with  the  machine  of  Mr.  Atwood  just  now 
described. 

5.  With  respect  to  the  direction  in  which  a  body 
moves,  it  is  evident,  that  when  it  is  under  the  in- 
fluence of  any  given  force,  whether  it  be  an  im- 
pulsive one,  or  one  that  acts  incessantly,  the  body 
can  have  no  tendency  whatever  to  deviate  to  the 
one  side  or  to  the  other,  but  must  proceed  along 
the  right  line  in  which  the  force  acts. 

6.  This  Second  Law  of  Motion,  as  thus  illustrated, 
applies  only  to  the  case  when  a  body  is  under  the 
direct  operation  of  a  single  force.  If  a  force  acts 
obliquely,  or  if  a  body  be  acted  upon  at  the  same 
time  by  two  or  more  forces,  they  must  be  resolved 
or  compounded  according  to  the  principles  laid 
down  in  Led.  III.  before  the  several  effects  pro- 
duced by  them  can  be  duly  estimated  in  conformity 
with  the  meaning  of  the  law. 

Illustration  of  the  Third  Law. 

1.  Before  we  attempt  to  give  a  particular  expla- 
nation of  the  terms  "  action  and  re-action,"  as  made 
use  of  in  this  Third  Law  of  Motion,  it  will  be  proper 
to  shew,  by  experiment,  what  are  the  effects  pro- 
duced by  the  impact  of  bodies  upon  each  other. 

I.  Two  equal  bodies,  whose  quantities  of  matter  or  weights 
Ve  respectively  represented  by  A  and  B,  are  suspended  con- 
tiguous to  each  other  by  strings  of  equal  length.  A  ia  pulled 
Wi  its  perpendicular  position,  and  made  to  impinge  upon 
o  tt  rest,  with  a  velocity  of  a  feet  in  a  second. 

Hence  (Art.  1,  page  9)  the  momentum  of  A  before 
^n\HKt—Aa.     After  impact,  the  bodies  move  on  together,  as 
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one  mass,  with  half  the  velocity  of  A  before  impact.  Now 
the  quantity  of  matter  in  this  mass=-4-f  B=  (since  A=B) 
2A;  and  since  its  velocity =1  a,  its  momentum^!  A*\a 
=Aa.  The  momentum  of  the  mass  after  impact  is,  there- 
fore, equal  to  the  momentum  of  A  before  impact. 

II.  Two  unequal  bodies  A  and  B  are  suspended  in  the 
same  manner,  and  are  both  made  to  move  in  the  same  di- 
rection ;  A  with  a  velocity  of  a  feet,  and  B  with  a  velocity 
of  b  feet,  in  a  second ; 

Also  A  :  B  ::  3  :  2,  or  2?=-^, 

'  and  a   :    b    : :  8  :  3 


.\  Aa  :  Bb  ::  4  :  1 


5 

and  ^4 a  :  Aa-rBb  ::  4  :  5,    .\  Aa+Bb=-r4a. 

4 

5 

Hence  the  sum  of  the  momenta  of  A  and  B  before  impacts^  a. 

After  impact,  the  two  bodies  are  observed  to  proceed  on 

together  with  r  ths  of  ^'s  velocity  before  impact.     Hence  the 

^» 

momentum  of  the  mass  after  impact 


4  3      4       3        4       4 

In  this  case,  therefore,  the  momentum  of  the  mass  after 

impact  is  equal  to  the  sum  of  the  momenta  of  the  bodies 

before  impact. 

III.  These  two  bodies  are  now  made  to  impinge  upon 
each  other  with  the  same  velocities  in  opposite  directions;  and 
after  impact  they  move  on  together,  in  A's  direction,  with 

a  velocity  which  is  found  to  be  only ~  ths  of  the  velocity  of 

A  before  impact ;  .*.  the  momentum  of  the  mass  after  impact 


-oa    5  A    ga    3 


Now  since  Aa  :  Bb  ::  4  :   1,  we  have  Aa  :  Aa—Bb 

3 
::"4  :  3,    •"•  Aa—Bb—rAa;  hence  the  momentum  of  the 

mass 
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*  after  iropact=^a—  fl/'=the</yf<.rewe  of  the  momenta 
of  A  and  H  before  impact. 

Cor.  If  in  ttlH  experiment  A=B,  ami  a—b\  or  if  A  ■  B 
: :  f  :  a  ;  so  that,  in  each  cane,  Aa=Rl ;  lhet\Aa  —  Blr=Q, 
and  the  two  bodies  remain  at  rest  after  impact'*1. 

2.  Iti  reviewing  the  results  of  these  experiments, 
it  appears  that,  in  each  case,  the  whole  momentum 
of  A  and  B,  estimated  in  A's  direction,  is  the  same 
both  before  and  after  impact;  for  when  A  impinged 
upon  B  at  rest,  the  momentum  of  the  mass  after 
impact  was  equal  to  the  momentum  of  A  before 
impact;  when  the  bodies  moved  in  the  same  di- 
rection it  was  equal  to  the  sum,  and  when  they 
moved  in  opposite  directions  it  was  equal  to  the 
difference,  of  the  momenta  of  A  and  B  before 
impact.  From  hence  we  infer,  that  in  the  change 
which  takes  place  in  the  momenta  of  the  two  bodies 
during  the  act  of  collision,  the  momentum  lost  by 
^must  be  gained  by  B;  for  that  A  loses  momentum 
is  evident  from  this,  that  its  velocity  (which  is  the 
same  with  the  velocity  of  the  mass)  is,  in  each  case, 
greater  before  than  after  impact. 

3.  Now  the  moving  force  by  which  A  commu- 

nicates 

(.)  In  all  ihese  cases,  the  bodies  made  use  of  are  supposed  lo 
be  perfectly  hard  ;  (hey  are  also  made  to  move  in  a  circular 
groove,  to  prevent  their  passing  each  other.  In  making  the 
experiments,  allowance  must  be  made  for  the  resistance  of 
the  air,  and  (if  llie  bodies  move  through  large  arcs)  for  Ihe 
irregularity  arising  from  the  acceleration  or  retardation  of  iheir 
motion  by  the  force  of  gravity. 
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nicates  momentum  to  B,  is  called  the  action  of  A? 
and  the  tendency  of  B  to  diminish  the  momentum 
of  A  is  called  the  re-action  of  B.  Since,  therefore, 
according  to  this  meaning  of  the  words  action  and 
re-action,  the  effect  produced  by  the  action  of  A  is 
equal  to  the  effect  produced  by  the  re-action  of  B9 
"  action  and  re-action  are  said  to  be  equal"  during 
the  impact  of  A  upon  B.  That  these  effects  are 
produced  in  "  opposite  directions,*1  is  evident  from 
the  very  nature  of  the  case. 

4.  This  law  applies  not  only  to  the  impact  of 
•bodies,  but  to  every  case  in  which  one  body  acts 
upon  another.  A  body  A,  for  instance,  is  sustained 
by  another  body  B,  and  both  bodies  remain  at  rest ; 
if  the  pressure  exerted  by  the  two  bodies  were  not 
equal,  it  is  evident  that  some  motion  would  ensue  ; 
which  is  contrary  to  the  supposition.4  If  motion 
does  ensue,  then  the  case  becomes,  in  a  great 
measure,  analogous  to  that  of  impact ;  and  the  effects 
produced,  estimated  in  a  similar  manner,  are  found 
to  observe  the  same  law. 

5.  The  mutual  attractions  of  bodies  are  also  sub- 
ject to  this  law.  Thus,  if  two  equal  magnets,  con- 
nected with  two  equal  and  similar  pieces  of  cork, 
be  made  to  float  upon  the  surface  of  water ;  as  soon 
as  they  come  within  the  sphere  of  attraction,  they 
are  obseryed  to  move  towards  each  other  in  a  right 
line,  with  equal  velocities,  and  consequently  with 
equal  momenta;  and  as  the  resistance  which  each 
body  meets  with  from  the  fluid  is  evidently  the 

same, 
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v 


same,  we  infer  that  their  actions  upon  each  other 
equal  (*K 


:.  It  is  from  comparing  the  results  arising  from 
a  variety  of  experiments,  made  for  the  purpose 
of  ascertaining  the  exact  changes  which  take  place 
in  the  momenta  of  bodies  during  the  act  of  col- 
lision, and  for  estimating  the  effects  produced  by 
their  mutual  attraqtion,  that  the  truth  of  this  Third 
Law  of  Motion  has  been  established.  These 
experiments  are  undoubtedly  liable  to  great  in- 
accuracy, from  friction,  adhesion,  resistance  of  the 
air*  and  many  other  causes ;  but  at  the  same  time 
rt  must  be  observed,  tliat  they  more  nearly  accord 
with  the  law,  as  the  impediments  arising  from  these 
^Uses  are  diminished ;  and  that,  upon  the  whole, 
they  confirm  all  our  general  reasoning  upon  the 
subject. 


C*0  If  two  unequal  magnets,  placed  upon  pieces  of  cork  similar 
to  each  other  and  proportional  to  the  respective  magnets,  were" 
made  to  float  in  the  same  manner,  they  would  approach  each 
other  with  velocities  inversely  proportional  to  the  quantities  of 
matter  moved,  and  consequently  with  equal  momenta ;  but  this 
experiment  is  liable  to  very  great  inaccuracy,  from  the  different 
Tiilstance  which  the  bodies  would  meet  with.       ' 
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Lecture  II. 


ON  THE  ASCENT  AND  DESCENT  OF  BODIES 
NEAR  THE  EARTHS  SURFACE. 


V. 

1.  It  has  already  been  demonstrated,  that  if* 
body  moves  with  an  uniform  velocity  for  a  giv^*^ 
time,  the  space  described  will  be  in  proportion  t£ 
that  time  and  velocity  conjointly.     If  therefore  oip 
side  of  a  right-angled  parallelogram  represents  tt* 
time  of  a  body's  motion,  and  the  other  the  unifbrr*^ 
velocity  with  which  it  moves,  A 
the  parallelogram    itself  will 
represent  the  space  described 
in  that  time.     Thus,  let  the 

c 

line  AE  be  divided  into  any 

number  of  equal  parts  in  the  j> 

points  By  C,  D,  &c.  and  from 

those  points  draw  the  equal  E 

straight  lines  AF,  BG,CH,  &c.  at  right  angles  to 

AE,  and  complete  the  parallelogram  AFLE ;  then 

if  A  By  BC,  CD,  &c.  represent  equal  successive 

portions  of  time,  and  AF,  BG,  CH,  &c.  represent 

the  uniform  velocity  with  which  a  body  moves,  then 


fcT 
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will  the  parallelograms  AG,  BH,  CK,  &c.  repre- 
sent the  spaces  described  in  those  equal  portions  of 
time,  and  the  parallelogram  AFLE  the  whole  space 
described  in  the  time  represented  by  AE. 


2.  Suppose  now  that  a  body  moves  uniformly  as 
before,  during  the  equal  successive  portions  of  time 
represented  by  A B,  BC, 
Cfi,  &c.  but  at  the  end  of 
each  portion  of  time  re- 
ceives an  increase  of  velo-  c 
city  ;  for  instance,  during 
the  time  AB  let  it  move  v\ 
With  a  velocity  represented  „ 

V     AF,    during   the  time  O 

#C  with  a  velocity  represented  by  BH,  &c.  &c.  ; 
complete  the  parallelograms  AFGB,  BI1KC, 
tt*  MD,  &c.  then  the  space  described  in  the  time 
^-fi  will  be  represented  by  the  parallelogram  AG, 
m  the  time  BC  by  the  parallelogram  BK,  &c.  &c.; 
and  the  whole  apace  described  in  the  time  AE  by 
,he  irregular  Jigure  A FHLNOE. 


3.  Let  us  nest  suppose  that  the  body  receives 
'9**«i/  increments  of  velocity  at  the  end  of  each 
successive  portion  of  time,  so  that  during  the  second 
interval  of  time  it  moves  with  twice  the  velocity, 
during  the  third  interval  with  three  times  the  ve- 
locity, &c.  &c.  then  will  CK=2BG,DM=3BG, 
&e.  &c.  But  AC-2AB,  AD=3AB,  &c.  &c.; 
e  .-.AG 


B 
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.-.AC:  CK.i  AB  :  BG  ::  AD:  DM,  &c.  W ; 
hence  if  AG,  GK,  KM,  &c.  be  joined,  AO  will  bo 
a  straight  line,  and  the  fi-  A 
gure  AFHLNOE,  which 
represents  "the  space  de- 
scribed in  the  time  AE,  c 
will  differ  from  the  tri- 
angle AO'E  only  b.y  the  D 
sum  of  the  triangles  AFG, 
GHK,  KLM,  &c.  which 
are  all  equal  to  each  other  ^ 


E 


e 

CPv 

H 

*\ 

L 

m\ 

N 


O 


4.  Now  let  the  intervals  of  time  and  the  corre- 
sponding increments  of  velocity  be  only  half  what 
they  were  in  the  former  instance.  Bisect  AB,  B  C, 
CD,  &c.  in  b,  c,  d,  &c.  and  complete  the  parallelo- 
grams as  before,  then  the  figure  which  represents 
the  space  described  in  the  time  AE  will  diffef  from 
the  triangle  AOE  by  the  sum  of  the  small  triangle* 
A/g,  gFG,  Ghk,  &c.    which  is  only  lui(f(Q)  the 

sum 

u. 

(*)  For  AC:  CK::  2AB  :  2BG  ::  AB  :  BG ;  and  AD  : 
DM::3AB  :  3BG::  AB  :  BG  i:  AC:  CK,  &c.j  hence  the 
figures  A  BG,  ACK,  ADM,  &c.  are  so  many  similar  triangles. 

(b)  For  AF=GH=KL,  &c.j  and  FG,HK9  LM,kc.  ar* 
equal  toAB,  BC,  CD,  &c. 

(c)  Since  AF=\AF,  and  hg=\BG,  the  triangle  A/G 
:  triangle  AFG  ::  (Afxfg :  ^fFx  FG  ::)  J^fFx  JFG  :  AFx  FG 
::  1  :  4  j  .*.  the  triangle  Afgte  only  \  of  the  triangle  AFG,  and 
so  of  the  rest.  Although,  therefore,  the  number  of  the  triangles 
Afg>  gFG,  Ghk,  &c.  is  double  the  number  of  the  triangles  AFG9 
GHK,  KLM,  &c.  yet  since  Afg=\AFG,  gFG^GHKl 
Sec.  the  sum  of  the  former  will  be  only  half  the  sum  of  the  latter. 
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sum  of  the  triangles  AFG,  GHK,  KLM,  &c.  in 
the  preceding  figure.  By  continually  halving  these 
intervals  of  time  and  the  corresponding  incre- 
ments of  velocity,  the  figure  AfFlmoNOE  will 
approach  to  the  form  of  the  triangle  AOE ;  and 
when  they  are  diminished  ad  infinitum,  Af  (which 
represents  the  velocity  with  which  the  body  begins 
to   move)  will   be  equal   to  0;    as  will  also  the 
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sum  of  the  triangles  AfG,  AFG,  &c.  ;  the 
space  therefore  described  by  a  body  beginning 
to  move  from  rest,  by  the  continued  action  of 
a  force  which  generates  equal  increments  of  ve- 
locity in  equal  times,  will  be  accurately  repre- 
sented by  the  right-angled  triangle  AOE,  one 
of  whose  sides  (AE)  represents  the  time  of  the 
body's  motion,  and  the  other  (OE)  the  last- 
acquired  velocity. 


5.  The  progressive  effects  produced  upon  a  body 
beginning  to  descend  from  rest  by  the  force  of  gravity 
{see  Art.  II.  pp.  10,  II)  will  therefore  be  measured 

by 
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by  the  different  parts  of  the  triangle  AQE,  in 
each  manner  that  if  Ab,  AB,  Ac,  &c.  represent 
the  time  of  a  body's  motion,  and  bg9  BG,  ck,  &e. 
the  velocity  acquired,  then  the  space  described 
in  those  respective  times  will  be  represented  by 
the  triangles  Abg,  ABG,  Ack,  &c.  This  geo^ 
metrical  representation  for  the  space,  velocity,  and 
time,  furnishes  us  with  a  very  easy  method  of 
investigating  the  relation  which  subsists  between 
them.  * 

6.  For  let  £=  the  space  described,  V=  the  velocity 
acquired  by  a  body  falling  from  rest  for  the  time  T; 
*s=  space  described,  v  =  velocity  required  at  any 
other  period  (t)  of  its  fall ;  their,  A 
from  what  has  already  been  de- 
monstrated, if  the  proportion 
pf  T  :  t  be  represented  by  the 
lines  AB,  Ab,  and  the  pro- 
portion of  V  :  v  by  the  lines 
BCybcy  drawn  at  right  angles 
to  them,  the  proportion  of  S  :  s  0 
will  be  represented  by  the  triangles  ABC,  Abe. 
Now  the  triangle  ABC  :  the  triangle  Abe  ::  AB% 
:  Ab\  or  as  BC% :  bc\  or  as  AB  x  BC  :  Ab  x  be w. 

Hence 


(»)  For  the  right-angled  triangles  ABC,  Abe  are  to  each  other 
both  in  the  duplicate  ratio  of  their  homologous  sides  (by  Euc. 
6. 19.)  and  in  the  ratio  of,  the  pacallelograaw  of  which  .they  «re 
respectively  halves. 


Hence  5  :  s 
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ice  5  :  s  ::  T" :  (»,  or  as  V  :  v\  or  as  Tx  V 
1.  e.  the  spaces  described  by  bodies  falling 
from  rest  under  the  influence  of  gravity,  are  to  each 
other  as  the  squares  of  the  times  in  which  they  are 
described,  or  as  the  squares  of  the  last-acquired  vela- 
cities,  or  as  the  times  and  last-acquired  velocities  con- 
jointly.  As  equal  increments  of  velocity  are  gene- 
rated in  equal  times,  it  is  further  evident  that  the 
velocity  varies  as  the  time:  the  same  conclusion  may 
also  be  deduced  from  the  similar  triangles  ABC, 
Aba  for  BC-.bcw  AB:Ab,  i.e.  V:v  ::  T :  t. 


; 


7.  Since  the  spaces  described  are  as  the  squares  of 
ie  times  ;  if  a  body  falls  from  rest,  for  times  which 
are  represented  by  the  numbers  1,  2,  3,  4,  5,  &c.  the 
spaces  described  in  those  times  will  be  as  the  square 
numbers  1,4,  9,  16,  25,  8tc. ;  and  the  spaces  de- 
scribed in  equal  successive  portions  df  time  will  be  as 
the  odd  numbers  1,  3,  5,  7,  9,  &c.  as  exhibited  in 
the  following  table. 


Tiroes. 

Spares  described. 

Space)  described  in  equal  surcessive 

,  .   . 

1 

In  Jirsl  portion  of  time  .   .   1 

2   .   . 

...     4 

2d 4-1   =3 

3   ..   . 

*... 

...  16       ■ 

4th 16    9—7 

J... 

...  25 

*«... 

.  .  .  8tc. 

8.  As  in  the  descent  of  a  body  the  force  of  gravity 
generates  equal  increments  in  equal  times,  so  in  its 

ascent. 
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ascent,  equal  portions  of  velocity  will  be  destroyed  in 
equal  times  :  if,  therefore,  a  body  be  projected  per- 
pendicularly upwards,  with  the  velocity  which  it  has 
acquired  in  falling  from  any  height,  it  will  rise  to 
the  point  from  which  it  fell,  before  it  begins  to 
descend  again.  The  spaces  described  in  equal  succes- 
sive parts  of  time,  by  a  body  thus  ascending, 
reckoning  from  the  beginning  of  its  motion,  will 
be  the  same  as  those  stated  in  the  foregoing 
table,  hut  in  an  inverted  order:  thus,  if  the  time 
Be  divided  into  four  equal  parts,  then  the  spaces 
described  in  the  descent  of  the  body  during  these 
equal  times  are  as  the  numbers  I,  3,  5,  7>  hut  in  il 
ascent  they  will  be  as  7>  5. 3>  lJ  '■ e-  the  space 
described  in  the  first  portion  of  time,  in  its  ascent, 
will  be  the  same  as  that  described  in  the  last  portion 
of  time,  in  its  descent,  &c.  &c.  till  the  body  arrives  at 
its  highest  point. 


Q.  The  space  which  a  body  describes  from  rest  in 
any  time,  by  the  action  of  gravity,  is  halfthzt  which 
it  would  describe  in  the  same  time  with  the  last-ac- 
quired velocity  continued  uniformly. 
Let  the  triangle  ABC  represent  the 
space  described  by  gravity  in  the 
time  AB,  and  BC  the  last-acquired 
velocity;  produce  AB  to  D,  making 
BD  equal  to  AB,  and  complete  the 
parallelogram  BCDE;  then,  if  a 
body    moves    for    the    time    BD 


at 
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(  =  AB)\v\lh  the  uniform  velocity  represented  by 
tlie  apace  described  in  that  time  will  be  repre- 
sented by  the  parallelogram  BCDE;  but  the  tri- 
angle ABC  is  half  tins,  parallelogram  BCDE;  hence 
the  space  described  with  the  continually  increasing 
velocity  during  the  time  AB  is  half  that  which 
would  be  described  in  the  same  time  (BD)  with  the 
velocity  (BC)  continued  uniformly.  From  this 
also  it  follows,  that  if  a  body,  after  it  has  fallen 
from  rest  through  any  space,  should  then  pro- 
ceed on  uniformly  with  the  last-acquired  velocity, 
it  will  describe  twice  the  space  in  the  sane  time 
as  that  in  which  it  has  fallen  to  ap^uire  that 
velocity'". 

10.  Instead  of  the  body's  beginning  to  fall  from 
rest,  suppose  now  that  it  was  projected  downwards 
with  a  given  velocity,  and  that  it  was  required  to  find 
the  space  described  by  it  in  some  given  time.  Let 
AD   represent  the  given  velocity  of  projection,  and 

half  that  which  i!  would  describe  in  the  same  time  with  it- 
greateat  velocity  continued  uniformly,  and  since  a  body  projected 
perpendicularly  upward*  rises  to  the  same  height  as  that  from 
which  ii  must  fall  to  acquire  the  velocity  of  projection,  the  space 
described  in  any  time  by  a  body  ho  jirojected  is  half  thai  which  it 
would  describe  in  the  same  time  with  its  (irsi  velocity  continued 
lifbrmly. 
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A  B  the  given  time,  and  complete  the  right-angl 
parallelogram  A  DEB;  produce  BE  to  C,  and  let 
EC  represent  the  velocity 
by  gravity  in  the 
r  DE,  and  join 
r  any  line  tfc  at 
i  to  AB,  cutting 
1  it  is  evident 
represent  the 
f  of  the  body 
of  the  time 
he(  =  AD)  represents  the  uniform 
I  which  it  began  to  move,  and  ec  repre- 
•city  generated  by  gravity  in  the  time 
e  parallelogram  ADeh,  moreover,  re- 
i  which  would  be  described  with 
sity-  (AD)  in  the  time  Ab,  and  the 
represents  the  space  described  by 
Hir-  same  time.  Hence  the  whole  space 
it)  the  time  Ah  by  the  body  thus  pro- 
I,  will  be  represented  by  the  figure  ADcb; 
for  the  same  reason  the  space  described 
;  time  AB  will  be  represented  by  the  figure 
ADCB,  which  is  made  up  of  the  parallelogram 
ADEB  and  the  triangle  DEC.  The  space  described, 
therefore  in  any  time  by  a  body  projected  down- 
wards with  a  given  velocity,  is  equal  to  the  space 
which  would  he  described  with  that  velocity  continued 
uniformly  far  that  time,  together  with  the  space 
through  which  a  body  would  fall  from  rest  by  the 
action  of  gravity  in  the  same  time. 

1 1 .  We 


J 

el  I 
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We  have  already  observed,  that  if  a  body  be 
projected  perpendicularly  upwards  with  any  velocity, 
it  will  rise  to  the  same  height  from  which  it  must  fall 
to  acquire  that  velocity.  Let  BC  represent  the  piven 
velocity  of  projection,  and  AB  the  time  in  which  it 
must  fall  from  rest  to  acquire  that  velocity ;  draw  BC 
at  right  angles  to  AB,  and  join  AC,  then  the  triangle 
ABC  will  represent  the 
space  through  which  the 
body  must  ascend  to  lose  all 
its  velocity.  In  AB  take 
any  point  b,  and  complete 
the  parallelogram  BCDb; 
then  will  be  represent  the 
velocity  of  the  body  at  the 
end  of  the  time  Si  of  its  ascent,  and  cD  (  =  bD-  be 
=  BC—bc)  will  represent  the  velocity  destroyed  by 
gravity  in  the  same  time.  But  the  velocity  destroyed 
"V  gravity  in  any  time  is  equal  to  the  velocity  gene- 
T<Ued  by  gravity  in  the  same  time  ;  hence  the  triangle 
CUc  will  represent  the  space  through  which  a  body 
would  fall  from  rest  in  the  time  CD  or  Bb.  Now 
toe  figure  BCcb  represents  the  space  through  which 
•he  body  would  ascend  in  the  time  Bb,  and  the 
Parallelogram  BCDb  represents  the  space  through 
"■hich  a  body  would  move  in  the  time  Bb  with  the 
^lcxrity  BC  continued  uniformly;  but  the  figure 
~Ccb  is  equal  to  the  difference  between  the  paral- 
lelogram BCDb  and  the  triangle  CDc  ;  hence  the 
sPace  described  by  a  body  ascending  for  a  given 

is  equal   tq  the  difference    between  the  space 

which 
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and 


Wick  would  be  described  by  the  body  moving  uniform- 
ly for  that   time  with   the  velocity  of  projection,  and 
the  space  through  which  a  body  would  fall  from 
by  the  action  of  gravity  in  the  same  time. 

Having  thus  investigated   some  of  the  general 
principles  which  regulate  the  motion  of  bodies  de- 
scending   or   ascending    perpendicularly   near 
surface  of  the  earth,  we  now  proceed  to  the  practi- 
cal application  uf  them. 


yi- 


cti- 


On  the  method  of  finding  the  actual  space, 
velocity,  and  time  of  bodies  descending  or 
ascending  perpendicularly  near  the  Earth's 
surface. 

In  estimating  the  actual  motion  of  bodies  de- 
scending or  ascending  by  the  force  of  gravity,  it  is 
necessary  to  have  recourse  to  some  fixed  standard  of 
measurement  of  space  and  velocity.  Now  it  has 
been  ascertained,  by  the  most  accurate  experiments, 
that  a  body  falling  freely (i|  from  rest  describes  a 


(*)  All  bodies  descending  or  ascending  near  the  surface 
of  the  earth  meet  with  more  or  less  resistance  from  die  air  [ 
10  that,  strictly  speaking,  a  body  can  never  be  said  lo  descend 
f*eely  but  in  the  exhausted  receiver  of  an  air-pump.  It  is  ii 
that  a  body  describes  16^  feet  in  a  second ;  the  conclusions,  there- 
fore, deduced  in  this  seciion,  will  approximate  lo  the  truth  only  in 
those  cases  where  the  resistance  of  the  air  bears  little  or  no  pro 
portion  to  the  weight  of  the  body. 
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:  equal  to  1 6— feet  in  the  Jirst  second  of  its  fall; 
and  by  Art.  G,  Sect.  V.  a  body  so  falling  would  ac- 
quire a  velocity  which,  if  continued  uniformhj,  would 
carry  it  over  32^  feet  (i.e.  twice  the  space)  in  the 
same  time. 

1.  If,  therefore,  m=  1 6—  feet,  m  will  express  the 
space  fallen  through  from  rest  in  l",  and  1m  will 
express  the  velocity  per  second  acquired  in  that  time. 
Let  5=  space  described  by  the  body  in  any  other 
time  Ty  and  F  the  velocity  acquired;  then,  since 
(by  Art.  6*.  Sect.  V.)  the  spaces  are  as  the  squares  of 
the  times,  we  have, 

S  :  m  ::  r* :  I',.-.  S  =  m  T,  and  7^-or  T=  v -. 
m  m 

The  spaces  are  likewise  as  the  squares  of  the  velocities, 

•_  o  tt*    i    ,       =»  .-.     mV%     F* 

hence  S  :  m  ::  V*  :  1m V  Urn"),  :.  6  = r  =  7~, 

v  Am*     4m 

F*=4mS  or    /■'"  =  1y/mS.     Again,  since  the 

e  varies  as  the  velocity,  we  have    T :  )  : :  F :  1m, 

F=1m  T,  and  T=  —  .   From  which  it  appears, 


at  of  the  three  quantities  S,  T,   F,  any  a 

en,  the  other  two  may  be  found;  for 

FTbe  given,  lhen..S=m7,,)and/-=2»iT. 

V'  F 

F.  .  . 

S  -  .  . 


•  being 


T=^I 


,and/"=2N/mS. 
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Ex.  1 .  . 

A  body  has  been  falling  for  6  seconds;  What  space 
has  it  fallen  through  in  that  time,  and  what  is  the 
velocity  which  it  has  acquired  ? 

Here   T=69      .-.  %S=mT%  =  i6^x 36  =  579  feet, 

for  the  space  fallen  through ; 

and     r«2mT=32i  x  6=193  feet, 

for  the  velocity  acquired  per  second. 

Ex.  2. 

How  far  must  a  body  fall  to  acquire  a  velocity  of 
50  feet  in  a  second ;  and  how  long  will  it  be  falling  ? 

Herer=50,/.5=^=-—^  =^=38.86  feet. 

Am     4x10—       193 


1* 


'    V     .50        300 

i=— =*       1  =    7rr=  1-55 seconds. 
*lm     32-        193 

Ex.  3. 
A  body  fell  from  the  top  of  a  tower  which  was 

# 

1 50  feet  high ;  How  long  was  it  in  falling,  and 
what  velocity  had  it  acquired  when  it  got  to  the 
bottom  ?  '  - 

Here  5=150,  .-.  r=ViL *J**2-  =  3. 05  seconds, 

and ^=2>/^=V lfii x  150=98  f  22  feet  per 
second. 

Ex.  4. 
A  "body  was  projected  perpendicularly  upwards 

with 
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with  a  velocity  of  lOO  feet  in  a  second  ;  How  far 
ould  it  ascend  before  it  began  to  return  ? 

By  Art.  8.  Sect.  V.  the  height  to  which  the  body 
would  ascend,  is  equal  to  that  through  which  a  body 
must  fall  from    rest   to   acquire  the  velocity  of  pro- 

30000  ,  " 

aftei 


jection;  Here  therefore  /'= 


Ex.  5. 


-. 


A  body  was  observed  to  fall  for  3  seconds,  and 
;erwards  to  move  uniformly  for  2  seconds  along 
the  horizon  with  the  velocity  which  it  had  acquired 
by  its  fall  ;  What  was  the  whole  space  described  in 
perpendicular  and  horizontal  motion  f 

The  space  described  in  its  fall  =  mjr*=  l6—  x  Q 
=  144%  feet-  The  velocity  acquired  =  2mT=  32^  x  3 
=  prji  feet  per  second;  and  as  it  moved  along  the 
horizon  for  1  seconds  with  this  velocity,  it  must  in 
that  time  have  described  1^3  feet;  hence  the  whole 
space  described  from  the  beginning  of  its  fall  to 
the  end  of  its  horizontal  motion  is  144^  +  193,  or 
33  7  i  feet. 


parts 


.  Since  the  spaces  described  in  equal  successive 

of  time  (by  Art.  7.  Sect.  V.)  are  as  the  odd 

numbers  1,  3,  5,  7,  Q,  &c. ,  and  since  the  space 

described 
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described  by  a  body  falling  from  rest  is  in  the  first 
second  m  feet,  the  space  -  described  in  successive 
seconds  will  be  m9  3m}  5m>  7m9  9m,  &c.  feet. 

:{  EX.    1. 

A  body  has  been  falling  for  5  seconds ;  Compare 
the  spaces  described  in  the  third  and  jifth  seconds  of 
its  fall.  .    %  _    . 

The  space  described  in  the  third  second  =*  5  m  = 
5x  1^  =  80-|  feet;    the   space  described  in    the 
fifth  second  =  Qm=9  x  1^=  144 $  feet. 

* 

Ex.  2. 
Abpdy  had  fallen  through  579  fe^s  What  was 
the  space  described  by  it  in  the  last  second  ? 

We  must  first  find  the  number  of  seconds  for  which 

the  body  has  been  falling ;  Now  T=  x/?=  */IZ£  = 
is 


iM  =\/3d=s6  seconds;  the  sixt h  term  in  the 
progression  is  1  ]  m9  /.  the  space  described  in  the  last 
second=  llm=  11  x  l6^=  176-Jyfeet 

3.  The  method  adopted  in  the  last  example  for 
finding  the  space  described  by  a  body  in  the  last 
second  of  its  fall,  is  only  applicable  when  the  time 
consists  of  a  determinate  number  of  seconds;  but  it 
is  not  difficult  to  investigate  a  general  expression 

for 
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for  the  space  described  in  the  last  «  seconds,  what- 
ever be  the  value  of  T.  For  the  space  described  in  T 
seconds  =  m T* ;  and  the  space  described  in  T—  n  se- 
conds =  m  x  T  —  raj*  =  mT'  —  ImnT  +  mn*;  hence 
the  space  described  in  the  last  n  seconds  =  m  7"  — 
mTi-2mnT+mnii'}  =  1mnT-Thnt=m.1nT-n'; 

if  n=  1,  then  the  space  described  in  the  last  second 

=  m  .  iT— I . 

If  it  were  required  to  find  the  space  described  in 
the  second  immediately  previous  to  the  last  n  seconds, 
we  have, 
Space  described  in  last  n  seconds=m.2Tn—n'  (A) 


Ditto  in  last  n+  l  seconds=Jn.2  7,.n+i_^TlJfB). 

Subtract  {A)  from  (B),  then  the  space  described 
in  the  second  immediately  previous  to  the  last  n 
seconds  =  m.lT—  in  —  1. 

REx.  I, 
A  body  has  fallen  for    ]0£  seconds;  What  was 
;  space  described  in  the  last  second  of  its  fall  ? 

Here  T=  10£,  .'.  m  .  iT-  1  =  16^  x  20  =  321j 
feet. 

Ex.  2. 


l*i  For  the  space  described  in  the  last  n  seconds  is  equal  to 
the  difference  between  Uie  whole  space  and  the  space  described 
in  T—n  seconds. 
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Ex.  2. 

What  was  the  space  described  in  the  last  2  seconds 
by  a  body  which  had  fallen  from  the  top  of  a  tower 
300  feet  high  ? 

HereT=(^  —  =  )     •  -— r  =  4  .  3  seconds,  and 

71  =  2  ;  hence  m.2nT-r-n%=.  l(5~x  17  .2-4  =  \6~ 
x  13.2  =  212.29  feet. 

Ex.  3. 

A  body  has  been  falling  for  9£  seconds  ;  What 
was  the  space  described  in  the  last  second  but  3  of 
its  fall? 

Here  T=  9h\   .'.The  space  described  in   the 
n  =  3     j        second    immediately  previous 
to   the  last  3  seconds  =  w  .  2T— 2n— 1  =  lfrjjx  12 
=  193  feet. 

4.  We  must  next  find  *  the  space  described  in 
a  given  time  by  a  body  projected  upwards  or 
downwards  with  a  given  velocity.  Let  V=z  the  given 
velocity  with  which  a  body  is  projected  downwards, 
and  T=the  time  of  its  motion;  then  the  space 
described  in  the  time  T  with  the  uniform  velocity. 
VvnW  be  equal  to  Tx  T,  arid  the  space  through 
which  a  body  would  fall  by  gravity  in  the  same " 
time  is  m  T* ;  hence,  from  what  was*  shewn  in 
Art.  10.  Sect.  V.  the  space  described  in  the  time  T 
by  a  body  projected  downwards  with  the  velocity  V 

is 


,       M 
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is  equal  to  Tx  F+mT1  ;  and  applying  the  same 
process  of  reasoning  to  Art.  11.  of  the  same  section, 
the  space  through  which  a  body  would  ascend  in  the 
time  T,  if  projected  upwards  with  a  given  velocity 
fr  will  be  equal  to  Tx  F-mT. 

Ex.  I. 

A  body  is  projected  downwards  with  a  velocity 
of  30  feet  in  a  second;  How  far  will  it  fall  in  4 
seconds  ? 


Here  ^=30  \ 


16=120 +  257^  =  377;  feet. 


Ex.2. 
A   body  is  projected  upwards  with  a  velocity  of 
120  feet  in  a  second;  How   far  will  it  rise  in  3 
seconds? 


HereT=  120 

T=       3 


\  .".  Tx  ^-mT«  =  3xl2 
/  x  9  =  300-  144|  =  2I5$ 


20-16- 


5.  We  shall  conclude  this  Lecture  with  a  feu- 
examples  of  n  miscellaneous  kind. 

Ex.  1. 
With   what    velocity   must   a  body  be   projected 
downwards  from  the  height  (a),  that  it  may  describe 
it  in  T seconds? 

Let  r=the   velocity   required;    then    the    space 
described 
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described  by  a  body  projected  downwards  with 
velocity  (x)  in  the  time  (T)  is  Tx  +  mT*;  hwee 
Tx  +  mT*=a,  /.a7= — m — •  'Foir  instance,  let 
a  =150,  and  T=2,  then  the  velocity  yrith  which 
a  body  must  be  projected  downwards  from  the  top 
of  a  tower  whose  height  is  1 50  feet,  so  that  it   may 

arrive  at  the  bottom  in  two  seconds,  is  ^ — ^ — J 

15O-l6^x4=150-64l  =  4.  feet  in  a  second- 
2  2  6 


Ex.  2. 

The  space  described  by  a  heavy  body  in  the  4  th 
second  of  its  fall,  was  to  the  space  described  in  the 
last  second,  except  4,  as  1  to  3;  What  was  the 
whole  space  described  by  the  body  ? 

The  space  described  in  the  4  th  second  =  7  m; 
the  space  described  in  the  last  second  but  4 
(  =  m.2!r-2w-l)  =?n.2T-9,  where  T=the 
whole  time  of  falling ;  hence  from  the  question 
7m  :  m.2T-9  ••  l  '•  3,  .\  2T-9  =  21,or T«  15; 
the  whole  space  described  therefore  (smT'Js  l6~ 
x  225  =  3618$  feet. 

Ex.  3. 

Suppose,  at  the  same  instant  that  a  body  begins 
to  fall  from  rest  from  the  point  (a),  another  body 

is 
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is  projected  upwards  with  a  velocity  which  would 
carry  it  to  A ;  It  is  required  to  find  the  point 
where  they  would  meet. 

Let  C  be  the  point  where  the  bodies  would  meet; 
awl    let  AB  =  a,   aB=b,   aC-xi  then  will 
Aa  =  a-by  AC=a-b  +  x.    Now  the  time  of 

descending  through  aC~  y  — ;  and  the  time 
of  ascending  through   BC  (  =  time  down  AB 

-  time  down  ACJ"=  \/\  -  $/•  "**.'> 
but  the  time  down  aC  must  be  equal  to  the 
time  up  BC ;  hence  we  have, 

"      tji  "       m.  in. 


or  ^fx=*J~a~*Ja  —  b  +  Xi 
,\  *Ja  —  b  +  x  =  t/a  —  s/x, 

and   a~b  +  x=a  +  x~  1-Jax ; 

.-.  2yfa~r  =  b,  or  4ax=bi,  and  x  =  —  . 
A  a 

Ex.4. 

Suppose  a  body  to  have  fallen  from  A  to  B,  (Fig. 
in  page  42.)  when  another  body  begins  to  fall  from 
rest  at  (a)  ;  how  far  will  the  latter  body  fall  before 
it  is  overtaken  by  the  former  ? 

Let 


(*)  For  the  time  of  ascending  through  BC  = 
through  ii  aftei  the  body  has  fallen  from  A. 
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'  Let  C  be  the  point  where  one  body  overtakes  the 
dther,  and  let  AB~ay    Ba^b,    aC-x;    then 

AC**  a  +  b  +  x.     Now    time    down    a C=    I    s 


•/i, 


and  time  down  BC=  time  AdmiAC 

-time  down  AB=\/±tL±E-  \ft%  but 

at    the    moment   when    the   lower  body  is 
overtaken, 

Time  down  a  C=  time  down  2?  C9 

T    m       *       .  m  *   m 

and  *  +  a  +  2N/aff==a  +  £+#, 


•r  2*Jax=b9  .•.*=  . 


VII. 
Question*  for  Practice. 

1.  When  a  body  has  fallen  from  rest  for  7 
seconds;  what  space  has  it  passed  through,  and  what 
velocity  has  it  acquired  per  second  }- 

Answer  .  .  5=  788^  feet ;  V=  225g  feet  per  second. 

2.  How  far  must  a  body. fall  to  acquire  a  velocity 
of  QO  feet  in  a  second  ;  and  what  will  be  the  time  of 
it  felling? 

Am.    £=  125  . 9  feet ;  and  T=  2  .  79  seconds. 

3.  A 


3.  A  bo. 
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3.  A  body  fell  into  a  well  which  was  250  feet 
deep;  Sow  long  was  it  in  its  fail,  and  what  velocity 
had  it  acquired  at  the  end  of  it? 

Ans.     T=3  .  g  seconds ;  V=  12G  .  8  feet   in  a 
ond. 

4.  A  body  is  projected  perpendicularly  upwards 
i  a  velocity  of  -40  feet  in  a  second ;  How  far  will 

t  ascend  before  it  begins  to  return  ? 

Ans.    24  .  8  feet. 

5.  A  body  having  fallen  for  3^  seconds,  was  after- 
wards observed  to  move  along  the  horizon  (with 
the  velocity  which  it  had  acquired  in  itsdescent) 
lor  24  seconds ;  What  was  the  whole  space  de- 
scribed by  the  body  from  the  beginning  of  its  fall  ? 

Ans.    4/8£  feet,  very  nearly. 

7 .  A  body  has  fallen  from  the  top  of  a  tower  330 
feet  high  ;  What  was  the  space  described  by  it  in 
the  last  3  seconds?         Ans.     2gi  .  3  feet. 

.  Suppose  a  body  to  be  projected  downward* 
ith  a  velocity  of  17  feet  in  a  second;  How  far  will 
[  fall  in  5  seconds?        Ans.     487^  feet. 

3,  A 


6.  What  was  the  space  described  in  the  last  second 
f  a  body  which  had  fallen  for  7  seconds  ? 
Ans.     200^  feet. 
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g.  A  body  is  projected  upwards  with  a  velocity  of 
55  feet  in  a  second;  How  far  will  it  rise  in  2 
seconds  ?  Ans.     45?  feet. 

10.  With  what  velocity  must  a  stone  be  projected 
into  a  well  350  feet  deep,  that  it  may  arrive  at  the. 
bottom  in  4  seconds  ? 

Ans.     V=.  23^  Feet  in  a  second. 

o 

11.  Upon  a  steeple  150  feet  high,  is  a  spire  of 
40  feet;  at  the  same  instant  that  a  stone  was  let 
-fell  from  the  top  of  the  steeple,  another  was  pro- 
jected perpendicularly  upwards  from  the  bottom  of 
it,  with  a  velocity  sufficient  to  carry  it  to  the  top  of 
the  spire ;  At  what  point  will  these  stones  meet  1 

Ans.    29  .  <5.  feet  from  the  top  of  the  steeple. 

12.  Upon  the  top  of  a  tower  200  feet  high,  is 

placed  a  flag-staff  of  27  feet ;  a  bullet  is  let  f$ll  from 
the  top  of  this  flqg-tafF;  and  at  the  instant  of  its 
passing  the  bottom  of  it,  a  .stone  is  let  fall  from  a 
window  45  feet  from  the  top  of  the  tower  ;  At  what 
distance  from  the  bottom  of  the  tower  will  the 
bullet  overtake  the  stone  ? 

An6.    136  .  25  feet. 
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Lecture  III. 

ON  THE 

COMPOSITION  AND  RESOLUTION  OF  MOTION. 

In  the  two  preceding  Lectures  we  have  only  con- 
sidered the  motion  produced  in  bodies  by  the  action 
of  a  single  force.  We  now  proceed  to  shew  the 
manner  in  which  a  body  would  move  when  acted 
upon  at  the  same  time  by  several  forces. . 


VIII. 

On  the  Composition  of  Motion. 

When  a  body  J3  acted  upon  at  the  same  time  by 
two  or  more  forces  whose  directions  are  not  in  the 
same  straight  line,  it  is  evident  that  it  will  deviate 
from  die  course  in  which  it  would  have  moved  by 
the  single  action  of  either  of  those  forces,  and  will 
in  some  intermediate  direction.  Let  us 
consider,  the  case  of  a  body  acted  upon  by 
i  forces. 

1 .  Suppose  a  body  placed  at  A  to  be  acted   upon 

two  forces,  one  of  which  would  cause  it  to  move 

rmly  over  the  line  AB,  and  the  other  over  the 

line 


complete  th 
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line  AC  in  the  same  given  time,  then 
parallelogram  ACDB  ;  and  if  both  forces  act  at  th 
same  instant  upon  the  body,  it  will,  by  their  joir. 
action,  move  uniformly  over  the  diagonal  AD  in  th 
same  time  that  it  would  have  described  either  of  tli 
sides  AB  or  AC  by  the  forces  acting  separately.  Fc 
if  we  attentively  consider  the  manner-in  which  the° 


forces  act,  it  is  evident  that  the  force  which  acts 
the  direction  AB  can  have  no  tendency  whatever  ti 
prevent  the  access  of  the  body  towards  the  line  CI 
which  is  parallel  to  AB.    When  both  forces  ac 
together,  therefore,  it  will,  by  the  action  of  the  fort 
in  direction  AC,  arrive  at  the  line  CD  (but  :" 
different  point  of  that  line)  in   the  same  time 
the  force  in  direction  AB  had  not  acted  ;  for  t 
same  reason,  the  force  in  direction  AC  will  have 
tendency  to  prevent  the  access  of  the  body  towarc 
BD  which  is  parallel  to  AC  ■,  it  will  arrive  therefo 
at  the  line  BD  in  the  same  time  as  if  the  force 
the  direction  AC  had  not  acted.     Hence  the  bo< 
will  arrive  at  the  lines  CD  and  BD  at  the   sa 
instant  of  time,  and  consequently  will  be  found 
their  common  intersection  D;  and  as  the  body,  al 
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it  leaves  the  point  A,  is  acted  upon  by  no  external 
force,  it  must,  by  the  first  law  of  motion,  have 
described  the  diagonal  AD  with  an  uniform 
motion. 

"2. .  As  this  motion  of  a  body  in  the  diagonal  of  a 
parallelogram,  by  the  joint  action  of  two  forces  which 
(fleeing  separately)  would  have  caused  it  to  describe 
the  two  sides,  is  a  fundamental  theorem  with  respect 
to  the  composition  of  motion,  it  may  be  worth  while 
to  consider  it  in  another  point  of  view.  Let  the  lines 
AC,  AB  be  divided  into  the  same  number  of 
Kftall  equal  parts,  Aa,  ab,  he,  &c;  Ad,  de,  ef,  8k. 


which  will  be  to  each  other  as  the  whole  lines  AC, 
AB,i.e.Aa  :Ad::ACi  AB;  ab  :  de  ::  AC : 
AB;  &c.  and  consequently  Aa  +  ab  (Ab)  :  Ad  +  de- 
(Ae)  I.AC :  AB ;  &c,  &c. ;  if  therefore  the  parallelo- 
grams Adga,  Aehb,  ice.  be  completed,  then  (by 
Euc.  6. 16.)  the  points  g,  k,  m,  &c.  will  all  fall  in  the 
diagonal  AD.  Now  since  AC,  AB  are  described 
uniformly  in  the  same  time,  the  proportional  parts 
Aa,  Ad;  Ab,Ae,  &c.  will  be  described  uniformly 
in    the    same  time.     From  what  has  already  been 

demon- 
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demonstrated  therefore,  at  the  end  of  those  different 
parts  of  time  the  body  will  be  brought  to  the  points 
g,  k,  m,  &c.  by  the  united  action  of  the  forces  which 
would  have  separately  made  it  move  over  A  a,  Ad ; 
Ab,  Ae,  8tc.  Let  the  number  of  parts  into  which 
AC,  AB  are  divided  be  indefinite,  then  the  number 
of  points  g,  k,  m,  &c.  will  be  indefinite,  and  the  lines 
■^S*  S^,  km,  &c.  will  be  indefinitely  small;  the 
body  therefore  will  begin  to  move  in  tha  line  Ag, 
and,  being  found  at  the  .end  of  each  successive 
instant  of  time  in  the  line  AD,  it  must  have  moved 
over  that  line  with  the  uniform  velocity  with  which 
it  set  off. 


:s,  it 

For 


3.  From    hence   it  follows,  that    if  a  body   be 
acted    upon  by   two  forces,  one  of   which  would 
cause  it    to    move    uniformly   over  the  side    AC, 
and  the  other  over  the  side  CD,  of  the  triangle 
A  CD,  then,  by  the  joint  action  of  those  forces,  it 
would  be  made  to  describe  the  third  side  AD  in  t 
same  time  that  it  would  have  described  either  of  t 
sides  A  C,  CD  by  the  forces  acting  separately.     For 
if  the  parallelogram  ACDB  he  completed,  then, 
since  AB   is  equal   and  parallel   to   CD,  a  forces 
acting  in   the  direction  AB  would  make  a  bocY"^ 
describe  AB  in  the  same  time  as  that  in  which  **• 
would  describe  CD;  but  by  what  has  already  bee^ 
proved,  if  two  forces  act  upon  a  body  by  one  c^ 
which  it  would  be  made  to  describe  AC,  and  by  th^* 
other  AB,  in  the  same  time,  it  would  by  the  joir""^ 

actio  ^* 
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action  of  these  forces  be  made  to  describe  the 
diagonal  AD,  which  is  the  third  side  of  the  triangle 
A  CD. 

4.  Let  us  next  suppose  a  body  placed  at  A,  and 
acted  upon  by  three  forces,  by  one  of  which  it  would 
be  made  to  describe  AB,  by  another  AC,  and  by 
the  third  AD,  uniformly  in  the  same  time  ;  com- 
plete the  parallelogram  ABEC,  and  join  AE; 
complete  also  the  parallelogram  yfEFZ),  and  join  AF; 
then  AF  will  be  the  line  over  whicli  the  body  will 

move  uniformly  by  the  joint  action  of  those  forces, 

i"  the  same  time  in  which  it  would  have  described 

AB,  AC  or  AD  by  either  of  the  forces  acting 

separately.   For  by 

Art. ) .  a  body  acted 

upon  by  two  forces 

in  directions  AB, 

AC  would  be  made 
to  describe  the  di- 
agonal^; a  body 
placed  at  A  there- 
fore,and  acted  upon 

ty three  forces  in  directions  AB,  AC,  AD,  is  under 
'lie  same  circumstances  as  if  it  was  acted  upon  hy 
too  forces,  one  of  which  would  make  it  describe  AE, 
and  the  other  AD,  in  the  same  time  ;  but  the  line 
over  which  a  body  would  move  uniformly  by  the 
^ion  of  two  forces  in  the  directions  AE,  AD « 
toe  diagonal  AF;  AF  therefore  is  the  line  over 
•nich  it  would  move  uniformly  by  the  joint 
H  action 
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action  of  the    three  forces  in  the  directioi 

AC,  AD. 

5.  Since  BE  is  equal  and  parallel  t 
(Fig.  in  page  4Q.)    and  EF  equal  and    pan 

AD,  it  follows,  (for  the  same  reason  as  in  . 
that,  "  if  a  body  he  acted  upon  by  three 
"  each  of  which  acting  separately  would  mak 
"  scribe,  in  succession,  the  three  sides  AB,  BE 
"  the  figure  ABEF,  taken  in  the  order  of  tht 
"  A,  B,  E,  F;  it  would  by  the  joint  action  (. 
"  forces  be  made  to  describe  the  fourth  side 
"  the  same  time  that  it  would  have  describe; 
"  of  those  sides  when  the  forces  act  separate! 
in  general,  "  if  a  body  be  impelled  by  any  nu 
"  forces  which,  acting 
"  separately/,  would,  in 
"  a  given  time,  make  it 
"describe  each  of  the 
"  sides  AB,  BC,  CD, 
"  DE  of  the  polygon 
"  ABCDE;  when  all 
"  those  forcesactoi  the 
"  same  instant,  it  will 
"  be  made  to  describe 
"  the  remaining  side  AE  in  the  same  given 

6.  By  the  second  law  of  motion  the  sp 
scribed  is  proportional  to  the  force  impressed 
these  cases,  therefore,  the  spaces  respectiv 
scribed  by  the  body  will  represent  the  quant 
direction   of  the    forces   by   which   it   is '  i i: 


AND  RESOLUTION  OF  MOTION. 

Thus  (sec  Fig.  in  Art.  1.)  if  the  quantify  and  di- 
rection of  two  forces  be  represented  by  the  two 
tides  AB,ACo(  the  parallelogram  ACDB,  the  di- 
agonal  AD  will  represent  the  quantity  and  direction 
of  a  force  equivalent  to  them  both;  or  if  the  two  sides 
AC,  CD  of  the  triangle  A  CD.  represent  the  quantity 
and  direction  of  two  forces  acting  at  the  same  time 
upon  a  body,  the  third  side  AD  will  represent  a 
force  equivalent  to  them  both.  With  respect 
also  to  the  forces  by  which  a  body  is  made  to 
describe  the  sides  AB,  BC,  CD,  DE,  of  the 
Polygon  ABCDE  (Fig.  in  Art.  5.)  ;  if  A  B,  BC, 
C-O,  DE  represent  the  quantity  and  direction  of 
^veral  forces  acting  at  the  same  instant  upon  a 
"°dy,  the  remaining  side  A E  will  represent  thequan- 
u'y  and  direction  of  a  force  equivalent  to  them  all. 


7 .  Since  the  lines  which  represent  the  proportion 

°f  the  forces  in  these  different  figures  are  described 

m  the  same  time,  and  since  the  velocity  of  a  body  is 

proportional  to  the  space  described  in  a  given  time, 

»"*8e  lines  will  also  represent  the  proportion  of  the 

Itiet  with  which  they  are  respectively  described. 

»  'His  (Fig.  Art.  1.)  /he  velocity  with  which  the  diagonal 

'H>is  described  :   velocity  with  which  either  of  the 

1C  or  AB  is  described  ::AD  :  AC  or  AB; 

ai'l  in  the  case  of  the  polygon  in  Art.  5,  the  velocity 

with  whick  the  side  A E  is  described  :  velocity  with 

which  either  of  the  sides   AB,  BC,  CD,  or  DE  is 

described  ::AE:  AB,  BC,  CD,  or  DE. 

8.  Hitherto 
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8.  Hitherto  the  forces  have  been  supposed 
to  be  such  as  by  their  separate  -action  would 
produce  uniform  velocities ;  in  which  case,  a 
body,  by  their  joint  action,  will  be  made  to 
scribe  a  straight  line  with  an  uniform  velocity. 
But  if*  two  forces  act  upon  a  body,  by  one  of 
which  it  would  be  made  to  describe  a  straight  line 
with  an  uniform  velocity,  and  by  the  other  with 
a  variable  velocity,  then  the  body,  by  the  united 
action  of  those  forces,  will  neither  describe  a  straight 
line,  nor  will  it  move  with  an  uniform  velocity  ;  but 
will  describe  with  a  variable  velocity  some  curve 
line,  the  form  of  which  must  be  determined  from 
the  particular  nature  of  the  two  forces  which  act 
separately  upon  the  body.  Let  us  take  the  case  of 
a  body  projected  obliquely  at  the  earth's  surface,  on 
supposition  that  it  meets  with  no  resistance  in  it3 
passage  through  the  air. 

Q.  Conceive  a  body  tn  be  projected  from  the  poin' 
P,  in  the  direction  PN,   with   such  a  velocity 
would  carry  it  uniformly  over   the  line  PN  in  tl 
same  time  that  it  would 
descend  by    the  force    of 
gravity  through  the  space 
PV.  Complete  the  paral- 
lelogram PNQFi  then  for 
the  same  reason  as  in  Art.  1, 
the   body   at    the  end  of 
that  given  time  would  be 
found   in     the    point    Q ; 
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having  described  not  the  diagonal  PQ,  but  some 
carve  line  POQ.  In  PN  take  any  point  M,  and  let 
^(represent  the  times  of  describing  PN,PM 
respectively  ;  make  PL  equal  to  the  space  through 
which  a  body  would  fall  by  gravity  in  the  time  (t), 
and  complete  the  parallelogram  PMOL  ;  then  0 
will  be  the  place  of  the  body  at  the  end  of  the  time 
(');  and  in  the  same  manner  the  other  points  of 
the  curve  POQ  might  be  determined.  Now 
since  PN  is  described  with  an  uniform  velocity, 
PS  :  PM::  T  :  l,  .".  PN*  i  PM1  ::  Ts  :  (° ;  and 
since  NQ,  MO  are  the  spaces  fallen  through  by 
gravity  in  the  time  T,  t,  (by  Art.  6.  Sect.V.)  NQ  : 
-WO::  T  :  ra;  hence  NQ  :  MO  ::  PN1 :  PM*, 
or  the  curve  is  of  such  a  nature,  that  MO<x  PM1, 
which  (by  Prop,  g .  Lect.  2.  Con.  Sect.)  is  the  pro- 
perty of  the  Parabola.  The  curve  POQ,  there- 
fore, is  a  parabola  whose  diameter  is  P  V,  ordinate 

Q  V,  and  whose  parameter  to  the  point  P  is    p  pM 

°f  (since  PN=  QV,  being  opposite  sides  of  a  paral- 

'elogram)  -py' 

10.  If  it  be  required   to  find  the  dimensions  of 
'n«    parabola  thus  described,  produce  lrP  upwards 
Is  G,  and  make  the  angle  A' PS  equal  to  the 
angle 


("}  By  Cor.  to  Prop.  8  of  ParaUla,  parameter*  PV=qV*. 
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angle  NPG{h);  take  PS  equal  to  jpjP* and5  will  be 
thefocus.  Through  n 
5  draw  AZ  parallel 
to  PV,   then  AZ 
will  be  the  axis  and 
A  the  vertex  of  the 
parabola.     Let  fall  q 
the    perpendicular 
SY  upon  the  tan- 
gent PN,  then  SP 
:  SY  ::  rad.  :  sin. 
ASPF,  and  if  rad. 
=  1,    SY=SPx 
sm.LSPY.     By  Prop.  12.  of  Parabola,  5P  :  5F 

SY2 
::  5T:  «S^,  .\  SA=^-p  =£  the  latus-rectum,  from 

which  the  latus-rectum  itself  is  known,  and  con- 
sequently the  dimensions  of  the  parabola. 

m 

1 1 .  It  only  now  remains  to  find  the  velocity  of 
the  projectile.  Suppose,  therefore,  that  the  body  is 
in  the  act  of  describing  the  parabola  0  PA,  and  that 

it 


(b)  Since  PN  is  parallel  to  the  ordinate  Q  V,  it  is  a  tangent  to 
the  parabola  in  the  point  P,  and  (by  Prop.  2.  of  the  Parabola)  the 
tangent  bisects  the  angle  GPS. 

(•)  By  Prop.  6.  of  Parabola,    4SPxPF=Qr*>  /.  5P  = 
QV*_PN* 
tPV^APV 
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is  arrived  at  the  point  P.  Draw  PV  perpendi- 
cular to  the  horizon,  and  PN  a  tangent  to  the 
Parabola  in  /\  Let  Pfbe  the  space  through  which 
a  body  must  fall  from  rest  by  the  force  of  gravity  to 
acquire  the  velocity  which  it  has  in  the  curve  at  P, 
and  take  PN  equal  to  the  space  which  it  would 
describe  in  the  same  time  with  that  velocity  con- 
tinued uniformly  ;  then  (by  Art.  Q.  Sect.  V.)  PN= 
2/>Ar.  Complete  the  parallelogram  PNQV,  and 
^ncc  NQ  (  =  PV)  is  the  space  through  which  the 
body  must  fall -by  the  force  of  gravity  in  the  same 
'":ie  that  it  would  move  uniformly  over  PN,  Q  is  a 
point  in  the  parabola.  Now,  by  the  property  of  the 
parabola,  4SP  x  P V=  Q  F*  =  P N'=  (since  PN= 
»**F)  APF*,  .".(dividing  by  APF)  SP  =  PF;_ 
hence,  since  PV\%  equal  to  ■Si',  the  velocity  in  any 
point  P  is  such  as  a  body  would  acquire  in  falling 
from  rest  through  (SP)  i.  e.  through  one  fourth 
Port  of  the  parameter  to  the  point  P.  The  velo- 
CIt>  at  the  vertex  A  is  therefore  such  as  a  body 
*Oufd acquire  in  falling  through  %th  the  latus-rectum. 

lie  subject  of  projectiles  will  be  resumed  in  the 
l  Lecture.  I  shall  now  endeavour  to  illustrate 
i  theory  of  the  Composition  of  Motion  by  a  few 
a  examples. 

Ex.  ). 

A  body  is  acted  uporuat  the  same  time  by  two 
forces  which  are  to  one  another  as  a  :  6,  and  their 
directions  are  inclined  to  each  other  in  the  given 

angle 
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angle  A;  what  is  the  magnitude  of  the  compound 
force  ? 

Let  AC  :  AB  represent  the  ratio  of  a  :  b,  and 
let  BAC  be  equal  to  the  given  angle  A.  Complete 
the  parallelogram  ABDC,  then  AD  will  represent 


the  compound  force.  Since  CD  =  AB,  AC  :  CD  '■ 
a  :  b;  and  since  CD  is  parallel  to  AB,  the  angl*^ 
BAC,ACD=iqo,)  .:  ACD=  180°-  L-A-,  hen** 
the  problem  is  reduced  to  the  finding  trigonontefr*" 
catly  the  third  side  AD  of  the  triangle  ACD,  »° 
which  are  given  the  two  sides  AC,  CD,  and  thit 
included  angle  A  CD. 

LetAC-.AB;:  1  :  3,  and  LA=6cf, .:  t_AC& 
=  120°;  then  (Trig.  Sect.  XXVIII.  Case  3.)  5  :  I :: 
tan.  30°  :  tan.  \CAD-\CDA  =  *tan.  30";  .-.  log, 
taa.j  CAD-  i  CDA  =  log.  tan.  30"  -  log.  5  = 
9  .  Ou"246g4  =  log.  tan.  &  34' ;  hence  L.  CAD  > 
36°  34',  and  /-CDA=23a  0,6',  and  as  sin.  20°2i 
(CDA):  sin.  A  CD  (W)  ::  AC  (2)  :  AD  =  4.3 
•  i.e.  if  two  forces  which  are  to  each  other  as  3  : 
act  upon  a  body  at  an  Z_of  6o°,  the  compound  force 
will  be  proportional  to  4  .35. 

ThU 
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This   method  likewise  applies  to  the  finding  the 
magnitude  of  the  force  compounded  of  any  number 
of  forces  whose  quan- 
tities and  directions  are 
represented  by  the  sides 
ot    the    given    polygon 
sfACDE.    For  since 
*  B,     BC     and     the 
C — 4BC  are  given,  AC 
arid  the    LBCA  may 
be    found;  but  LACD 
=     LBCD-  LBCA, 

AC,  CD  and  L.  ACD  art;  known,  from  which 
A  A)zndLADE  may  be  determined;  and  in  the  tri- 
able ^/£>£  we  have  AD,  DE,  and  the  LADE, 
■'■    ~AE  is  known. 

Ex.2. 
Two  forces  at  right  angles  to  each  other  act  upon 
a  t»ody ;  by  one  of  them  it  would  be  made  to  move 
ov'er  4  yards,  and  by  the  other  3  yards,  in  the  same 
t'Hie;  What  space  would  it  move  over  in  that  time 
by  tlie  joint  action  of  these  forces  ? 

Here  let  AB  or  CD=4,  AC=3,  and  LBAC 
—  ©0° ;    then    AD*  =  A  C  *  -t 
C  D'      (42.  i),      .-.  AD  = 
*/AC'+  CD'=jQ+ity  = 

v  25  =  5  ;     the    body    would 

ttierefurc    move  over    5  yards 

by  the  joint  action  of  the  two 
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Ex.  3. 

Two  equal  forces,  whose  directions  form  an  L> 
of  6(f9  act  at  the  same  time,  upon  a  body ;  What  is 
the  proportion  of  the  compound  force  ? 

Let  AC=  AB,  then  ABDCis  a  Rhombus ;  and 
astheZ.B^C=t  c  D 

&y,  the  LACD 
must  be  equal  to 
120°;  consequent- 
ly each  of  the  L* 
CAD,  CD Ay  are 
30%  ACD  being 

an    isosceles    tri-^  ^ 

angle.    Hence  AD  :  AC  ::  sin.  120*  (or  sin.  (kf) 
(iin.  30° : :,  cos,  30° :  sin.  30° :%:  (for  sin.  30°= §  rack 

«f,    if   radius=l)    sJT^\  :  \  ::   v-  :  £  :: 

-/3:1. 

Ex.  4. 

A  body  is  acted  upon  at  the  same  time  by  three 
equal  forces ;  the  second  forms  a  right  angle  with 
the  first,  and  the  third  forms  an  angle  of  45°  with 
the  second  ;  What  is  the  relative  magnitude  of  the 
compound  force  ? 

4 

Let  AB  =  AC  =  AD,  LBAC=yf,  andZ. 
CAD  =  45°;  complete  the  parallelogram  ABEC, 
and  draw  the  diagonal  AE ;  complete  the  pa- 
rallelogram A  E  F  D9  and  draw  the  diagonal 
AF;   then  AF   will  be  the  force  compounded 

*f 
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of  the  three.  Since^B  =  BE~EC=  AC,  the 
figure  A  DEC is  asquare, 
:.  t-EAC-A5";  but 
LCAD=45°,  .-.whole 
LEAD=Q&>;  hence 
L^4EF=QO".  NowAE* 
=^Bt  +  BE%=iAB\ 
and  AFX  =  AE'  +  EF* 
=^E*+AD*=2AB'+ 
AB*((or  AE*=lAB*  and  AD=  A£)  =  3AB1i 
iKnceAF*:AB'  ::  3  :  I,  or  AF :  AB  ::  ^3  :  l. 
Ex.5. 

A  body  is  projected  with  a  velocity  of  32  feet  in  a 
second,  in  a  direction  making  an  angle  of  60°  with 
a  line  drawn  perpendicular  to  the  horizon  ;  It  is  re- 
quired to  find  the  latus  rectum  of  the  parabola 
*hich  it  describes,  and  its  velocity  at  the  vertex. 

By  Art.  9.  Sect.  V.  a  body  falls  through  16  feet  to 
acquire  a  velocity  ofN  ' 
32  feet  per  second, 
and  by  Art.  11.  of  the 
present  section,  the 
velocity  in  any  point 
°f  the  parabola  is 
equal  to  that  which  it 
*ould  acquire  in  fall- 
ing through  \  th  part 
of  the  parameter  to 
that  point;  hence  SP, 
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or  £th  of  the  parameter  to  the  point  P,  is  equal  to* 
16  feet.  Make  therefore  the  angle  SPY=GPY 
=  6o°?  and  take  P£=  16  ;  then  5  will  be  the  focu* 
of  the  parabola.  NowSP  (16)  :  SYr.  rad.  :  sin.  60* 


::  1  :  v  |«,    .-.  SY=Ss/3  ;    but  SP  (l6)    :   SY 

(8^/3)::  57  (8^/3)  :   S^=^r=*12,  or  latus- 

rectum  =  48  ;  and  the  velocity  at  the  vertex  -rf=s 
velocity  acquired  in  falling  through  SA=  velocity 
acquired  in  falling  through  12  feet  =  velocity  of  24 
feet  per  second. 


IX. 

_    —  ■ 

On  the  Resolution  ofMot'wn. 

Tn  the  preceding  section,  we  have  shewn  how  a 
number  of  forces,  whose  quantities  and  directions 
are  given,  may  be  combined  into  a  single  one  acting 
in  some  given  direction ;  from  which  it  evidently 
follows,  that  the  motion  of  a  body  in  any  given 
direction  may  be  considered  as  resulting  from  the 
united  actions  of  several    forces  bearing  certain 

given 


(a)  See  Ex.  3.  of  this  Section. 


AND  RESOLUTION  OP  MOTION.  6t 

given  "relations  to  each  other,  as  to  quantity  and 
direction,  as  will  appear  from  the  following  investi- 
gation. 

1.  Let  AB  represent  the  quantity  and  direction 
of  some  given  force;  draw  any  lines  AD,  AC,  and 
join   DB,    CB; 
complete  also  the 
Parallelograms 
A-&BE,  ACBF. 
Since  AB  is  the 
^agonal  of  two  pa- 
wl l«Iograms  whose        '*.         *-«,  ,.-*'""       ; 
adjacent  sides  are           \              V-*'1*-* 
respectively  AD,            \  .-■■''           *""""*-.     ■' 
JH,zn<lAC,AF,  £ 
it     may    (by  Art.].  Sect.  VIII.)   be  considered  as 
resulting  from  the  composition  of  two  forces  whose 
quantities  and  directions  are   represented  either  by 
A  -O,  AE,  or  AC,  AF,  i.  e.  hy  AD,  DB,  or  AC,  CB; 
it  is  evident,  therefore,  that  a  given  force  AB  may 
he  resolved  into  as  many  pairs  of  forces  as  there 
can  be  triangles  described  upon  a  given  right  line 
AB,  or  parallelograms  about  it.     And  as  the  forces 
represented  by  AD,  DB,  or  AC,  CB,  may  also  be 
resolved  into  other  pairs  of  forces,  it  appears  that, 
by  proceeding  in  the  same  manner  with  the  succes- 
sive resulting  forces,  a  given  force  may  be  resolved 
into    an   unlimited   number  of  others   acting  in  all 
possible  directions. 

2.  But 
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2.  But  the  number  of  these  forces  will  be 
when  the  resolution  of  the  given  force  tak 
under  certain  restric- 
ting circumstances. 
For  instance,  if  it 
were  required  to  re- 
solve a  given  force 
AB  into  different 
pairs  of  forces  which 
should  always  act  at. 

right-angles  to  each  other  ;  then  upon  AB « 
a  semicircle,  then  the  number  of  pairs  of  for 
which  the  given  force  can  be  resolved 
limited  to  the  number  of  triangles  ADB 
&c,  which  can  be  described  upon  the  base  A 
have  their  vertices  in  the  semicircumference  y 
for  besides  these,  no  other  right-angled  triar 
be  described  upon  the  right  line  AB.  C 
were  required  to  resolve  a  given  force  J. 
different  pairs  of  forces  which  should  alwaj 
some  given  angle  to 
each  other,  then  upon 
AB  (Euc.  33.  3.)  de- 
scribe a  segment  of  I 
a  circle  which  shall 
contain  an  angle 
equal  to  the  given 
angle,  and  the  number  of  pairs  of  forces  intc 
the  given  force  can  be  resolved  will  be  lim 


&< 


. 
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;quai  to  a  given  quantity, 
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number  of  triangles  which  can  be  described 
mapon  the  base  A  B,  and  have  their  vertices  in  the 
^circumference  ADCB  of  that  segment. 

3.  The  number  of  pairs  of  forces  into  which  a 
jajiven  force  may  be  resolved,  so  that  the  sum  of  the 
x"*solved  forces  should  be  equal  to  a  given  quantity, 
i  *  determined  by  making 
s4B  the  distance  between 
ttie  foci  of  an  ellipse  whose 
major  axis  MN  is  equal  to  N~ 
the  sum  of  the  lines  which  represent  the  two  forces 
into  which  the  given  force  AB  is  to  be  resolved. 
For  in  this  ellipse  take  any  points  t>,  C,  &c.  and 
join  BD,  DA;  BC,  CA,  &c;  then  by  the  property 
°f  the  ellipse  BD  +  DA,  BC+CA,  and  are  all 
ecJUal  to  the  major  axis  MN;  the  number  of  pairs 
°f  forces,  therefore,  into  which  AB  may  be  resolved, 
50  that  the  sum  of"  the  resolved  forces  shall  be  a 
given  quantity,  is  limited  to  the  number  of  triangles 
which  can  be  described  upon  AB,  and  have  their 
vertices  in  the  semi-elliptic  arch  NDCM.  If  it 
wcre  required  to  re-  ■ 
salve  .48  in  such  a 
banner  that  the  dif- 
ference of  the  resolved 

forces    should    be    a 

given  quantity,  then 

Wake  .-/,  B,  the  foci 

of  an  kyperBola  whose  major  axis  MN  is  equal  to 

that 
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that  given  difference,  and  the  vertices  of  the 
triangles  whose  sides  represent  the  resolved  forces 
would  be  found  in  the  curve  of  that  hyperbola. 

•.  Ex.  K 

A  given  force  (a)  is  required  to  be  resolved  into 
different  pairs  of  forces  which  shall  act  at  an  angle 
of  45Q  to  each  other ;  What  is  the  radius  of  the 
-circle,  whose  segment  shall  limit  the  number  of 
the  resolved  force  according  to  Art.  2  ? ' 

Let  AB  =  a,  and  upon  AB  describe  the  segment 
of  a  circle  which  shall  D 

contain  an  angle  ADB 
of  45°  ;  then  since 
ADB  =  A5\  the  angle 
ACB  at  the  center  = 
90°  (Euc.  20. 3.) ;  hence 
(47.  l.)  AB%  -AQ% 
+  CB*  =  2ACi  (for 
AC=  CB),  .-.  AC* 
_  AB3  _  a* 

~     1     ~  2 


and  the  radius  AC=—p=. 

.      \/2 


Ex.2.  * 

To  determine  the  radius  of  the  circle  when  AB 
is  required  to  be  resolved  into  pairs  of  forces  acting 
at  any  given  angle  A. 

'Let  AB=a,/LADB  =  A;  find  center  C,  and 
join   CA,   CB;    then  LtACBtlA',  LCAB 

{CAB 
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( CAB  being 
base 


i  isosceles  triangle)  =  ^  sum  of  z_  *  at 


180  --2^=;  go°-^  =  complement  of  A, 
-.  sin.  l^CAB  =  cos.  A;  but^B  (a)  :  BC  ::  sin. 
4CB  (2  A)   :  sin.  CAB  (cos.  AJ,  hence  BC  or 

t  X  COS.  A 

sin.  2^ 


radius = 


=40"  J 


then  radius  = 


xcos.  ^     10  x  cos.  40° 


^=40"J  '  ~~  sin.  lA  ~~     sin.  80"     ' 

and  log.  R=\og.  10+log.  cos.  40°  — log.  sin.  80  = 
1  +g  .8842540-9.  9933515  =  0.  BgOg025  =  log. 


• 


Ex.  3i 
A  given  force  (a)  is  resolved  into  different  pairs 
of  forces,  the  sum  of  which  is  equal  to  2a;  What 
the  lutus-rectum  of  the  ellipse  which  limits  the 
mber  of  the  resolved  forces  ? 


Since  MN  =  lAB  (Fig.  in  page  33),  NA  and 
fijWare  each  equal  to  \AB  =  \a\  .'.  AM=^  a,  and 
NA  x  AM=  £  a  x  |  a  =i  a";  but  (by  Prop.  2.  Ellips.) 
semi-minor  axis  =*J NA  x  AM=^fai~  a  x 
minor  axis^a^S.    Again,  major  axis  (2a) 

ninor  axis  (oN/3)  ::  minor  axis  {a-^/3)  :  latus- 


X-   Oa 
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X. 

Chi  the  relative  Magnitude  of Forces  before  and 
after  their  Composition  or  Resolution. 

Having  explained  at  some  length  the  theory  of 
the  Composition  and  Resolution  of  Motion,  we  now 
proceed  to  shew  the  relation  which  the  compound 
or  resolved  forces  bear  to  those  from  which  they 
are  derived. 

1.  The  most  obvious  consideration  with  respect 
to  the  composition  of  motion  is,  that,  if  two  equal 
forces  act  upon  a  body  in  contrary  directions,  they 
will  destroy  each  other's  effects,  and  the  body  thus 
acted  upon  will  remain  at  rest ;  or  if  any  two  forces 
act  upon  a  body  in  the  same  straight  /me,  then  the 
effect  (or,  in  other  words,  the  motion)  produced  will 
be  proportional  to  the  sum  or  difference  of  those  forces 
according  as  they  act  in  the  same  or  opposite  di- 
rections. But  if  these  forces  act  obliquely  to  each 
other,  then  the  resulting  force  will  be  some  inter- 
mediate quantity  between  that  sum  and  difference, 
the  magnitude  of  which  will  increase  according  as 
the  angle  of  inclination  between  the  directions  of 
these  forces  is  diminished™. 

1.  This 

(*)  It  is  evident  that  the  smaller  the  angle  of  inclination 
between  two  forces  is,  the  more  nearly  will  they  conspire  together, 
and  consequently  the  whole  effect  produced  will  be  greater ;  on 
the  contrary,  as  ihe  angle  of  inclination  increases,  the  two  forces 
will  more  strongly  appose  each  other,  their  whole  effect  therefore 
will  keep  diminishing. 


AND  RESOLUTION  OP  MOTION 

2.  This  latter  conclusion  may  also  be  drawn 
from  the  geometrical  representation  of  the  forces. 
Let  two  forces  be  represented  by  AB,  AD,  or  by 
AB,  AC,  of  which  AC  =  AD;  let  the  angle  DAB 
be  greater  than  the  angle  CAB,  and  complete  the 

IrallelogramsjD.4/*£,  CABF;  then  since  DAB 
greater  than   CAB,   its  supplement  ABE  must 


be  less  than  ABF  the  supplement  of  CAB ;  hence 
in  the  triangles  ABE,  ABF,  we  have  AB,  BE 
equal  to  AB,BF,  (for  BE  =  BF  being  opposite 
sides  of  a  parallelogram)  and  the  angle  ABF  greater 
than  ABE,  .:  (24.1.)  AF  is  greater  than  AE. 
Let  LCAB  =  0,  then  AF=AC+CF=sum  of 
forces ;  let  L.  CAB=  180°,  then  AF=  CF-AC= 
difference  of  the  forces  ;  in  all  other  cases  AF  is  of 
some  intermediate  magnitude  between  AC+  CF 
and  CF-AC,  and  keeps  increasing  as  the  angle 
'B  is  diminished. 


K 


!.  In  the  composition  of  forces  which  act  obliquely 
to  each  other,  some  force  is  actually  lost;  for  the  sum 
of  the  forces  before  they  are  compounded  together 
presented  by  the  two  sides  AD,  DE   of  a   tri- 
te, and  after  composition  by  the  third  side  AE. 
The 
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The  contrary  happens  with  respect  to  the  resolution 
cf  forces ;  for  the  two  resolved  forces  being  repre- 
sented by  the  two  sides  of  a  triangle  of  which  the 
given  force  is  the  third,  the  absolute  quantity  of  the 
resolved  forces  most  be  greater  than  that  of  the 
given  force. 

4.  But  the  effect  of  forces  to  produce  motion  i*1 
given  directions  is  not  changed  by  their  composition1 

C  D 


B 

or  resolution.  For  let  the  two  forces  AC,  AB* 
and  their  equivalent^/),  be  resolved  into  the  several 
forces  AE,  EC;  AG,  GB;  and  AF,  FD;  where- 
of AE,  AG,  AF  are  in  the  direction  of  some  line 
AF  given  in  position,  and  EC,  GB,  DF  per- 
pendicular to  it;  then  by  sim.  A  GHB,  HDF, 
we  have, 

GH.  HFi.  BH.  HD,  &  GH+HF :  HF : i'BH+  HD  ;  HD, 
':.  GF:  HFi.  BDi  HD,  or  GF :  BD  (=^C)  : :  HF ;  HD. 

But  by  sim.  A'AEC,  HFD,  HF :  HD ::  AE  :  AC; 
Hence  GF  x  AC\.  AE  .  AC,  .\GF=AE,  and 
AF=AG  +  AE;  i.e.  that  part  of  the  compound 
force  AD  which  acts  in  the  direction  AF  is  equal 
to  such  parts  of  the  resolved  forces  as  act  in  the 
same  direction, 

Again, 


Again,  1 
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■am,  by  sim.  A\  BG  :  DF :;  BH  :  II D; 

.-.BG  +  DF:  DF::  BDorAC:  HD, 
or  BG  +  DF  :  AC::  DF :  II D  ::  CE :  AC. 
Hence  BG  +  DF=fiE,  .-.  DF=  CE-BG;  but 
since  CEt  BG  represent  forces  acting  in  opposite 
directions  to  each  other,  their  effect  in  the  direction 
CE  perpendicular  to  AF  will  be  represented  by  their 
difference  CE  -  BG  ;  .-.  since  DF=  CE  -  BG,  the 
part  of  the  compound  force  which  is  perpendicular 
to  j4F  is  equivalent  to  such  parts  of  the  resolved 
forces  AC,  AB  as  are  perpendicular  to  AF. 

XL 
0»  the  Nature  of  the  Forces,  which,  by  their 
joint  Action,  would  keep  a  Body  at  rest. 
1.  It  lias  already  been  observed,  that  if  a  body  be 
acted  upon  by  two  equal  and  contrary  forces,  it  will 
remain  at  rest ;  it  has  also  been  proved,  that 
if  a  body  be  acted  upon  by  two  forces  whose 
unities  and    directions    are  represented   by  the 


two  sides  AC,  AB  of  the  parallelogram  ABDC,  or 
by  the  two  sides  A  C,  CD,  of  the  triangle  ACD, 
the  diagonal  or  third  side  AD  will  represent  a  force 
equivalent 
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iow,  tjiat  a* 


equivalent  to  them  both.  Suppose  now, 
the  same  time  that  the  two  forces  represented  by 
AC,AB,  or  AC,  CD,  are  applied  to  a  body  placed 
at  A,  a  third  force  represented  in  quantity  and 
direction  by  the  line  DA  (equal  and  opposite  to 
AD)  should  also  be  applied  to  the  body,  as  it  would 
in  this  case  be  acted  upon  by  two  equal  and  contrary 
forces,  it  would  remain  at  rest.  A  body  therefore 
acted  upon  at  the  same  time  by  three  forces  repre- 
sented in  quantity  and  direction  by  AC,  CDt  DA 
i.  e.  by  the  three  sides  of  a  triangle  taken  in  ordt 
will  remain  at  rest. 

2.  The  converse  of  this  proposition  must  also 
true,  viz.  "that  if  a  body  be  kept  at  rest  by  three 
forces,  those  three  forces  will  be  represented  by  the 
three  sides  of  a  triangle  formed  by  lines  drawn  in 
their  respective  directions."  For  suppose  a  body  to 
be  kept  at  rest  by  three  forces,  and  that  AC,  CD  re- 
present the  quantities  and  directions  of  two  of  those 
forces,  then  the  compound  force  arising  from  those 
two  forces  will  be  represented  by  the  line^D;  if, 
therefore,  thfe  third  force  be  not  represented  in 
quantity  and  direction  by  the  line  DA,  equal  and 
opposite  to  AD,  some  motion  must  ensue,  whi 
is  contrary  to  the  supposition.  Whenever,  the 
fore,  a  body  is  kept  at  rest  by  three  forces,  if  a  tri- 
angle be  drawn,  whose  sides  are  respectively  in  the 
direction  of  those  forces,  those  Bides  will  represent 
the  quantity  and  direction  of  the  several  forces  thus 
acting  upon  the  body. 

3.  But 


:ri- 


■ 
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But  the  proportion  of  the  three  forces  whicl 

thus  keep  a  body  at  rest  will  be  represented  by  the 

three  sides  of  any 

triangle     drawn 

Parallel  or  per- 
pendicular to  the 

Nta  of  the  tri- 

"»g!e  which  are 

Ir>  the  directions 

°f     the    farces. 

For  let  the  tri- 
*ng|e  ABC  be  that  whose  sides  are  drawn  in  the 
direction  of  the  three  forces,  then  the  triangle  afiy 
(whose  sides  arc  parallel  to  AB,  BC,  CA)  and  the 
triangle  abc  (whose  sides  are  perpendicular  to  A 'B, 
BC,  CA),  being  each  of  them  similar'"1  to  the  tri- 
angle ABC,  must  have  their  sides  a{i,$y,  ya,  or 
ab,  be,  ca,  respectively  proportional  to  the  three 
sides  AB,  BC,  CA,  which  represent  the  quantity 
and  direction  of  the  forces  acting  upon  a  body. 

4.  Since  AB  :  BC  ::  sin.  i_BCA:  sin.  LBAC; 
BC:  CA  ::sin.  LB  AC  :  sin.  ABC ;    and    CA  : 

AB 

(*)  Since  the  sides  of  ihe  triangle  ajiy  are  respectii  i-Iy  paral- 
lel U)  the  rides  of  the  triangle  .rf  B  C,  it  is  evident  that  ihe  angle* 
«0y,  &ya,  yaji  are  respectively  equal  to  ABC,  BCA,  CAB; 
with  reipect  to  the  triangle  a  be,  since  the  Z_,  at  D,  E,  F  are 
HgA'-anglfs,  we  have  DaF  +  D  AF  =  180q,  also  DaF  +  bai '  = 
18CP,  .'.  DAF=lac;  and  in  the  same  manner  it  appear*  that 
EBF=atc,  ami  EC D  =  act. 
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AB  ::  sin.  L.ABC  :  sin.  LBCA,  any  two  of  these 
forces  which  keep  a  body  at  rest  are  to  each  other 
inversely  as  the  sines  of  the  angles  which  their  re- 
spective directions  make  with  the  third  force ;  and 
conversely j   "  if  a  body  be  acted   upon   by  three 
forces,  any  two  of  which  are'  to  each  other  iifc 
versely  as  the  sines  of  the  angles  which  their  SI1 
rections  make  with  the  third  force,  it  will  in  that 
case  remain  at  rest." 

5.  A  body  will  also  be  kept  at  rest  if  it 'be  acted 
upon  by  any  number  of  forces  which  are  represent^ 

in  quantity  and  direc-  # 

tion  by  the  sides  of  a 
polygon  taken  in  order. 
For  let  a  body  be  acted 
upon  by  any  number 
of   forces  represented 
by  the  sides  AB,  B  C, 
CD,  DE  of  the  poly- 
gon ABCDE;   then 
(by  Art.  5.  Sect.  VIII.) 
these  forces  compounded  together  will  be  repre-^ 
sented  in  quantity  and  direction  by  the  remaining 
side  AE  ;  if,  therefore,   at  the  same  time  that  th^ 
body  is  acted  upon  by  the  forces  AB,  BC,  CD,  DE^ 
it  is  also  acted  upon  by  another  force  represented 
in  quantity  and  direction  by  EA  (equal  and  opposite 
to  AE),  it  \Vill  remain  at  rest ;  i.  e.   "  a  body  acted 
upon  by  forces  represented  in  quantity  and  direction 

1       by 
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by  the  skies  A  B,  BC,  CD,  DEt  EA  of  the  poly- 
gon ABCDE,  taken  in  the  order,  will  remain  at 
rest."  The  convene  of  this  proposition  may  also 
be  established  by  the  same  mode  of  reasoning  as 
that  made  use  of  in  Art.  2.:  viz.  "  If  a  body  be  kept 
at  rest  by  any  number  of  forces,  those  forces  will 
be  represented,  in  quantity  and  direction,  by  the 
sides  of  a  polygon  formed  bv  the  intersection  of 
lines  drawn  in  the  directions  in  which  they  re- 
spectively act." 


A  body  is  acted  upon  by  two  forces  a  and£,  which 
at*o  at  right  angles  to  each  other  j  it  is  required  to 
firid  the  magnitude  and  direction  of  a  third  force, 
ich  shall  keep  the  body  at  rest. 

r  Vi 

-etAC=a     -^Complete  the 
AB  =  t       /-parallelogram 
-CAB=QOnJ  ABDC,  and 
oin  AD;  then  the  two  forces 
acting  upon  the  body  may  be 
represented  by  AC,  CD;  con- 
sequently DA  (the  third  side  of  the  triangle  ACD) 
will  represent  the  force  which  shall  keep  the  body 
at  rat.     Now  DA  =  y/AC1+CDi=  V«"  +  ^  for 
the  magnitude  of  the  force;  and  sine  of  L.CAD 
:sine  of  L.CDA  $=DAB)  ::  C J)  :  CA ::  b  :  o; 
•'-  the  direction  DA  of  the  third  force  divides  the 
LCAB   into  two  angles,  whose  sines  are  to  each 
other  as  a  :  /■. 
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Ex.  1. 

A  body,  acted  upon  by  two  forces,  is  kept  at 
by  a  third  force  (a),  whose  direction  divides,  tb< 
angle  contained  between  the  directions  of  the 
former  into  the  given  angles  A  and  B ;  What 
the  magnitude  of  those  two  forces  ? 

Let  AC,  AB  be  the  two  forces  (Fig.  in  page  69).  — » 
complete  the  parallelogram  ABDC,  then  D/S^ 
(=a)  is  the  third  force ;  let  LCAD=A>  LDA^^ 
=  £,  then  LACD=  180°- A  +  Il.    Now 

AC :  AD  (A)  : :  sin.  CDA  or  DAB  (B)  :  sm.ACD  (180>-J^T 


It  AB  :  AD  (a)  : :  sin.  ADB  or  CAD  (A)  :  sm.  ACD  (180P-^+ 

Hence^fC=  *'  and  A B  = 

sin.  180°  -  A  +  B 

sin.  i^xa 


sin.  180P-^  +  S 

XII. 

On  the  Composition  and  Resolution  of  Motion 
arising  from  the  Operation  of  Forces  acting 
in  different  Planes. 

In  estimating  the  effects  produced  by  the  com- 
position and  resolution  of  forces,  we  have  hitherto 
considered  them  as  acting  in  the  same  plane  ;  we 
proceed  now  to  the  solution  of  the  problem,  by 
means  of  which  we  are  enabled  to  determine  the 
motion  of  a  body  resulting  from  the  operation  of 
any  number  of  forces  acting  in  different  planed.    - 

l.  Let  AKy  AG  be  two  straight  fines  drawn  at 

right 
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right  angles  to  each  other  in  the  same  plane,  and 
let  AL  be  drawn  at  right  angles  to  that  plane,  and, 
consequently,  at  right  angles  to  each  of  the  lines 
^iK,  AG  (Euc.  B.  1 1 .  Def.  3.)  Suppose  AB  to 
represent  the  quantity  and  direction  of  a  force 
acting  upon  a  body  at  A;  let  fall  the  perpendicular 

join  AP,  and  complete  the  parallelogram  APBC. 
from  Pdraw  PD  parallel  to  AK,  and  PE  parallel 
to  AG.  Since  AB  is  the  diagonal  of  the  parallelo- 
gram APBC,  the  force  represented  by  AB  is  re- 
solved into  two  others  AC,  AP  equivalent  to  it ; 
and  since  AP  is  the  diagonal  of  the  parallelogram 
ADPE,  the  two  AD,  AE  are  equivalent  to  AP. 
Hence  the  given  force  AB  is  resolved  into  three 
others  A  C,  AD,  AE,  in  the  direction  of  the  three 
straight  lines  AL,  AG,  AK,  which  are  at  right 
angles  to  each  other,  and  issue  from  the  point  A. 

1.  Produce  LA  to  e,  GA  to  g,  and  KA  to  k  -, 
bo  that  the  three  lines  (or  axes)  LI,  Gg,  Kh,  shall 
cut  each  other  at  right  angles  in  the  point  A ;  then 


G 
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it  is  evident  that  the  directions  of  all  the  forces, 
which  can  possibly  act  upon  a  body  at  the  point  A* 
will  fall  within  one  or  other  of  the  eight  solid  angles 
formed  by  the  intersection  of  three  planer  cutting 
each  other  at  right  angles,  and  passing  through  the 
axesZ/,Gg;  LI,  Kk;  Gg, Kk,  respectively ;  and  from 
what  has  just  been  shewn,  each  of  those  forces  may 
be  resolved  into 
three  others,  in 
the  directions, 

AL,  AG,  AK ; 
AL,AG,Al; 

AL,  Ag,    Ah ; 

AL,Ag%    AK; 
xAl,  AG,.AK; 

Al9  AG,  Ak; 

At,  Ag,    Ak; 

At,  Ag,    AK;  g  I 

according  to  the  solid  angle  in  which  it  is  included. 
Thus,  then,  all  the  forces  which  can  possibly  act  upon 
a  body  at  the  point  A,  may  be  resolved  into  others 
acting  along  the  three  axes  LI,  Gg,  Kh ;  for  the  forces 
acting  in  the  directions  AL,  A  I;  AG,  Ag;  AKy  Ak, 
respectively,  are  merely  forces  acting  in  opposite 
directions  in  the  same  straight  line*  Our  next 
business,  therefore,  is  to  estimate  the  magnitude  of 
these  resolved  forces. 


a.  We  shall  begin  with  calculating  the  relative 
value  of  the  three  forces  A  C,  AD*  AE,  into  which 
*  .«*£&  farce  AB  may  be  resolved.    For  which 

purpose 
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purpose  let  AB  =  d;  radius  =  I  (    I_BAP  (which 
measures  the  inclination  ofAB  to  the  plane  passing 


through^*-,  AG)  =  a;  LPAE  (which  measures 
the  angular  position  ofAB  with  respect  to  the  fixed 
UneAK)  =  a. 

Now, 
JB(d):AP  -.:  radius  (1)  ;  cos.  BAP  (cos.  a),  .",  AP=d xcos.a. 

To  find  the  magnitude  of  AC,  AD,  AE,  we  have, 
AB  (d)  :  BP  or  AC:  rad.  (l)  :  sin.  BAP  (sin.  a), 

.:AC=dx-m.  a. 
AP(dxcos.a)  ■  PEoiAD::  rail.  (1)  :  sin.  PAE  (sin. «), 

.'.  AD=d  x  cos.  a  X  sin.  a. 
AP(dxcc*.a)  -AE  :rrad.  (1)  :  cos.  PAE  (cos.*), 

;.  A  E*zdx  cos.  a  xcos.a. 

4.  In  order  to  facilitate  the  computation  of  the 
value  of  these  quantities  as  applied  to  any  number  of 
forces,  let  d,  d',  d",  he.  represent  the  magnitudes  ; 
a\  a,  a",  &c.  the  angles  of  inclination  ;  a.  «',  «",  &c. 
the  angular  distance  from  the  fixed  line  AK ;  of 
the  forces  acting  from  the  point  A  in  directions 
above  the  plane  passing  through  the  axes  Gg,  Kk 

(Fig. 
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ffxg*  in  p.  76),  and  *,  &>  V\  &c.  the  magnitudes ; 
^tW*  &c*  ^e  angles  of  inclination ;  0,/T,/T% 
^c.  the  angular  distance  from  ^JT;  of  the  forces 
L-cing  Moir  that  plane.  *  By  resolving  these  several 
|fcrf^  *n  ^e  saroe  manner  as  the  force  ^B  has  jutf 
wen  resolved,  the  effective  parts  of  them  acting 
Jong  the  th™  oxes  LI,  Gg,  Kk,  may  be  calculated 
wording  to  the  following  method ;  viz. 

iU  represent  the  whole  quantity  of  force  acting 
%o*H!  the  axis  LI,  reckoned  in  the  direction  AL? 

*  x%\** •  * "n-  *+<*'  x cos.  a'  x sin.  a'+&c.+2 x cos.  Jxaa./M' 
*         J  xcos.  c'xsin.  f3'+&a 

inking  the  sines  of  «,/3,  «',f3',  &c-  positive  or  9* 
*******  according  as  the  angles  themselves  are  fc* 
^  *#*a/er  than  1 80°)  will  express  the  whole  quan- 
•iU  ^  *orce  act*ng  along  the  axis  Gg,  reckoned  in 
•V  dWvction  AG  ;  and, 
*v^*  m x ^,  «-f  if  xcos.  a'x  cos.«r+&c.+?  xcos.  t xcos.0 

+  J  \Ct*.  r'xC0S.f$'+&C. 

liking  the  amines  of  «.p.  *;&,  &c.  positive  for  all 
.^U*  between  O  and  (X?;  or  between  27(f  and  3601; 
*i*l  *$«•*•«*  for  all  angles  between  9O0  and  270F) 

%"  will 


i*\  \\  vk  *vulent»  thai  to  tuul  the  vrhoie  quantity  of  force  acting 
*  jN*tf  *^  i  '«•  u%  e4«ry  the  Nxlv  out  of  the  plane  which  passes 
jp^ittfc  tf  *\  K  k%  w  iwwt  *»*!■*•  f  the  «ro  of  the  forces  acting  in 
j^s^yt^  -*♦  t\\*\\  the  $\un  of  those  mhich  act  in  direction  AL. 
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II  express  the  whole  quantity  of  force  acting  along 
*  axis  Kk,  and  reckoned  in  the  direction  AK. 

5.  By  way  of  explanation  of  these  trigonometrical 
pressions,  it  may  be  observed,  that,  as  the  angles 

inclination  of  the  forces  to  the  plane  passing 
'ougk  the  axes  Gg,  Kk,  can  never  exceed  go",  the 
les  and  cosines  of  those  angles  will  all  be  posi- 
)e;  but  as  the  angles  of  position  of  the  forces  with 
sped  to  the  line  AK  may  vary  through  all  degrees  of 
agnitude  between  0  and  360°,  their  sines  and  co- 
les will  be  either  positive  or  negative,  according 

the  different  quadrants  to  which  they  belong.  To 
ustratethis;  witheen-  g 

f  A  describe  a  circle 
und  the  axes  Gg,  Kk, 
id  let  AP  represent 
ie  direction  of  any  one 
f"  the  forces  d,  d",  d", 
c.  or  (,  c,  f,  &c.  when 
riuced  to  the  plane  of 
lis  circle.  Suppose 
iw  the  angular  posi-  E 

»n  of  AP  with  respect  to  AK  to  be  measured  on 

the 


(k)  In  computing  the  magnitude  of  the  forces  acting  along  the 
%  Gg,  Kk,  it  should  be  recollected,  that  although  the  signs  of 
m»a*  they  itand  here  ztepositivt,  yet,  when  die  proper 
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the  circumference  of  this  circle,  beginning  from  the 
point  K ;  then  through  the  two  quadrants  KG,  Gi 
the  sine  PE  of  the  angle  PAK  is  positive,  and 
through  -the  two  quadrants  kg,  gK  it  is  negative; 
witt}  respect  to  the  cosine  AE  of  the  ZL  PAK,  it  is 
positive  for  the  quadrant  KG,  negative  for  the  two 
quadrants  Gk,  kg,  and  positive  again  for  the  qua- 
drant £  A". w      Having  thus  ascertained  the  signs  of 
these  trigonometrical  quantities,  it  only  remains  to 
collect  them  into  three  several  sums  corresponding 
to  tlie  three  axes  Lly  Gg,  Kk  ;  the  resulting  quan- 
tities will  represent  the  magnitude  of  three  forcfi 
(issuing  from  A  in  the  directions  of  those  axes)  ty 
the  joint  action  of  which  the  motion  of  the  body 
placed  at  A  will  be  ultimately  determined. 

6.  We  have  now  so  far  advanced  in  the  solution 
of  this  somewhat  intricate  problem,  as  to  have  *&■ 
thiced  all  the  forces  which  can  possibly  act  up01 
a  body  at  A  to  three  others  acting  at  right  angles  '** 
each  other.     To  shew  how  these  three  forces  t&* 


signs  «e  annexed  to  the  sines  and  cosines  of  the  angles  of  pontic 
«.  $%  m\  p .  &c.  these  expressions  will  represent  the  difference  wt**1 
arises  from  >ubuucting  the  forces  in  direction  A  g  from  tfcp^ 
in  direction  AG>  and  the  forces  in  direction  A  k  from  thost^ 
direction  AK« 

(•)  For  this  +  and  —  variation  of  the  sine  and  cosine  df 
angle  through  the  difJereot  quadrants  of  the  aide,  see  the  ?W 
in  the  Second  Lecture  of  mj  treatise  on  Plane  Trigonometry^ 
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be  compounded  together,  we  need  only  attend  to 
the  manner  in  whieh  the  given  force  AH  was  re- 
solved into  three  others,  AC,  AD,  AC,  at  our  first 
setting  out.     For  suppose  a  body  placed  at  At  and 


acted  upon  by  three  forces  whose  quantities  ana 
Srectlons  are  represented  by  the  three  lines  AC, 
4D,AE,  which  meet  each  other  at  right  angles  in 
the  point  A:  then  reversing  the  operation  in  Art.  1. 
the  two  forces  AD,  AE,  compounded  together, 
will  be  represented  by  the  diagonal  AP  of  the 
parallelogram  ADPE ;  and  the  two  forces  AE,  AP, 
tsmpounded  together,  will  he  represented  by  AB, 
the  diagonal  of  the  parallelogram  APBC;  the  three 
forces,  thus  acting  upon  the  body,  are  consequently 
reduced  to  one  {AB)  equivalent  to  them  all11".     For 

the 


(b)  From  tlie  construction  of  the  figure,  it  appears  that  Ati 

is  die  diagonal  of  a  right-angled   parallelopipedon,  whose  base  U 
e  parallelogram  ADPE  tormed  by  The  two  lines  AD.  AE,  and 
e  height  is  AC,  the  line  representing  the  third  force. 
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the  purpose  of  finding  the  actual  quantity  and  « 
rection  of  the  force  represented  by  AB,   let  AC  * 
BP=x,AD  or  PE=y.AE  or  DP=z;  th« 
(47-1.)  AB^BP'  +  AP'^ifor  AP*=AD* 
DP*)  BP3  +  ADi±DP*  =  xt+f+z\  .\AB 
*/ x*  +  y' +  z*  for  the  quantity  of  the  compou- I 
force.     With  respect  to  its  direction,  we  have  (sc 
posing  rad.=  l)  AP  (vV  +  z*)  :  f£  (#)  ::  ratl-  CT1) 
■sin  PAE=     ,-j      ■«,;  this  gives  the  position 
.^P  with   respect  to    the  line  y/AT.     Again,  ^ 
(x/x'+y'  +  z*)  :  £i*  (*)  :;  rad.  (l)  :'sin.  BAF*  = 

.  .  ■=  ,  which  gives  the  inclination  of  AS 

«/xs+y*■^s;, 

the  plane  passing  through  AG,  AK;  on  suppositio 
therefore  that  x,  y,  z  are  determined  qoantitit 
the  magnitude  of  the  force  AB,  its  position  w\t* 
respect  to  t/i£  Jixed  line  AK,  and  its  inclination 
to  the  plane  passing  through  A Gt  AK,  are  actually 
"known. 

7.  For  the  purpose  of  applying  these  expressions 
to  ascertain  the  quantity  and  direction  of  I 
single  force  equivalent  to  the  forces  d,  d,  d",  &c. 
i,^,  y,  &c.  acting  upon  the  body  at  A;  let  j 
sum  of  all  the  forces  acting  along  the  axis  LI  (m 
exhibited  in  Art  4.)  =  ±x;  the  sum  of  the* 
acting  along  the  axis  Gg=  ±y;  and  the  sum 
of  those  acting  along  the  axis  Kk  =  +  z ;  then 
the  quantity  of  this  single  force  will  be  represented 

by 
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by  >>/x,+yt  +  z';  its  position  with  respect   to   the 
fixed  line  J  K  will  L  G 

be    measured   by 
an    angle    whose 

sine  is     -£JU. 

tile  particular  qua- 
drant to  which  it 
belongs  being  de- 
termined by  the 
s'gTis  of  y  and  z ; 
'*s  inclination  to 
*fiG  plane,  passing  through  Gg,JCk,  will  be  in  an 

ar»gie  whose  sine  is     ^  t_-.-—  ,  and  it  will  fall 

"hove  or  below  that  plane,  according  as  x  is  positive 
°r  negative. 

8.  By  way  of  conclusion,  it  may  be  observed,  that 
**  a?'  =  o,  then  the  motion  of  the  body  will  be  in  the 
Plane  passing  through  Gg,  Kk  ;  its  quantity  will  be 
represented  by  n/#N-~z%  and  its  angular  position 
w>th  respect  to  AK  by   an  angle  whose  sine  is 


Ajl 


If  y'  =  0,  then  the  motion  of  the  body 


-Jy >  +  z1 

*ill  be  in  the  plane  passing  through  LI,  Kk;  its 
9**antity  will  be  */x*  +  z" ;  and  its  inclination  to  the 
Plane  passing  through  Gg,  Kk,  in  an  angle  whose  sine 

**      ---_—  .    If  2*  =  o,  then  its  motion  will  be  in 


the 
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the  plane  passing  through  LI,  Gg;  its  quantity  will  be 
\/x*+y%)  and  its  inclination  to  the  plane  passing 
through  Ggj,  Kh,  will  be  in  an  angle  whose  sine  is 

a"'\    .    If  two  of  these  quantities  (x*,  y\  or  **) 

should  become,  equal  to  0,  then  the  motion  of 
the  body  will  be  along  the-  axis  belonging  to  the 
third;  and  if  all  three    become    equal    to    O    (or 

js/x*  +  y*  +  z9  =  0)  then  all  the  forces  acting  upon 
the  body  at  A  are  in  a  state  of  equilibrium.,  and  the 
body  will  remain  at  rest. 

EXAMPLE. 

A  body  is  acted  upon  by  Jive  forces,  which  of6 
to   each   othnr   as   the   numbers   7*  6,  5,  3,  2 ;  th* 
directions  of  the   three  former  are  above,    and   <u 
the  hvo  latter  below,  a  plane  given  in  position,  (&& 
passing  through  the  body.     The  forces  acting  above 
the  plane  are  inclined  to  it  in  angles  of  25°,  45°,  of* 
(>0f;    those  acting  below,  in  angles  of  5O0  and  &$  > 
respectively.    The  angles  of  position  of  these  for0£*9 
with  respect  to  a  certain  Jixed  line  in  that  pla**** 
taken  in  the  order  of  the    numbers  7,  6,  5,  3*    ^ 
mre  6o\  Q5\  1 50\  *200°%  and  280°.     It  is  required  & 
Jind  tl^f  quantity  of%  a  force  equivalent  to  them  €*&* 
together  with  its  direction,  both  as  to  the  plane,  &*** 
to  the  Jirttl  line  drawn  in  that  plane. 

ljttA  be  the  place  of  the  body,  abede  «  cir*^*^ 
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drawn    in    the    plane    paafiing  through    the   body, 
Gg,  Kh  i>  B 

drawn     at    right 
to     each 
Other      in      that 
p':me,  and  /./  the 
axis  at   right  an- 
gles to  Gg,  Kk, 
and    consequent- 
ly at  right  angles 
to  tlie  plant'.    Let 
«ie  angular  posi- 
tion of  the  forces 
be  reckoned  from 
*e  fixed  line  Kk  ;  then  if  Ka,  Kb,  Kc,  Kd,  Ke  are 
taken  arcs  of  6on,  95°,  150",  300°,  and  280",  respec- 
tively, A  a,   Ai\  Ac,  Ad,  Ae  will  be  the  angular 
Position  of  the   forces,  when    reduced  to  the  plane 
obede. 


Calculat  ing  the  quantity  of  force  acting  along  the 
**«  LI,  Gg,  Kk,  according  to  the  rule  laid  down  in 
$9,4,  we  shall  have  7  x  sin.  25°  + 6  x  sin.  45°  + 5 
*  sin.  60*-.  3  x  sin.  50°- 2  x  sin.  85°  =7  x  .4226  + 
6  *  ."0/  1  +  5  x  .  866o  —  3  x  .  7660  -3X.  9Q22  = 
7-2406  for  the  force  acting  along  the  axis  LI, 
whiuh  being  positive,  take  AC  (in  the  direction 
AL)~  7_  2046,  and  it  will  represent  the  quantity  of 
"^Ce  impelling  the  body  upwards   from   the  plane 

For 
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For  the  sum  of  the  forces  acting  along  the  axis  G$, 
we  have  7  *  cos.  25°  x  sin.  60°+6  x  cos.  45°  x  sin.  05° 
+  5  x  cos.  60°  x  sin.  150°  -  3  x  cos.  50°  x  sin.Mtf  | 
-  2  x  cos.  85°  x  sin.  280°  =?x.  9063  x  .8660+    ■ 
6  x    .7071  x  .9961  +  5  x   .5000  x  .5000-3    \ 
x  .6427  x  .3420  -  2  x  .0871  X  -9*48  »  9-7388; 
which  being  also  positive,  take  AD  (in  (he  directiop 
^fG)  =  9.7388,  and  it  will  represent  the  quantity 
of  force  acting  in  that  direction. 

Lastly,  7  x  cos.  25°  x  cos.  60*  -  6  x  cos.  45°  x 
cos.  950—  5  x  cos.  60°  x  cos.  150°—  3  x  cos.  5(f  * 
cos.  200°  +  2  x  cos.  85°  x  cos.  280?  =  ?x  .9068  * 
.5000-6  x  .7071  x  .0871-5  x. 5000  x. 8660- 
3  x. 6427  x.  9396  + 2  x. 087 1  x.  1736  =-1.14*** 
which  being  negative,  take  AE  (in  direction  A*l 
8=1.1423,  and  it  will  represent  the  quantity  <* 
force  acting  along  the  axis  Kh. 

Complete  now  the  parallelogram  ADPE,  && 
join  AP ;  then  AP  will  be  the  direction  of  ti* 
compound  force  fn  the  plane  abode  \  comply* 
also  the  parallelogram  APBC,  and  join  AB;  th^ 
AB  will  represent  the  quantity  and  direction  of  t& 
force  resulting  from  the  composition  of  all  the  Jbr^4 
acting  upon  the  body  at  A. 

To  find  the  actual  magnitude  and  direction  4 
AB,  wq  must  have  recourse  to  the  process  adopts 
in  Art.  7.  for  in  this  case  we  have  jt=  7 .  2406,  y  *** 

9 .  7388,  z=- 1.1423,  .\^x*+y*  +  z*=y/ 148.5^ 
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.  18  =  AB.     Also,    sin.  PAK=    .  y       = 

388 

=  =  •  90324  ;  .'.  PAK  is  an  angle  whose 

.148  & 

•  99324,  but  whose  cosine  (z)  is  negative,  i.e. 

;leof96°.40/.  Finally,  sin.5^P=    ,      * 
^——=.5944  =  sin.  36°.  28'.     Hence  AB    is 

•  1  o 

ed  to  the  fixed  line  Kk  in  an  angle  of  96°.  40', 
ts  inclination  above  the  plane  abode  is  in  an 
of  36 .  28". 

XIII.      ' 

2  have  thus  shewn  the  method  of  resolving 
e  forces  which  can  possibly  act  upon  a  body 
the  direction  of  "  three  axes"  at  right  angles 
:h  other.  If  this  resolution  takes  place  in 
lirection  of  each  axis  separately,  without 
nee  to  the  plane  passing  through  the  other 
and  if  the  forces  at  the  same  time  be  in  a  state 
dlibrium ;  then  the  solution  of  the  problem 
les  somewhat  more  simple,  as  will  appear 
the  following  investigation. 

Let  AB  represent  the  quantity  and  direction 

y  given  force,  and  let  Gg>  LI,  Kk  be  three 

cutting  each  other   at  right  angles  at   the 

A;  from  B  let  fall  the  perpendiculars  BC9 

BD, 
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BD,BE  upon  AG,AL,AK  respectively;  then    1* 
AC,  AD,  AE  (which  are  the  cosines  of  the  angles    li 


BAC,BAD,BAE)  represent  the  parts  of  tt*e 
given  force  which  are  in  the  direction  of  the  ai*^8 
Gg,  LI,  Kh. 

2.  Hence  if  P,  P,  P",  &c.   be  any  •  number 
forces  acting  in  the  points/;  and  if  «,«',«", 
be  the  angles  which  they  make  with  the  axis 
t>  fi>  fi">  &c-  the  angles  which  they  make  with 
axis  LI;  y,y',y'',  &c.  the  angles  which  they  m 
with   the   axis  Kh,  respectively,   and    radius = 
then,  when  these  forces  are  in  equilibrio  with 
other  at  the  point  A, 

P  x  cos. «  +  P'  x  cos.  «4-jP/,x  COS.  *"  +  &C  =s  OT 
P  x  cos.  fi  +  P*  x  cos.  0'  +  P//  X  COS.  0"  +  &c.  =  0 

P  X  COS.  y  +  P/  X  COS.  y'  +  P"x  COS.  y"  +  &C.  =0 

will  be  three  independent  equations  which  deter-*" 
mine  the  relation  of  these  several  quantities 
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each   other  at   the    time    the    equilibrium   takes 
placed 

3.  If  the  forces  act  in  the  same  plane  (viz.  the 
plane  passing  through  the  axes  Gg,  Kk),.  then, 
cos.£,  cos,  fi\  cos.  0",  &c.=e:0,  and  COS.  y,  COS.  y', 
cos.y",&c. (b)  will  be  equal  to  sin.*,  sin./,  sin.«",&c. 
•  •.  these  three  equations  are  reduced  to  two,  viz. 

J3  x  cos. «  4-  F  x  cos. «'  4-  P"  x  cos.  « '  +  &c.  =  0 
JP  x  sin.  «  +  F  x  sin.  «'  +  P"  x  sin.  «"  +  &c.  =  O 

which  will  determine,  the  relation  of  the  quantities 
to  each  othe>  when  P,  P/,  P",  &c.  are  in  a  state  of 
equilibrium. 

4.  As  there  are  three  independent  equations  in 
Axt.  2;    and    two    in  Art.  3 ;    the    magnitude   or 

position 


(a)  For  each  force  may  be  resolved  into  three  others  in  the 
^fection  of  the  three  axes  Gg,  LI,  Kk,  of  which  the  parts 
G&ictive  in  the  direction  of  each  axis  will  be  to  the  force  itself 
1  z  cosine  of  the  angle  which  it  makes  with  the  axis  :  radius  (I); 
***tas,  the  part  effective  along  the  axis  Gg  :  P  :;  cos.  *  :  1,  or 
P**rt  effective—  P  x  cos. « ;  and  so  of  Nthe  rest.  And  since  the 
^•"ces  are  in  equilibria,  the  sum  of  the  resolved  forces  in  the 
direction  of  each  axis  must  be  equal  to  O ;  from  which  the 
^ture  of  these  equations  is  manifest 

(b)  For  since  AB  is  the  plane  passing  through  the  axis 
G«,  Kk,  and  LBAC=*9  .\  LBAE=g0>-« ;  hence  ^C=cos. 
^^C=cos.«,  and  ^f£=cos.  BAE*=co*.  90P— #=asin. • ;  and 
*>  cf the  rest 
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position  (with  respect  to  one  of  the  three  axes) 
any  three  of  the  forces  P,  P',  P",  &c.  in  the  fom&*~ 
case,  and  of  any  tivo  of  the  latter ■,  may  be  considered 
as  undetermined  quantities,  whose  values  are  to  b^ 
ascertained  from  the  relation  which  subsists  between 
the  remaining  given  quantities  at  the  time  the 
equilibrium  takes  pface.  For  instance,  let  there 
be  three  forces  P,  P',  P",  acting  in  different  planes* 
and  let  every  thing  be  given  except  the  magnitude 
of  the  two  last,  and  the  position  of  the  first  with  respect 
to  the  axis  Kk ;  then,  if  P'  =  tf,  P"=y,  cos.  y=  z, 

P  x  cos.  *  +  or  x  cos.  «'+y  XCOS.«"  =  0 
Px  cos.  /3  +  «r  x  cos.  £'  +  y  x  cos./s"  =  0 
Pz  .  .  .    +#x  cos.  y'+y  x  cos.  y"=0 

are  three  equations,  from  which  such  values  of 
x9  y,  z  (or  P',  P"  and  cos.  y)  may  be  deduced,  as 
shall  produce  an  equilibrium  of  the  three  forces. 


END    OF    THE    LECTURE. 
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Lecture  IV. 


ON  THE  CENTER  OF  GRAVITY, 


1  he  center  of  gravity  of  a  body  is  "  that  point, 
about  which,  if  supported,  all  the  parts  of  a  body 
(acted  upon  only  by  the  force  of  gravity)  would 
balance  each  other  in  any  position."  In  order  there- 
fore to  ascertain  this  point,  it  will  be  necessary  to 
resolve  a  body  into  its  constituent  parts ;  and  then 
find  two  lines,  about  each  of  which  (if  supported) 
these  parts  will  balance  each  other  in  all  positions : 
the  common  intersection  of  those  two  lines  will  be 
the  center  of  gravity  required.  In  bodies  of  a 
regular  form  and  uniform  texture  this  is  very  easily 
effected,  but  the  difficulty  increases  as  the  nature 
or  shape  of  the  body  becomes  more  complex.  We 
shall  begin  with  shewing  the  method  of  finding  the 
center  of  gravity  of  a  body,  or  of  a  system  of  bodies, 
in  a  few  familiar  instances. 

XIV. 


*\ 
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XIV. 

On  the  Method  of  finding  the  Center  of  Gravity 
of  a  Body  or  System  of  Bodies. 

1.  Id  regular  plane  figures,  such  as  square*, 
parallelograms,  circles,  polygons  inscribed  in  circles, 
&c.  &c.  the  center  of  gravity  is  the  same 
with  the  center  of  magnitude.  For  instance, 
let  the  annexed  figures  represent  thin  laminae  of 
matter  of  an  uniform  density,  and  let  them  be 


divided  respectively  into  two  equal  parte  by  tfte 
straight  lines  AB,  CD.'1*  Conceive  now  each  of 
theoe  lamina  to  be  resolved  into  lines  of  particles 
equal  and  parallel  to  AB,  there  will  then  be  the 
Mine  quantity  of  matter  similarly  disposed  on  each 

side 


(•)  la  th*  yfwvt  and  f*nllthgr*M  this  will  be  done,  by 
hUn-tlni   any  two   oppcwle   ado,   and  joining  the  poiotr  of 

UMUtkwi  '"  ■'"   '~'/-  *7  J "IT ' —  f — i"n  i  it  rigif  ■iga.wi 

wwh-hollwri  in  ttw  kto^gprn",  bjr  (ira«iog  4b  to  «ra  a 
*\%W*,  and  huwtiiiK  Iwtt  opjxwiw  tides  by  CDt  ax.  ax. 
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side  of  AB ;  if,  therefore,  AB  be  supported,  the 
parts  A C B>  A DB  wili  balance  themselves  about 
it ;    the  center  of  gravity  will  consequently  be  ia  the 
line  AB.    For  the  same  reason,  because  all  line& 
drawn    parallel    to    A  B    are    bisected    by    €£>y 
the    center  of  gravity  will  also  he  in  the  line 
CJD ;  it  must  therefore  be  in  their  eoramoft  inter- 
section G. 

*2*.  In  the  same  manner  it  might  be  shewn,  that 
the  center  of  gravity  of  the  regular  solids,  such  aa 
tke  cube,  parallelopipedon,  cylinder,  sphere,  &c.  is 
the  same  with  the  center  of  magnitude.  For  each 
of  these  solids  might  be  divided  into  two  equal  and 
iimibr  parts  by  planes  passing  through  it  in*  three 
different  directions  ;  the  intersection  o£ /wo  of  these 

planes  would  be  a  right  line,  and  the  intersection  of 

that  line  with  the  third  plane  would  be  die  center 

of  gravity  of  the  aolid.00 

3*  Suppose  now  A  and  B  (Fig*  1.  page  §4}  to  be 

two> 


(b)  l*et  the  three  first  figures  in.  the  opposite  pagp  represent 
respectively  the  section  of  a  cube,  parallelopiped,  and  sphere,  cat 
through  their  middle;  then  may  the  line  CD  represent  the  inter- 
sectfenola  pltae  af  right  angles  to  AC BB  (and  A8  the  inter- 
•oettop  of  a  third  plane)  cutting  these  solids  in  *  simifcw  manner ; 
the  point. G  will  therefore  be  the  center  of  gyttritjr.  In  tte 
cylinder,  it  is  evident  that  the  center  of  gravity,  will  be  in  the 
point  which  bisects  its  axis. 
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>^  ^o*  **rtic*es  of  matter  connected  together  by 
^  M^v^N^  rt*&  -/?  vo^  °f  gravity ;  bisect  AB  in 
v  **£*  \C  will  be  the  common  center  of  gravity  of 
%  **m  £  c  tor  it  is  evident,  that  if  G  be  supported, 
«V  v*»  )Wticles  will  balance  themselves  about  it. 
VV  **stf*»v  upon  G  will  be  equal  to  the  weight  of 
*v  articles  A  and  By  and  this  pressure  does  not 
*  aU  \lepend  upon  the  length  of  the  line  AB ;  it 
NtUl  therefore  he  the  same  whether  the  particles  be 
yAfcvd  at  A  and  A  or  a  particle  equal  to  A+B 
V  jvUocd  at  <»\    The  same  may  be  said  with  respect 
h*  the  (^articles  A%  A  (\  A  &c.  (in  Fig.  2.)  which 
*IY  disposed  k  nifhrmfy  Fig.  1 . 

*k*ng   the    inflexible    A  6  B 

hh)  AN  void  of  gra-    •  •  -* 

vUv ;  viz.    that   the  F  nk* 

pressure  of  ^f  aita  iv  »  m  %  # — »  A  •  •  •  •  • 
is  the  same  as  if  A+N  G 

was  placed  at  G;  of  jRgT-2. 

65  u«i(i  A/  the  same  as  if  B  +  \f  was  placed  art?; 
fcv\  fce.  and  that  the  n^o/c  pressure  of  the  particles 
.1*  A  i\  A  &c.  is  the  same  as  if  A+B  +  C+D  + 
t£  ►  t\  &o.  was  placed  at  (?. 

4«  This  reasoning  might  be  extended  to  the  /fries 
>y  btnwles  composing  the  !*****  in  Art.  1 ;  for  the 
l**Mictai  J%  A  t\  A  &w  vFig. %a^  nwX  I*  increased 
m  uumher  till  they  become  a^ji«w  to  each 
vvVW*\  and  the  etflvt  is  the  same  whether  we  con- 
**fc*  ihom  as  connccttxl  Kv?thcr  bv  an  inflexible 

rod 
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rod  void  of  gravity,  or  actually  united  together  by 
the  power  of  cohesion.  Supposing  CD  therefore 
to  be  supported  (see  Figures  in  Art.  1 .)  the  pressure 
upon  it  will  be  the  same  as  if  all  the  particles  con- 
tained in  the  lines  parallel  to  AB  were  incumbent 
upon  it ;  and  supposing  the  point.  G  only  to  be 
supported,  the  pressure  will  be  the  same  as  if  the 
particles  thus  collected  in  CO  were  incumbent  upon 
it;  the  pressure  ofthelamina^CBZ)  upon  the  center 
of  gravity  is  therefore  the  same  as  if  all  the  matter 
contained  in  it  were  incumbent  upon  G.  The  same 
mode  of  demonstration  might  be  applied  to  the 
laminas  composing  the  regular  solid  bodies  in 
Art.  1  j  so  that  it  may  be  asserted  as  a  general  truth, 
that  when  a  body  of  this  kind  is  supported  by  a 
prop  placed  under  its  center  of  gravity,  the  pressure 
will  be  the  same  whether  the  whole  quantity  of 
matter  be  uniformly  diffused  through  the  space 
occupied  by  the  body,  or  whether  it  be  all  as  it  were 
concentrated  in  that  center  of  gravity. 

5.  For  the  purpose  of  investigating  the  theorem 
for  finding  the  common  center  of  gravity  of  two 
unequal  bodies,  let  ABCD,  CDEF  (Fig.  in  pageo6) 
represent  the  sections  of  two  cylinders  of  uniform 
density  and  of  the  same  diameter,  whose  axes  are 
Af#  NO ;  bisect  MN  in  G  and  NO  in  g,  then 
Will  G,g  be  their  centers  of  gravity.  Let  ABCD 
l>«  suspended  from  the  hook  P,  by  the  string  P  G 
attached  to  its  center  of  gravity  ;  and  let  CDEF 
^suspended  in  the  same  manner  from  the  hook  Q, 

by 


& 


csraeftor  cwavity 


by  the  utring  Qg ;  let  tbem  alto  be  ao  placed  that 
their  enda  may  be  contiguous  to  each  other.    Then 
will  A  BCD  balance  itself  about  G,  and  CD*/ 
about  g,  ao  that  the  two  axes  NM,  NO  (after  tbe 
cylinders  are  suspended)  will  lie  in  the  same  ttrmgk 
Hne  t  and  the  presntres  upon  G,  g,  will  be  tbe  sanw 
aa  if  the  whole  weights  of  (he  cylinders  were  cd- 


Tf 


Kt 


B 


D 


N    *" 


r*-***-* 


o 


looted  respectively  in  those  points.  Suppose  now^ 
the  two  ends  which  are  contiguous  to  each  other,  to 
l>e  Jirmly  cemented  together,  so  that  the  two  cylin- 
ders should  become  one  mass  ;  this  will  not  at  all 
eftect  the  pressures  upon  <?,  g,  but  will  merely 
serve  to  connect  those  two  points  together,  in  such 
a  manner  that  the  pressures  upon  them  may  be 
considered  as  acting  at  the  extremities  of  an  m- 
Jf^iitle  rod  Gg  void  of  gravity.  Bisect  the  «ris 
MO  of  the  whole  cylinder  ABFE  in  the  point  JT, 
and  AT  will  be  its  center  of  gravity ;  let  the  prop 
K  L  be  placed  under  K9  and  let  the  two  strings 
^»  Qg>  ty  which  it  is  suspended,  be  removed,  and 

the 
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the  cylinder  will  then  balance  itself  about  the  point 
K ;  or,  in  other  words,  the  two  pressures  acting  at 
G,  gt  will  be  in  equilibrio  about  that  point.    It  only 
remains,  therefore,   to  find  the  relation  of  KG  to 
Kg;  nowMK=±  MO,  and  MG  =  \  MN,  .\  MK 
~MG   (or  KG)  =  %  MO-MN  =  %  NO-    again, 
OK=\MO,  and  Og  =  %NO,.:  OK-Og(orKg) 
=  iMO-NO  =  $MN;  hence  KG:  Kg  ::  ±NQ 
■  -U/A"  ::  NO  :  J\W  ::  cylinder  CDEF  :  cylin- 
der ABCD."1      But  the  pressure  upon  G  (P)  is 
equivalent  to  the  weight  of  the  cylinder  A  BCD, 
and  the  pressure  upon  g  (p)  to.  that  of  the  cylinder 
C£i£F,  r.  KG  :  Kg  : :  p  :  P  or  P  :  p  :;  Kg  :  KG, 
!-  e.  two  weights  or  pressures  P,  p,  acting  at  the  ex- 
tremities of  the  inflexible  rod  Gg  void  of  gravity, 
WH\  be  in  equilibrio  about  the  point  K,  when  their 
distances  from  that  point  are  to  each  other  inversely 
*s  those  weights  or  pressures. 

6.  This  furnishes  us  with  the  method  of  finding 
lb*  common  center  of  gravity  of  any  number  of 
bodies  whatever,  connected  together  by  inflexible 
rods  void  of  gravity. 

Let 


(*)  For  cylinders  of  the  same  diameter  are  lo  each  oilier  as 
their  axes. 
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G 


be  the  bodies,  and  let  * 
the  centers  of  gravity 
of  A  «nd  B  be  con- 
nected together  by 
the    inflexible    line 

AB; 

take,   A  zBuBGiAG* 
Or,  comp**,     A+  B  :  B  ::  BG  +  AG  (j^B)  :  ^(?, 
then  will  the  bodies  A  and  B  balance  themselrtf 
about  G,  and  consequently  G  will  be  their  common 
center  of  gravity  (by  Art.  5). 

Next,  Jet  the  center  of  gravity  of  C  be  connected 
with  G  by  the  inflexible  line  CG;  then,  for  the  reason 
assigned  in  Art  3,  the  pressure  upon  G  will  be  th£ 
same  as  if  a  body  equal  to  A  +  B  was  placed  at  (r  i 
take,  therefore, 

^+5  :  C::  Cg  :  Gg, 
or,  comp^,     A+B+C:  C  ::  Cg+Gg(CG):Gg> 
then  £  will  be  the  center  of  gravity  of  A+  B  a**^ 


(•)  Since  A  i  B  n  BG  :  AG,  by  multiplying  extremes 
means  ^  x  AG=.  B  x  BG ;  i.  e.  when  two  bodies  are  in  equilifr^*  ff 
the  product  of  each  body  into  its  distance  from  the  center  ** 
gravity  is  equal  on  each  side  that  center.  These  quantit^ * 
Ax  AG,  and  BxBG,  therefore  express  the  respective  forces 
which  A  and  B  counteract  each  other's  effects  in  their  tende-^^^ 
to  motion  round  G. 
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Cy  and  consequently  the  common  center  of  gravity 
of  the  three  bodies  A,  B,  C. 

Again,  let  the  center  of  gravity  of  D  be  connected 
vith  g  by  the  inflexible  line  Dg,  then  the  pressure 
upon  g  will  be  the  same  as  if  A  +  B  and  C(i.e. 
&  -f  B  +  C)  were  placed  at  g.    Take,  therefore, 

A+B+C:D::DK:gK, 
or.comp'b,  A+B+C+D :  D::DK+gK(Dg) :  g/C, 
thenA'will  be  the  center  of  gravity  of  A  +  B+  C 
a*i<l  D,  and  consequently  the  common  center  of 
g*~tnity  of  the  four  bodies  A,  B,  C,  D;  moreover, 
the  pressure  upon  K  will  be  the  same  as  if  A-h  B 
"+-  C+D  were  placed  at  K;  and  thus  we  might  pro- 
ceed for  any  number  of  bodies. 

7.  It  is  evident  that  the  foregoing  demonstration 
^Oes  not  all  depend  upon  the  number  or  weight  of 
t*'*e  bodies,  or  their  distance  from  each  other;  it  rests 
Merely  on  the  supposition  that  their  centers  of  gravity 
a*-e  connected  together  by  inflexible  rods  void  of 
Suavity.  It  may  therefore  be  applied  to  any  number 
0 f" particles  of  matter  situated  in  different  planes,  and 
Placed  at  all  possible  distances  from  each  other. 
Increase  the  number  of  these  particles  till  they 
become  contiguous  to  each  other,  and  for  the  imagi- 
^finj  line  void  of  gravity  substitute  the  power  <f 
cohesion,  then  the  system  of  bodies  A,  B}  C,  D,  &c. 
tHay  represent  an  irregular  mass  of  compact  matter, 
Hot  unlike  such  as  are  to  be  met  with  in  th«  works 

if 

54783B 
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of  nature  or  of  art ;  and  although  it  may  be  diffi- 
cult to  find  the  actual  center  of  gravity  of  such 
a  mass,  yet  the  latter  part  of  our  rule  still  remains 
true, ;  viz.  "  that  if  this  mass  be  supported,  its  pressu^e 
downzvards  will  be  the  same  as  if  the  whole  quantity 
of  matter  contained  in  it  was  concentrated  in  it* 
'center  of  gravity" 

8.  From  hence  it  follows,  that  whatever  be  th^ 
form  or  dimensions  of  a  body  placed  upon  a  plal*e 
parallel  to  the  horizon,  it  will  remain  at  rest,    ** 


the  line  drawn  from  its  center  of  gravity  per* 
pendicular  to  the  horizon  falls  within  its  base.  Fo** 
let  A  BCD  represent  the  section  of  a  body  pass- 
ing through  its  center  of  gravity  of  G,  and  drav* 
GF  perpendicular  to  HO  the  plane  upon  which  it 
stands;  then,  since  the  tendency  of  the  body  to 
descend  is  the  same  as  if  its  whole  weight  was  con- 
centrated in  G,  it  will  rest  or  fall  according  as  G  is 
supported  or  not,  i.  e.  according  as  F  falls  within  or 
without  the  base  BC ;  moreover,  the  stability  of  the 
body  will  depend  upon  the  distance  at  which  the 

point 
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point  F  falls  within  the  base.     From  this  property 
of    the  center  of  gravity  it  also  follows,  tiiat  if  a 
body  be  suspended  from  any  point,  it  will  not  rest 
nU    the  line  which  joins   the  center  of  gravity  and 
point  of  suspension  is  perpendicular  to  the  fiorizon. 
For  let  *4 BCD  represent  the  section  of  a  body  as 
before,    G   its   center    of  gravity,    S   the  point    of 
*u*peim'on  ;    join    S  G,    and    draw    S  0  IV    per- 
pendicular to  the    horizon;    produce    SG   to    iV, 
and  draw  GR   parallel 
to  S W •  then,  since  the 
weight  of  the  body  may 
be    considered    as    col- 
lected in  G,  it«  tendency 
10  motion  will    be  along 
*e  line  GR.    Let  GR 
therefore  represe.it  this 
tendency,  which  resolve 
"Ho   GN    in    the    di- 
ction  SG,   and   RN 
Perpendicular  to  it;  the 
P&rt'GJV  is  counteracted  by  the  reaction  from  the 
P°int  of  suspension  S,  and  NR  is  employed  in  pro- 
ducing motion  in  the  direction  of  the  circular  arc 
"O;  G  therefore  (and  consequently  the  body)  will 
1,0 1  remain  at  rest  till  NR  vanishes,  i.e.  till  the 
^gle  NGR  (=0SG)  vanishes,   or   SG  coincides 
with    S  0.      We  proceed  to  apply  the  principles 
p*Bt  now  investigated,  to  the  solution  of  a  (ew  practi- 
cal examples. 

EXAM. 
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EXAMPLE  l.    • 
To  find  the  center  of  gravity  of  the  tricingk 

ABC* 

Bisect  the  side  AC  in  Dy  and  join  BD,  which 
will  bisect  all  lines  drawn  parallel  to  AC}  conse- 
quently, if  BD  be  supported,  the  parts  ABDj 
DBC  of  the  triangle  ABC  will  balance  themselves 
each  side  of  it;  hence  the  center  of  gravity  is  in 
line  BD.    Bisect  the  side  BCinE,  and  join  A£\ 
then,  for  the  same  reason  3 

as  before,  the  center  of 
gravity  will  he  somewhere 
in  the  line  AE ;  it  must 
therefore  be  at'  their 
common  intersection  G. 
Produce  now  BD  to  F, 
and  draw  CF  parallel  to 
EA;  then  since  B  E  =  E  C, 
BG  will  be  equal  to  GF;  but  in  the  two  triangles 
AGD,  DFCy  there  is  one  side  and  two  angles  equal 
to  each  other,  .'.  GD=DF,  and  consequently  GF 

(or  BG)  =  2GDi  hence  BG=\BD,  and  GZ)» 

\&D. 

EXAM. 


(*)  In  finding  the  centers  of  gravity  of  plane  figures,  a  lamina 
of  matter  of  an  uniform  density,  in  the  shape  of  those  figures,  is 
of  course  understood. 


CENTER  OP  GRAVITY. 

EXAMPLE  2. 

Given   t/ie  three  sides  of  the  triangle  AB  C,  to  find  the 
distance  of  its  center  of  gravity  from  eachofits  angles. 
Bisect  the    three  sides  AB,   BC,   CA  m  the 
points  E,  F,  D,  and  join 
AF,  BB,  CE,  which  will 
intersect  each  other  in  the 
center  of  gravity  G;  then, 
from  what  was  shewn  in 
'he  preceding  example,  we 

&  G=\BD,  ..  Bb=\BG,znABD*  =  \BG\ 
°  G=l  CE,  .:  CE=\  CG,and  C£'=|  CG\ 

s*~ -G=\  AF,  .-.  AF=\AG,  and  AF*=\AG\ 
^Jow  let  AB  =  a,  BC=  b,  cA-  c ;  then  AE*= ia", 

Cf^zzib^imdAD^ic';  but 

*'       -ABt+BC,=2AD'+2BD*,ora*+l*=i  c'+jBC  {A). 

^tC,+AB1=2C  F'+2A  F* ,  orcM-a'=i£'+f/*G'Ca)- 

AC»+BC'=2AE'+2C  E*t  or  c* + 1><=±  a* +iCG*  (Q. 

From 

Ch)  For  let  ABCbt  any  triangle;  bisect  AC  in  A  and  draw 
B^"  at  righl  angles  to  il ;  then, 
By   Euc.  12.  2, 

*n<l  Euc.  13.2, 

&Ct=*AD*-rBD*-2ADxDtN 
(fot  CDs.*/)),  .:AB'+BC'=2ADt 


+  2££*j  md  by  bisecting  the  ether  lides  of  the  triangle,  wr 
°*>Uin  equations  (B)  and  (C). 


"I 
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From  equation  (J)  we  have  BG = \  x/2aM-  26*-  c\ 

(J5)  .  .  .  ,^G=sx/2c,  +  2ai-6*. 
(C)  ....  CG = 5^/20*  + 26* -aV» 

EXAM.  3. 

To  ./?«<$  fAe  center  of  gravity  of  a  trapezium  ABCD, 
whose  two  sides  AD,  BC  are  parallel. 
Bisect  AD,BC,  in  £,  .F,  and  join  EF;  theft 
rii  since  Q>F  bisects  ^A  BC,  it  will  bisect  all  lines 
drawn  parallel  to  J5C(w,   and,   consequently,  •  the 

-center  of  gravity  of  the  trapezium  is  in  the  lift' 
EF.   Join  BE,  BD, 


DF,  and  take  GE= 

\BE,  gF  =  \DF; 

then  G  is  "the  center 
of  gravity  of  the  tri- 
angle ABD  (Ex.  l.)  B 


i 


(a)  By  way  of  corollary  to  this  Example,  it  may  be  obsei 
that  if  a  body  be  placed  at  G,  and  acted  upon  by  three  for*^8* 
represented  in  quantity  and  direction  by  GA,  GC,  GB,   it  ^^"* 
remain  at  rest.    For  the  force  compounded  of  GA,  GC  would      ^ 
the  diagonal  of  a  parallelogram  whose  sides  are  GA,  GC,  whv*0*1 
(since  the  diagonals  of  parallelograms  bisect  each  other)  is  ecg**1*^ 
to  2GD,  i.  e.  to  GB.    Hence  a  force  represented  in  quantity  »*1 
direction  by' Gf?  would  counteract  the  effects  of  GA,  GC,  m&* 
therefore  a  body  thus  placed  would  remain  at  rest.(Fig.  page  1(P&  ~* 

(b)  For  if  BA,  FE,  CD  be  produced,  they  will  meet  in  t**^5 
same  point,  which  will  be  the  vertex  of  a  triangle  whose  base  * 

b£7  * 
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***<*  g  the  center  of  gravity  of  the  triangle  BDC. 
^**  Ggs  then,  conceiving  the  triangles  ABD, 
**  -D  C  to  be  collected  in  G,  g,  their  common  center 
°f  gravity  must  be  in  the  line  Gg;  i.  e.  the  center 
°f  gravity  of  the  trapezium  AB  CD  must  be  in  the 
jl*le  Gg ;  it  is  also  in  the  line  EF;  consequently 
'}%  is  in  K%  the  intersection  of  EF  and  Gg.  Draw 
^f»,  £it  parallel  to  At)  or  BC;  then  since  £G= 

£  -6JE,  15  a»  must  be  equal  to  £  EF;  and  for  the  same 

Reason  Fnsz^EF;  .\  Em  =  7nn  =  nF.  Now  JC 
^eing  the  common  center  of  gravity  of  the  triangles 
-**BZ),  BDC,  wfe  have 

GK:Kg:.dBDC.£iABD::BC.AD^\ 
^tbys\m.A%GK:Kg::Km:Kn,..Km:Kn::BC:AD. 

Hence  we  have,  1  st, 
Km :  Km+Kn  (mn=Em)  : :        BC       :  BC+AD, 
klm  +  Em(EK)  :mn  ::  2BC+  AD:  BC+AD(A). 

^Kyn+Kn(mn^nF):Kn::    BC+AD.AD, 

k    mn:Kn  +  nF(FK)::    BC+  AD:  BC+2AD(B). 

ex  aequo  (A)  and  (23), 

then  EK:  FK::2BC+AD:BC+2AD. 

If,  therefore,  the  parallel  sides  of  the  trapezium 
be  bisected,  and  if  the  line  which  joins  the  points 

of 


BC;  and  since  EF  bisects  the  base  BC,  it  will  bisect  all  lines 
drawn  parallel  to  it. 

(b)  For  the  triangles  ABD,  BDC  are  of  the  same  altUnde  ; 
\  (Euc.  1. 6.)  A$D  :  BDC: :  AD  :  BC. 
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of  bisection  be  divided   in    the    ratio    of  2BC+ 
AD  :  BC  +  2AD,  it  will  determine  the  center  of 

gravity. 

EXAM.  4. 

To  find  the  center  of  gravity  of  an   irregular 

polygon. 

Every  polygon  whose  sides  and  angles  are  given 
may  be  divided  into  triangles  whose  areas  and 
centers  of  gravity  may  be  found  by  the  rules  of 
trigonometry.  Let  ABCDEF  be  an  irregular 
polygon,  divided  into  triangles  whose  areas  are  re- 
presented by  P,  Q,  K,  &c.  and  whose  centers  of 
gravity  are  re- 
spectively a9  b%  c,  . 
&c.  Conceive 
these  triangles  to 
be  collected  in  the 
points  a,  b,  c,  &c;  B< 
join  ab,  and  take 
bG:  aGr.P:  Q, 
then  G  will  be  the 
center  of  gravity  of  the  figure  A  BCD.  Join  Gc, 
and  take  eg  :  Gg  :  P+Q:  R;  then  g  will  be  the 
center  of  gravity  of  the  figure  ABODE.  Let  g  and 
d  be  joined,  and  make  dK  :  gK  ::  P+  Q  +  R :  S, 
then  K  will  be  the  center  of  gravity  of  the  whole 
polygon;  and  so  we  might  proceed,  whatever  be  the 
number  of  sides. 

If  it  was  required  to  find  the  center  of  gravity 

of 
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of  the  perimeter  of  the  polygon ;  then  bisect  the 
sides  in  the  points  a,  b9  c,  &c.  and  (since  the 
center  of  gravity  ♦    A 

of  a  right  line  is 

evidently    in    its  X  I    ^^*F 

middle  point)  a,  b,c 
&c.  will  be  the 
centers  of  gravity  B 
of  the  sides  AB9 
BC9  CD,  &c.  re- 
spectively. Join  c  c  D 
aby  and  take  bG:aG::  AB  :  BC;  then  G 
would  be  the  center  of  gravity  of  that  part  of  the 
perimeter  represented  by  ABC.  Again,  join  Gc9 
and  take  eg  :  Gg  ::  AB -f  BC  :  CD,  then  g  is  the 
center  of  gravity  of  such  part  of  the  perimeter  as  is 
represented  by  A  BCD;  and  so  we  might  proceed 
till  we  had  found  (0)  the  center  of  gravity  of  the 
whole  perimeter. 


EXAM.  5. 

To  find  the  common  center  of  gravity  of  any  number  of 
bodies  placed  in  a  right  line.  (Fig.  in  p.  108.) 

Let  the  bodies  A,  B,  C,  D  be*so  placed,  that  the 
line  OD  may  pass  through  their  respective  centers 
of  gravity ;  it  is  required  to  find  the  distance  of 
their  common  center  of  gravity  from  the  point  0. 
Suppose  OD  to  be  an  inflexible  line  void  of  gravity, 
and  let  G  be  the  common  center  of  gravity  of  the 
bodies  ;  then  if  G  be  supported,   the  effort  of  each 

body 
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body  to  produce  motion  round  G  would  be  measured 
by  the  product  of  its  weight  int*  its  distance  from  G; 

A              B                    C  D 

I • •—* • " 


O  G 

(See  Note,  page  97),  1.  e.  the  effort  dlA**Ax  AG; 
of  B=Bx  BG ;  &c.  &c;   and  as  the  bodies  arts 
supposed  to  be  in  equilibrio  about  G,  the  sum  of 
their  efforts  on  each  side  G  must  be  equal  to  each 
other,  or 


%     Ax4G+BxBG=zCxCG  +  DxDG,  Le.4xQG-0J 
+  BixQG-OB^CxOC-OG+DxOl>-«QGs  .-. 

AxOG+BxOG+CxOG+PxOG=e4>xQA+BxO£+ 
CxOC+DxODp 

hence  OG  ^*°4+BxM+CxOC+p.xM 

' A+B+C+D 

From  which  we  infer,  that  the  distance  of  the 
common  center  of  gravity  of  any  number  of  bodies 
thus  placed  is  equal  to  the  sum  of  the  products 
arising  from  multiplying  each  body  into,  its  disr 
tance  from  some  given  point  divided  by  the  sum  of 
the  bodies. 

Cor.  If  O^o,  **nAG=2^±^C±P2U&. 

aodt 

11 

'    '  ■     1   ■  0 

(*)  Bj  actual  multiplication  and;  transposition. 
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and  if  the  bodies  lie  on  different  sides  of  the  point  0, 
(  for  instance,  A,  B  on  one  side,  and  C,  D  on  the  other,) 
Ax  QA+BxOB-Cx  OC-Dx  OD 


thenOG= 


A+B+C+D 


EXAM.  6. 

Three  bodies  A,  B,  C,  weighing  respectively  3,  2, 
*xnd  1  pounds,  have  their  centers  of  gravity  joined  by 
tJie  tmes  AB,  BC,  CA  ;  of  which  AB^hfeet,  BC 

=■=4,  CA=  2 ;   What  is  the  distance  of  their  common 

center  ef gravity  from  the  body  Cf    * 

Since  the  three  sides  of  the  triangle  ABC  are 
5, 4, 2»  the  three  angles  A,  B>C  will  be  found,  by 
the  rules  of  Trigonometry,     a  G  B 

tot  be  respectively  4$°.  27', 

2V.  19',  and  108°.  14'.  Let 

G  be  the  center  of  gravity 

of  the  bodies  A  and  B,  and 
g  the  common  center  of  gravity  of  the  three  bodies 
finmd  as  in  Art.  6 ;  then  since  AB  =  5,  A  =  3,  B  =  2, 
uAA  :  B  : :  BG  :  AG,  AG  will  be  equal  to  2  feet, 
and  BG  to  three  feet ;  hence  in  the  triangle  GAC 
there  is  given  AC=  2,AG  =  2,  and  the  angle  CAG 
=  49°.  27',  .'.each  of  the  angles  AGC,ACG  = 
fe°.  l6£',  from  which  CG  is  found  to  be  equal  to 
.073.     But  from  the  rule,  Cg  :  Gg  ::  A+  B  :  C, 

Cff  :  Cg+Gg  (  =  CG=  1.673)  ::^f  +  £  (5) 
f+3+C(6);  hence  Cg=lu?7j!*S  =1.394 


Ex. 
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EXAM.  7. 

Given  the  distance  of  three  bodies  A,  B,  C,  from 

their  common  center  of  gravity  g,  and  the  angles 

AgBy  BgC,  AgC;  to  compare  the  weiglus  of  the 
bodies. 

Join  Ag,  Bg  (Fig.  in  Ex.  6.)  and  let  the  sines 
of  the  angles  AgB,  BgC,  AgC,  be  respectively 
a,  b,  c;  produce  Cg  to  G,  and  G  will  be  the  center 
of  gravity  of  A  and  B ; U)  for  the  same  reason,  if 
Ag  was  produced,  it  would  pass  through  the  center 
of  gravity  of  B  and  C;  and  if  Bg  was  produced, 
it  would  pass  through  that  of  A  and  C.  Let  sin. 
ZiAGg  or  BGg=s.      Now 

sin.  L.  AG  g  (s)  :  sin.  ILAgG  (=sin.  AgC=c)  : :  Ag  :  AG=Ai*~f 
and  i 

sin.  JLBGg  (s)  :  sin.  L-BgG  (=sin.  BgC=b)  ::Bg:  BG=BgX~ 

h  c 

Hence,  A  :  B(:iBG  :  AG)  ::  Bgx-  :  Agx- ::  Bgxb  :  Jg*c' 

S  5 

For  the  same  reason, 

B  :  C  ::  Cgxa  :  Bg%C* 

/.  ex  «quo,  A ;  C  : :  Cgxa  :  Ag%&' 

Cor. 


(a)  For  it  is  evident,  that  if  Cg  be  produced,  it  must  meet 
AB  in  such  a  point,  that  A+B,  when  placed  at  G,  must  balance 
C;  the  point  G  is  therefore  the  center  of  gravity  of  A  and  JB, 
In  the  same  manner,  if  Ag,  Bg  were  produced,  they  would  meet 
BC,  AC,  in  such  points,  that  B+  C  must  balance  A,  and  ^+C 
must  balance  B,  which  points  are  the  common  centers  of  gravity 
<»f  B  and  C,  and  of  A  and  C  respectively. 
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Cor.  If  d=b  =  a  i.  e.  if  the  angles  at  g  are  each 
jf  them  120°,  then  A  :  B  ::  Bg  :  Ag;  B  :  C :: 
Cg  :  Bg;  and  A  :  C ::  Cg  :  -rfj. 

EXAM.  8. 

^  cylindrical  tower,  consisting  of  uniform  mate- 
rials closely  cemented  together,  is  20  feet  high;  and 
the  diameter  of  its  base  is  4  feet ;  How  far  may  it 
deviate  from  its  perpendicular  position,  before  it  is  in 
danger  of  falling. 

Let  A  BCD  represent  a  section  of  the  tower 
passing  through  its  axis  EF,  and  let  G  be  its  center 
of  gravity.  Suppose  it  to  be  so  much  A  &  D 
inclined,  that  the  perpendicular  line  " 
GB,  let  fell  from  G,  fells  upon  the 
edge  of  its  base  BC;  then  GF  (10) 
:  BF  (2)  ::  radius  (1)  :  cos.  Z^GFB; 

.-.cos.  GFB=*~  =  .  200==  cos.  ^78° 

33'.  An  angle  of  78°.  33'  is  therefore 
the  limit  of  its  inclination,  before  it  is 
in  danger  of  falling  (Art.  8).  If  the 
angle  GFB  is  less  then  78°.  33',  then  the  per- 
pendicular GB  falls  without  the  base,  and  the  tower 
cannot  sustain  itself. 

EXAM.  9. 

A  piece  of  timber  of  uniform  density  and  prismatic 
form,  a  section  of  which  (perpendicular  to  its  sides, 
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and  passing  through  its  center  of  gravity  G)  is  re- 
presented by  the  square  ABCD,  is  placed  upon  an 
inclined  plane;  it  is  required* to  shew  token  it  will 
have  a  tendency  to  roll,  and  when  to  slide  down  the 
plane. 


Draw  GF  perpendicular  to  the  plane,  and  GK 
perpendicular  to  its  base,  and  let  PLN  be  greater 
and  p  LN  less  than  half  a  right  angle.  In  the  former 
case,  since  ELK  is  greater  than  45*,  LEK.  or  GEF 
will  be  less  than  45° ;  ,*.  the  angle  EGF  is  greater 
then  the  angle  GEF,  and  consequently  EF  a  greater 
than  GF  or  BF;  hence  the  body  has  always  a  ten- 
dency to  fall  over  in  the  direction  GE,  and  wiH 
therefore  roll  down  the  plane  PL.  In  the  tatter 
case  the  angle  EGF  is  less  than  GEF, .'.  EF  m  lest 
than  GF  or  BF;  the  whole  weight  of  the  body 
therefore  presses  upon  the 
plane  pL.  Let  GE  re- 
present this  weight,  which 
resolve  into  two,  GF,  FE  ; 
GF  will  represent  the  re- 
action of  the  plane  upon 
the  body,  and  FE  will  re- 
present a  force  which  tends 
to  make  the  body  slide  down  the  plane.  Hence  it 
appears,  that  the  body  will  have  a  tendency  either 
to  roll  or  slide,  according  as  the  angle  of  the  plane's 
inclination  is  greater  or  less  than  45°. 

XV. 
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XV. 

In  considering  the  circumstances  under  which 
a  body  would  slide  or  roll  down  an  inclined  plane, 
it  should  be  observed,  that  if  the  surfaces  of  the 
body  and  the  plane  be  perfectly  smooth,  no  rolling 
will  take  place,  whatever ,  be  the  angle  of  inclination 
of  the  plane.  *  To  give  a  body  a  tendency  to  rotatory 
motion  about  its  center  of  gravity  (G),  it  is  evident 
that  there  must  be  some  mutual  action  between 
the  surface  of  the  body  and  the  surface  of  the 
plane  (such  as  that,  for  instance,  which  arises  from 
friction,  the  unrolling  of  rope,  &c.  &c.) ;  if  there 
be  not  some  such  action  as  this,  all  the  parts  of 
the  body  being  equally  accelerated,  the  body  will, 
under  all  circumstances,  slide  down  the  plane.  (See- 
Note  a,  page  58,  vol.11.) 


Questions  for  Practice. 

1.  If  three  equal  bodies  be  placed  at  the  angles 
of  any  triangle  ;  shew  that  the  common  center  of 
gravity  of  those  bodies  is  in  the  same  point  with 
the  center  of  gravity  of  the  triangle. 

2.  Four  bodies  A,  B,  C,  jD,  weighing  respectively 
1 , 2, 4,  and  7  pounds,  are  placed  with  their  centers 
of  gravity  in  a  right  line,  at  the  distance  of  3, 5, 7> 

a  and 
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and  p  feet  from  a  given  point ;  What  is  the  distance 
of  their  common  center  of  gravity  from  that  given 
point ;  and  between  which  two  of  the  bodies  does 
it  lie  ? 

Ans.     Between  C  and  D ;  and  its  distance  from 
the  given  point  7f  feet, 

3.  The  bodies  A,  B,  C,  weighing  respectively 
5,  3,  and  1 2  pounds,  are  so  placed,  that  AB=8  feet, 
AC*=  4  feet,  and  the  angle  BAC  a  right  angle  $ 
What  is  the  distance  of  their  common  center  of 
gravity  from  the  body  C  f  Ans»     2  feet 

4.  Three  bodies  A,  B,  C,  are  so  situated  with 
respect  to  their  common  center  of  gravity  (g),  that 
Ag=  10,  Bg=  15,  C#=20  feet;  the  angles  AgB, 
BgCy  and  AgC,  are  each  of  them  120°;  A  weighs 
12  pounds  ;  What  are  the  weights  of  B  and  C? 

Ans.     5  =  8lbs.  C=61bs. 

5 .  Supposing  the  height  of  the  cylinder  in  Exam.  7. 
to  be  only  twice  the  diameter  of  its  base;  what  is  the 
limit  of  its  angle  of  inclination  before  it  is  in  danger 
of  falling?  Ans.     6cf. 

We  have  thus  shewn  the  method  of  finding  the 
center  of  gravity  of  a  body  or  system  of  bodies  in 
a  few  ordinary  cases ;  and  have  at  the  same  time 
established  this  fundamental  principle,  that,  when 
the  body  or  system  is  supported,  its  pressure  (or 

tendency 
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tendency  to  motion) [  is  the  same  as  if  all  the  matter 
contained  in  t/ie  body  or  system  was  collected  in  that 
center  of  gravity*  We  are  next  to  consider  how 
the  common  center  of  gravity  of  a  system  of  bodies 
is  affected,  when  some  or  all  of  them  are  actually 
in  motion. 


XVI. 
On  the?  Method  of  investigating  the  Effect  pro- 
duced upon  the  Common  Center  of  Gravity 
of  a  System  of  Bodies,  when  some  or  all  of 
them  are  actually  in  motion. 

J .  Let  A  and  B  be  two  unequal  bodies ;  then,  if 
they  approach  to  or  recede  from  each  other  with 

a    A     a  b  B  b 


Velocities  inversely  proportional  to  their  weights, 
their  common  center  of  gravity  G  will  remain  at 
*~*st.  For  take  Aa  :  Bb  : :  B  :  A,  and  suppose  A  to 
**iove  through  A  a  whilst  B  moves  through  Bb, 
fcfien  (since  V  oc  S  when  T  is  given)  velocity  of  A  , 
-  velocity  ofB::  (A a  :  B b  : :)  B  :  A;  hence  we  have 
AG.BG  ::B.A, 
and  Aa  :  Bb ::  B  :  A ; 

^  AG±Aa  :  BG±Bb  ::  B  :  A,  i.e.  aG :  bG::B:A$ 

from  which  it  appears  that  G  is  their  common 
<^enter  of  gravity  when  the  bodies  are  arrived  at^ 

a  and 
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a  and  *,  i.e.  the  center  of  gravity  has  remained  *# 
rest  whilst  the  bodies  have  approached  to  or  receded 
from  each  other  through  the  spacq*  A  a,  Bb. 

&  Suppose  now  that  one  body  {A)  remains  at 

rest,  whilst  the  other  body  (jB)  moves  uniformly 
along  the  sides  BC,  CD,  DE,  of  the   polygon- 


BCDE.  '  When  the  body  arrives  at  C,  )6mAC, 
and  take  AK  :  KC  ::  B  :  A,  or  AK  :  AC  ::  B  : 
A+B,  then  JCwill  be  the  place  of  the  center  of 
gravity.  When  the  body  arrives  at  D,  E,  join  also 
AD,  AE,  and  divide  them  in  the  points  L,  M  in 
the  ratio  of  B  :  A,  then  will  L,  M  be  the  position 
of  the  center  of  gravity  at  the  end  of  those 
respective  times.  Let  GK,  XL,  LM  be  now 
joined;  and  since  AG  :  AB  ::  B  :  A  +  B,  and 
AK  :AC::B:  A+B,  .\AK  :  AC  ::  AG  :  AB; 
hence  GK  is  parallel  to  BC,  and  the  triangle 
AGK  similar  to  the  triangle  ABC.  In  the 
same  "manner  it  may  be  proved  that  the  tri- 
angles AKL,  ALM  are  respectively  similar  to 
A  CD,  ADE,  and  the  whole  figure  AGKLM  to 

the 
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the  polygon  ABCDE.  Whilst  the  body  B  there* 
fore  moves  uniformly  along  the  sides  of  the  polygon, 
BCDE,  the  common  center  of  gravity  t?  describes 
with  a  uniform  motion  a  similar  polygon  GKLM; 
and  since,  from  the  nature  of  similar  figures,.  GK  + 
KL+LM:  BC  +  CD  +  Z>E.:(AG:AB9  i.e.) 
B  :  A  +  B,  the  velocity  of  the  center  bf  gravity 
will  be  to  the  velocity  of  the  body  B  ::  B  :A+B. 
Suppose  now  the  number  of  the  sides  of  the  poly- 
gon BCDE  to  be  increased  without  limit,  so  that 
it  may  be  considered  as  assuming  the  form  of  a 
Curve j  then  shall  we  come  to  this  general  conclusion, 
that,  whilst  the  body  B  proceeds  uniformly  along  the 
perimeter  of  the  figure  BCDE  (whether  rectilinear 
or  curvilinear  J,  the  center  of  gravity  G  will  describe 
with  a  uniform  motion  a  similar  figure  GKLM,  with 
a  velocity  which  is  to  that  of  B  as  B  :  A  +  B. 

3.  Let  us  next  take'  the  case  of  three  oodies 
A9  By  C  (Fig.  in  p.  1 18.)  moving  with  uniform  ve- 
locities, in  equal  successive  parts  of  time,  through  the 
spaces  A  a,  Bb,  Cc.  Let  G  be  the  position  of  the 
common  center  of  gravity  of  the  three  bodies,  ,and  g 
that  of  B  and  C,  befbre  they  begin  to  move ;  then 
(by  Art.  6.  Sect.  XIV.)  Gg  :  Ag::  A  :  A  + 
B .+  C.  Whilst  A  moves  from  A  to  a9  B  +  C  may 
be  considered  as  at  rest  in  g9.  .'.  (by  Art.  2.)  the 
common  center  of  gravity  (G)  will  in  the  same 
I  time  describe  GAT  parallel  to  A  a,  and  GK  will  be  to 
Ad  ::  (Gg  :  Ag  ::)  A  :  A  +  B+  C-  'When  A  is 

*  .  arrived 
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arrived  at  a,  join  aC  and  BK ;  produce  BK  till  it 
Sheets  aC  in  in,  then  (see  Note;  page  1 10.)  rn  will  be 


the  center  of  gravity  of  A  and  C ;  join  mb9  then 
whilst  B  moves  from  B  to  b,  the  common  center  of 
gravity  will  describe  KL  parallel  to  Bb,  and  KL  will 
be  to  Bb  ::  (mK :  mB  ::).B  :  4+  B.+  C.  When 
B  is  arrived  at  by  join  ab,  CL ;  produce  CL  till  it 
meets  ab  in  n,  then  n  will  be  the  center  of  gravity 
of  A  and  B;  join  nc,  then  whilst  C  moves  from  C 
to  c,  the  common  center  of  gravity  will  describe 
LM  parallel  to  Cc,  and  LM  will  be  to  Cc  :: 
{nL  :nC::)  C:  A  +  B  +  C.  Whilst  the  bodies 
A,  By  Cy  therefore,  in  equal  successive  parts  of 
time,  move  uniformly  through  the  spaces  Aa>  Bb, 
Cc,  their  cornrtlon  center  of  gravity  will  in  the 
same  time  describe  the  polygon  GKLMy  whose  sides 
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GK,  KL,  LM  are  respectively  parallel  to  A  a,  Bb, 
Cc,  and  bear  to  them  the  ratio  of  A,  B,  and  Q 
A+B+C. 

4.  If,  instead  of  moving  in  successive  intervals  of 
time,  the  three  bodies  A,  B,  C  were  all  to  begin  to 
move  at  the  same  instant,  and  describe  the  lines 
A  a,  Bb,  Cc,  cotemporaneously,  let  us  then  consider 
what  effect  would  be  produced  upon  their  common 
center  of  gravity.  Now  since  GK,  A  a  are  described , 
in  the  same  time,  the  velocity  of  the  common  center 
of  gravity  (v)  :  velocity  of  the  body  A  {V)  : :  GK : 

Aa::  A:  A  +  B  +  C;  hence  A x  V=  A  +  B  +  C 
xv ;  i.e.  the  momentum  of  A{M)  is  equal  to  the 
momentum  of  a  body  =A+B+C  moving  with  the 
velocity  (v)  ;  the  same  force  therefore  which  causes 
the  body  A  to  move  over  Aa,  would  in  the  same 
time  cause  a  body  equal  to  A  +  B  +  C  to  move 
over  GAT.(b)  For  the  same  reason,  the  forces  which 
impel  B  and  C  over  Bb,  Cc,  are  such  as  would  in 
the  same  time  cause  a  body  =A+B+C  to  move 

over 


(•)  By  Sect.  II.  A  x  V  represents  the  momentum  of  A  moving 
with  the  velocity  (V),  and  A+B+Cxv  represents  the  momen- 
tum of  a  body  equal  to  A+B+  C  moving  with  the  velocity  (v)  j 
where  the  letters  A,  B,  C  in  course  represent  the  weights  or 
quantities  of  matter  in  the  bodies  A,  B,  C. 

(b)  For  the  forces  are  proportional  to  the  momenta  generated 
**  <*  given  time. 


m.      -• 
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over  AX,  LM.    Hence  it  appears,  that  the  motion 
of  the  common  center  of  gravity  along  th6  sides  of 
the  polygon  GKLM  is  analogous  to  the  motion  of 
a  body  equal  A+B+C  acted   upon   by  3  forces 
which  would  carry  it  over  GK,  KL>  LM  in  the 
6ame  time  that  they  would  carry  the  bodies  A,  B,  C 
over  the  spaces  A  a,  Bb,  Cc  respectively.     But 
a  body  acted  upon  at  once  by  these  forces  would 
(by  Art.  5.  Sect.  VIII.)    describe    the   other    side 
GM  of  the  polygon  GKLM  in  the  sante  time  that 
it  would  describe  either  of  the  sides  Gtf,  KL,  LM, 
when   the   forces   act   separately ;    if  the  bodies* 
A,  By  C,  therefore,  move  cotemporaneotisly,  that" 
common  center  of  gravity,  will  describe  the  lin< 
GM,  whilst  the  bodies  themselves  describe    th^^ 
three  lines  A  a,  Bb,  Cc.(a) 


5.  It  is  evident,  that  the  reasoning  contained  i 
the  last  article  may  be  extended  to  any  number  a 
bodies ;  we  are   therefore  arrived  at  this'  gene 
conclusion,  that,  when  a  system  of  bodies  are  in  moiion- 

ihei 


(*)  We  have  here  suppoied  the  bodies  A,  B,  C  to  bare  thei 
centers  of  gravity  in  the  same  plane}  in  which  case  it  is  evi< 
that  the  motion  of  their  common  center  of  gravity  will  be  in  tk  - 
same  plane.  If  the  motion  of  the  bodies  be  in  (liferent  planesr 
then  the  value  of  each  line  GK,  KL,  LM  might  be  found 
before;  but  as  they  will  then  lie  in  different  planes,  the  reaultim  ^> 
quantity  GM  must  be  ascertained  according  to  the  principles  la*  ** 
down  in  Sect.  XII.  Lect.  3. 
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their  common  center  of  gravity  will  move  in  the  same 
manner  as  if  a  body  equal  to  the  sum  of  the  bodies 
was  placed  in  that  point,  and  the  same  motions  were 
communicated  to  it  as  are  communicated  to  the  bodies 
separately.  From  which  it  appears  in  the  first  place, 
that  if  the  bodies  which  compose  the  system  move 
uniformly  in  right  lines,  then  their  common  center 
of  gravity  will  either  remain  at  rest,  or  will  move 
uniformly  in  a  right  line;  for  if  a  body  equal  to  the 
sum  of  the  bodies  were  placed  in  that  center,  and 
then  acted  upon  by  the  same  forces  which  cause 
the  bodies  to  move  separately  in  right  lines,  it 
would  either  remain  at  rest  (viz.  when  the  forces 
counteract  each  other),  or  would  describe  uniformly 
the  remaining  side  of  a  polygon  whose  other  sides 
represent  the  quantity  and  direction  of  the  several 
forces  acting  upon  it.  In  the  second  place,  it  may  be 
observed,  that  the  common  center  of  gravity  of  the 
system  will  not  be  affected  by  the  mutual  action 
of  the  bodies  upon  each  other;  for  action  and  re-action 
being  equal,  the  effect  produced  upon  the  common 
center  of  gravity  by  such  mutual  action  will  only  be 
that  of  two  equal  and  opposite  forces  acting  upon 
a  body  equal  to  the  sum  of  the  bodies  placed  in 
that  center;  which  would  evidently  not  disturb 
its  state,  either  of  motion  or  quiescence.  Lastly,  it 
appears,  that  if  the  motion  of  the  bodies  in  these 
right  lines  was  to  cease,  and  they  were  left  to  the 
mutual  attraction  of  each  other,  then  their  common 
r  oenter 
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center  of  gravity  would  remain  at  .rest,  and  the 
bodies  would  approach  each  other  in  lines  drawn  to 
it  from  their  respective  centers  of  gravity,  and  all 
collect  together  in  that  common  center.^ 


(*)  This  will  probably  require  a  little  explanation.  What  we* 
mean  4s  this.  If  the  motion  of  the  bodies  A,  B,  C,  fcc.  in  the 
directions  A  a,  Bb,  Cc,  A  a 

&c.  were  to  cease,  and 
they  were  left  to  the  mu- 
tual attraction  of  each 
other,  their  common  cen- 
ter of  gravity  (G),  being 
under  the  same  circum- 
stances as  a  body  (equal 
to  the  sum  of  the  bodies) 
acted  upon  by  equal  arid 
contrary    forces,    would 
remain  at  rest;   but  at 
the  same  time  it  is  evident,  that  the  bodies  would  move  towards 
eack,  other,  and  this  motion  we  assert  would  be  along  the  lines 
AG,  BG,  CG,  &c.  which  meet  in  G.    For  suppose  any  one  of 
them  (A  for  instance)  to  move  out  of  the  line  drawn  from  A  to  G, 
\p  the  direction  A  a ;  then  if  g  be  the  common  center  of  gravity 
of  the  remaining  bodies,  (by  Art.  3.)  whilst  A  moves  through  A  a, 
G  will  describe  the  line  GK  parallel  to  Aa ;  and  the  same  might 
be  proved  of  the  other  bodies  B,  C,  D,  &o.    In  this  case,  there- 
fore, the  common  center  of  gravity  would  not  be  at  rest,  which 
is  contrary  to  the  principle  just  now  explained.  Hence  the  bodies 
A,  B,C,  &c.  in  their  approach  towards  each  other,  cannot  possibly 
deviate  from  the  lines  A  G,  BG,  CG,  &c. ;  they  will  consequently 
all  collect  together  at  the  point  G. 
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EXAM.1. 

Let  two  equal  bodies,  A  and  B,  move  from  the 
point  D,  with  the  same  uniform  velocity,  along  the 
sides  DE,DF  of  the  isosceles  triangle  DEF,  whose 
angle  EDF=  120° ;  It  is  required  to  compare  the 
velocity  of  their  common  center  of  gravity  with  that 
of  either  of  the  bodies  A  or  B. 

When  the  bodies  are  arrived  at  the  points  A,  B, 
join  AB ;  and  since  the  bodies  move,  with  the  same 
uniform  velocity,  D 

DA  =  DB;  .\ 
DAiDBi.DE 
:  DF,  and  AB 

is  parallel  to  EF.  jf^ j[  .  -      ^r 

Again,  because  A  =  B,  the  center  of  gravity  G  will 
bisect  AB;  hence,  whilst  the  bodies  move  uniformly 
along  DE,  DF,  the  center  of  gravity  will  move 
through  the  line  DK,  which  bisects  (and  is  also 
at  right  angles  to)  AB,  EF.  Now  the  LLEDF= 
120°,  .:EDK=6&,  and  DEK=30fi\  but  since 
DE,xDK  are  described  in  the  same  time,  velo- 
city of  A  :  velocity  of  center  of  gravity  : :  DE  : 
DK  ::  rad.  :  sin,  30°  t:  2  :  1  *  the  center  of  gravity 
therefore  moves  with  half  the  velocity  of  either  of 
the  bodies  A  or  B. 

The  same  conclusion  may  be  deduced  from  the 
principles  laid  down  in  Art.  4.  of  this  Section  ;  for 
suppose  the  two  bodies  to  be  placed  at  D,  and  take 
DB=BF;  then  if  A  remains  at  rest  whilst  £  moves 

uniformly 
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uniformly  along  DF9  the  center  of  gravity  will  in 
that  time  move  from  D  to  B ;  and  if  B  remains 
at  rest  in  F  whilst  Amoves  from  D  to  25,  the 
center  of  gravity  will  describe  the  line  ASf  parallel 
tqJDE;  and  since  the  side  DF  is  bisected  in  B$ 
the  side  EF  will  be  bisected  in  K.  Suppose  now 
the  bodies  A  and  B  to  move  cotemporaneoush/9  then 
their  common  center  of  gravity  will  describe  DK, 
the  third  side  of  the  triangle  DBK,  in  the  same  time 
that  it  wouid  have  described  either  of  the  other  two 
sides  (DB,  BK)  when  the  bodies  move  swxcwmxty. 

EXAM.  2. 

Let  the  two  bodies  A  and  B  be  placet  at  tip  ex- 
tremity A  of  the  diameter  of  the  circle  ADF;  and 
then  let  &  describe  the  circle  A.DF  whilst  A  remains 
at  rest  in  the  point  A ;  In  what  manner  will  fair 
common,  center  of  gravity  move? 

Let  B>  h  be  any  two.  positions  of  the  body  B, 
and  G,  g>  the  oorre-  D 

sponc&ng  positions 
of  the  common  cen- 
ter of  gravity  of  A 
and  B*  Join  Bb,  • 
Ggi  then,  by  Art  2, 
Gg  is  parallel  to 
Bb,  .•;  the  L-AGg 
*=t-ABb>  hence 
ADb,  Ad$,  are 
similar  segments  of 
circles;  and  when  B 

has 
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has  described  the  semicircle  ADE,  the  center  of 
gravity  will  have  described  the  semicircle  Ade;  and 
so  for  the  semicircles  on  the  other  side  of  AE. 
Now  AezeE  ::  B  :  A,  .:Ae:  AE  :.  B  :  A+B  ; 
hence  while  B  describes  the  circle  A  DF,  the 
common  center  of  gravity  of  A  and  B  will  describe 
the  circle  Ad/,  whose  diameter :  diameter  of 
ADP  ::  B  :  A  +  B.  This  conclusion  indeed  follows 
immediately  from  the  reasoning  in  Art.  2 ;  for  it  was 
there  shewn  that  the  whole  figure  described  by  the 
common  center  of  gravity,  is  similar  to  that  which 
the  moving  body  (B)  describes. 

EXAM.  3. 

Two  bodies,  A  and  B,  begin  to  move  at  the  same 
instant  from  the  extremity  D  of  the  diameter  {DE) 
of  ike  circle  DAEB,  and  continue  to  move  on  with 
the  same  uniform  velocity  till  they  meet  in  E  ;  they 
pass  each  other  at  E,  and  then  continue  to  move  on 
till  they  arrive  at  the  point  D,  from  whence  they  set 
off";  What  is  the  ^course  of  the  common  center  of 
gravity  during  this  revolution  of  the  two  bodies  ? 

Suppose  the  bodies  arrived  at  the  position  AB, 
then  since  DA  =  DB, 
the  line  AB  will  be 
bisected  by  DE  in  if. 
Let  G  be  the  common 
center  of  gravity  of  A 
and  B,  then  A  +  B  :  B 
■.:AB:AG,.\^ATB~ 
\B::\AB  (or  AN) 


:AG;  hence  AN:  AG::  A  +  B  :  iB,  and.-. 
:  AN  -  AG  (GN)  ::  A+  B:A-t  B- 
(A—B)  ;  i.e.  AN  :  GN  in  the  given  ratio  of 
A+B-.A  —  B;  consequently  whilst  the  bodies 
A  and  B  describe  respectively  the  semicircles 
DAE,  DBE,  their  common  center  of  gravity 
describes  the  semi-ellipse  DGKE;  in  the  same 
manner  it  may  be  proved  that  whilst  A  and  B 
describe  the  semi-circles  EBD,  EAD,  their  common 
center  of  gravity  would  describe  a  semi-ellipse 
ELMD,  equal  and  similar  to  DGKE.  Whilst  the 
bodies  A  and  B  therefore  perform  their  respective 
revolutions,  their  common  center  of  gravity  will 
describe  the  ellipse  DGEM,  whose  major  axis: 
minor  axis  ::  (AN:  GN:i)  A+B:  A-B. 

Cor.  If  the  bodies  be  equal,  A—B  =  0,  and  the 
ellipse  becomes  a  straight  line.  Indeed  it  is  evident 
that  in  this  case  the  common  center  of  gravity 
would  move  in  a  line  which  always  bisects  A B,  at, 
i.e.  in  the  diameter  DE. 

EXAM.  4. 

Three  bodies,  A,  B,  C,  at  the  same  instant  begin  to 
move  uniformly  from  the  three  angles  of  a  given  tri- 
angle, and  in  the  same  time  change  places  in  the 
direction  A B  C ;  How  will  their  common  center  of 
gravity  be  affected  by  this  motion  of  the  bodies  ? 

Let  G  be  their  common  center  of  gravity,  and 

suppose    the    bodies   first    to   move  in   succession. 

Whilst  A  moves  from  A  to    B,   their  common 

•enter  of  gravity  will    (by  Art.  3.)  describe   GK 

parallel 


m 
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wrallel  to  AB,  and  GJT'will  be  to  ABi.A: 
d  +  B  +  C,   /.  GK 


J    AxAB 
~  A  +  B  +  C 
Whilst    B    moves 
from  B  to  C,  the 
center    of    gravity 
will    describe    KL 

BxBC  c  L  K  B 

A+B+C  '    ana 
if  LM  be  drawn  parallel  to  Crf,    and  equal   to  * 

^  .  p.,  p  j    whilst   C  moves  *  from   C  to  A  the 

center  of  gravity  will  describe  LM.  Suppose  now 
the  bodies  to  move  cotemporaneously,  then  their 
common  center  of  gravity  will  describe  GM  {the 
remaining  side  of  the  polygon  GKLM)  whilst  the 
bodies  change  places  in  the  direction  ABC. 

To  find  the  actual  value  of  GM,  we  have  KL, 
LM,  and  the  LKLM{=sACB)  given,  from  which 
MK  and  the  LMKL  may:  be  found ;  but  L  GKM 
=  GKL  (or  ABC)  -  JlfiTZ ;  in  the  triangle  GKM 
there  are  therefore  given   GK,  KM,  and  the  Z. 
GKM,  from  which  GM  may  be  determined. 

Cor.  If  A=  fi=  C,  then  GK=V-AB,  KL=\BC, 
and  ZJIf«~^C,  .-.  GK,  KL,  LM  are  to  each 
other  z&AB,BC,AC;  and  since  the  LS  GKL, 
KLM  are  respectively  equal  to  ABC,  BCA,  the 
-three  lines  GK,  KL,  LM  will  form  ,a  triangle 
similar  to  the  triangle  ABC.  GM  therefore  in 
this  case  is  equal  to  0,  and  the  body  remains  at 

rest. 
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rest.  Hiis  also  follows  from  die  general  theorem 
in  Art.  5  ;  for  the  common  center  of  gravity  being 
under  the  same  circumstances  as  a  body  acted  upon 
by  three  forces  which  are  to  each  other  «  the  three 
sides  of  a  triangle  taken  in  order,  will,  by  (Art  1. 
Sect.  XI.)  remain  at  rest. 

XVII. 

On  the  Investigation   of  General  Theorem 
for  finding  the  Center  of  Gravity  <>f  any 
Body  or  any  System  of  Bodies  whatever. 

In  the  former  part  of  this  Lecture  we  shewed 
the  method  of  finding  the  center  of  gravity  of  a 
body  or  system  of  bodies  in  a  variety  of  particular 
instances.  We  now  proceed  to  consider  the  subject 
in  a  more  general  point  of  view,  by  the  investigation 
of  theorems  for  ascertaining  its  position  with 
respect  to  any  body  or  system  of  bodies  whatever. 

1 .  Let  />,  />',  p'\  &c.  be  any  number  of  small 
bodies  or  particles  of  matter, (a)  and  AB  CD  a  plane 
placed  in  any  position  with  respect  to  them.  Join 
pp\  and  let  g  be  the  common  center  of  gravity  of 
p  and  />';  draw  px,  gk9  p'x  at  right  angles 
to  the  plane  ABCD,  and  consequently  pa- 
rallel to  each  other ;  join  x  x\  and  since  the 
points  p,  g,  p'  are  in  a  straight  line,  the  points 

x,  k9tf 

(»)  Or  rather  let  them  be  considered  as  so  many  small  bodies 
collected  in  their  respective  centers  of  gravity  in  the  points 
p,  f,  P",  &C. 
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x,  k9  it   will    also    be    in   a   straight    line,    and 
therefore  x  x'  will  pass  "   c 

through  k.    Join  #/>", 
and  let  G  be  the  com- 
mon center  of  gravity      **  17* 
of />,/>',/>";  draw  G  K, 
p"9 x' perpendicular  to   +* 
the  plane;  and  through  ^ 

g-  draw  mn  parallel  to  £ 

xx\  meeting  px  pro- 
duced in  n. 

9 

m 

Now  />.:/>'::  p'g  :  pg  : :  (by  sim.  A*)  p'm  :  pn  ; 

.'.  pxph  =p'  xp'm, 
or-/>  x  nx-px=p'  xp'x  —  mx';  But  nx=gk—mx't 

-•*•  P2j£-px=P'xp'x'-gk, 
and  />  +jy  x  gA  =p  xjbx  +/>'  x p'x, 

...  gk  =  p*Px  +  p'xp'x'i(oT  the  ^ 
reason  if  />+/>'  is  placed  at  g-,  we  have 

_jft  xpx+p  xpx  +p  xp  X    w 

and  thus  we  might  proceed,  whatever  be  the  number 
of  particles.    Hence  "  the  distance  of  the  common 

"  center 


(*)  Hence  pxpx+p'xp'xf+p"xp"x"+kc.  =p+p'+p" 
Sec  x  GK,  which  is  the  well-known  theorem  for  estimating  the 
pressure  of  fluids. 

S 
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m  *  center  of  gravity  of  any  number  of  bodied  or 
particles  of  matter  from  a  plane  given  in  poaittoi),' 
is  equal  to  the  sum  of  the  products  arising  from 
multiplying  each  body  into  its  distance  from  the 
H  plane  divided  by  the  sum  of  the  bodies" 

2.  If  there  be  two  particles  £,*  on  opposite  sides 
of  the  plane,  then  draw  pxt  *«  perpendicular  to  the 
plane,,  as  before,  and  let 
g  be  their  center  of  gra- 
vity ;  through  g  draw  gk 
perpendicular  and  mn  pa- 
rallel  to  the  plane,  and 
produce  fx  to  meet  mn  in 
the  point™.  For  the  same 
reason  as  in  Art.  1,  we  have  pxpn=*xwm,  or 

p  x  px  —  gh  =  *  x  tx  +  gh>  /.  (by  multiplication  and 
transposition)  P  +  *x gk=*p  x  px—rxrx,   and  gk 

—  P — £^ m     Here  we  may  observe  that  the 

sign  of  tx  is  negative,  and  the  same  will  be  the  case 
for  all  particles  lying  on  the  opposite  side  of  A  B;  if 
therefore  "  p,  p\  p",  &c.  be  particles  lying  on  one 
"  side  of  a  plane  given  in  position,  and  *■,  *•',  «•",  &c. 
"  be  particles  lying  on  the  other  side,  at  the  perpea- 
"  dicular  distances  px,  p'x,p  x",  &c.  and  rx,fVy»", 
&c.  respectively  ;  then  the  distance  of  the  common 
center  of  gravity  ofp,  p',  *y  r\  &c.  from  that  plane 
•"  will  be  equal  to 
"  p%x  px +p'  x  p'x+  &c-yx  *x—KX  x  *'— &c. ,    Qg\« 


u 


cs 
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ist 


where  G  will  lie  on  the  same  or  contrary  Side  of  the 
plane  with  p,p",p',  ice.  according  as  pxpx+p'x 
p'x  +  &c.  is  gteeUer  or  las  than  •■  -x  r<  +  w'  x  tV  +  &c. 

3.  Let  now  AB,  AC,  AD  be  three  straight  lines 
issuing  -from  the  Cj 

point  A,  at  right  h  • 

angles  to  each 
other ;  in  which 
case  the  pianes*1 
passing  through 
AByAC;  AC, 
AD%  and  AH, 
AD,  respective- 
ly i  will  uUo  be 
at  right  angles  to  each  other  (Euc.  n.  Def.4).  Let 
px,p'x'tp"x",  be  the  perpendicular  distances  of  the 
particles  p,  p',  p",  from  the  plane  passing  through 
AC,  AD;  and />y, js'y', />"i/",  their  distances  from 
the  plane    passing  through  AB,  AD ;  take  AM 

=/>x/,g+f-xpyY"x/,v  and^= . 

- — " — ° — ","■  •,;■ — £-^  ,  and  complete  the  pa- 
p+p+p  r  ^ 

rallelogram  AL  KM;  then  {since  KL-^  AM,  and 

Of=  ^i)  the  point  K  will  be  the  position  of  the 

common  center  of  gravity  of  the   particles  with 

respect  to  the  planes  passing  through  AC,  AD; 

4&,  AD  respectively.     Join  AK,  and  produce  it 

to  fi^  -md  Jet  fell  4he  perpendiculars  pz,p'z',p"z" 

upon 
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upon  AE  ( i.  e.   upon  the  plane  passing   through 
AB,  AC) ;  draw  GK  at  right  angles  to  AK,  and 

make  it  equal  to  " — " — § — 5 — z^ — ^~  >  then 

1  P+P+P 

the  point  G  will  be  the  actual  position  of  the 
common  center  of  gravity  of  the  particles  pt  p't  p"; 
for  it  will  be  its  position  as  referred  to  the  three 
planes  forming  the  solid  angle  BACH.  Complete 
the  parallelogram  A  KG  N,  and  join  AG;  then  AG 
will  be  the  diagonal  of  a  parallelopipedon  whose 
,  base  is  the  parallelogram  ALKM  and  height  AN 
or  GK. 

4.  But  the  process  of  reasoning  in  the  last  article 
may  be  extended  to  particles  disposed  in  any  manner 
round  the  point  A.  For  let  the  lines  BA,  EAt  CA, 
DA    be    pitK  c 

duced  to  the 
points  h,  e,  c,  d, 
and  at  the  same 
time  conceive 
the  planes  pass- 
.  ing  through  them 
to  be  produced  j 
then  all  the  par- 
ticles p,  p\  t}  ^ 
&c.  that  can  pos- 
sibly  be  spread 
round  A  will  lie 

on  one  side  or  other  of  those  planes.     Now   since 
the  particles  p,  p'   lie  on  one  side  of  the  plane 
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passing  through  Cc,  Dd,  and  the  particles  *,  ** 
3n  the  other,  the  distance  of  the  common  center  of 
gravity  of  p,  p' ,  r,  w ,  &c.  from  that  plane,  will  (by 
Art.  2.)  be  equal  to 

pxpcc  +  p'  xp'x—  w  xtx-  fx*'*'  ,      ~* 

/>+/>>*  +  *' 
For  the  same  reason,  its  distance  from  the  plane 

passing  through  Bb,  Dd  will  be 

P  xjy  +  fx  r'—p'xp'y'  —  w  x  *'*'  ,     y. 

And  its  distance  from  the  plane  passing  through  Bb, 
Cc  will  be 

p  xpz  +  wx  *p.—p'  xp'z'  —  *  x  «>'   ,     «v 

/>+/>+»  +  *'  V  ' 

Hence  this  general  theorem  ;  €€  Let  AB,  A  C,  AD 
"  be  three  co-ordinates  issuing  at  right  angles  from 
"  any  point  A>  and  let  AM  be  taken  equal  to  X, 
"  AL  equal  to  Y,  and  AN*  to  Z.  Complete  the 
"  parallelopipedon,  whose  sides  are  AM,  AL,  AN  ; 

"  then  its  diagonal  AG  (  =  s/X*  +  P  +  Z8) (ft)  will  be 
si  the  distance  of  the  common  center  of  gravity  of  the 
particles  p,  />',  *,  *>  &c.  from  the  point  A;%%  the 
actual  position  of  AG  with  respect  to  the  planes 
passing  through  Bb,  Cc,  or  Dd  being  determined 
by  the  signs  of  X,  Y,  and  Z ;  for  AM,  AL,  AN 
must  be  measured  along  the  lines  AB  or  Ab9  AC 

or 


(a)  See  Art.  6.  page  82. 
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or  At,  AD  or  Ad,  according  as  those  signs  are 
positive  or  negative. 

5.  If  the  particles  lie  in  the  plane  passing  throtigh 
Bb9  Cc,  then  Z=0,  and  the  position  of  their 
common  center  of  gravity  will  be  determined  by 
taking  AM*±X,  ALt*Y,  and  completing  fte 
parallelogram  ALKMj  for  the  diagonal  {ASS 
of  this  parallelogram  {^,JX*  +  PJwiB  then  be 
the  distance  of  that  center  from  the  point  A. 
If  the  particles  lie  in  rite  stme  tight  linc{Bfy, 
then  Y  also  =  O,  and  the  distance  of  their  C6tt1tooA 
center  of  gravity  from  the  point  A  is  4ritermined 

by  taking  A M =  ( y/X*  =*  ) 
pxpA+p' xt)'A+&e.-*xTA-*'x+A-tcc.iA  " 

;  />+/>    +  &C.    +  T  +  T+&C. 

which  coincides  with  the  rule  for  finding  the  com- 
mon center  of  gravity  of  any  number  of  bodies 
placed  in  a  right  line,  as  exhibited  in  Exam.  5. 
page  107. 

6.  Suppose  now  the  particles  />,/>',  *9  *>,  &c.  to 
be  all  equal  to  each  other,  and  symmetrkatly**  dis- 
posed 

(a)  For  in  this  casepx,  p'x',  tk,  &c.  becomes  pA,p'J,  tA,  kc 

(*)  By  thm  symmetrical  disposition  of  the  particles  with  respect 
to  the  planes,  is  meant,  that  the  same  number  of  particles  are 
placed  at  the  same  distances  en  each  side  the  planes. 


x»ed  with  respect  to  the  planes  poking  through  Cc, 
Dd;  Bb, Dd;  Bb,  Cc,  respectively;  th*n  pxp#w* 
rxrs&c;  pxpys*p'xp'2',kc.;  P*pt**p' xp'i, 
fee ;  .\  (since  the  positive  and  negative  fetors  in 
lie  numerators  of  the  fractions   expressing   the  ' 
ralues  of  X9  Y,  Z>  page  133,    destroy  each  other) 
r  —  &*    ¥  **  0>    Z  s  o  j,  consequently   AG* 
JJP+  F  +  Z*)«=o.     In  w>gu|ar  solid     bodies 
>f  uniform  density,  such  as  cubes,  spheres,  cylinder** 
toe.  the  particles  of  which  they  are.  composed  are 
ytametrically  placed  with  respect  to  three  planes 
ntersecting  $ach  other  al>  right  angles,  and  passing 
hrough  their  center  of  magnitude ;  in  all  these 
*ees  therefore  (supposing  the  co-ordinates  to  issue 
from  that  center)  AG=*09  or  the  center  of  gravity 
coincides  with  the  center  of  magnitude,  as  we  observed 
in  the  former  part  of  this  Lecture.     In  regular 
plane  figures,  such  as  squares,  circles,  polygons  in- 
xribed  in  circles,  &c,  &c,  Z=0,  and  their  particles 
are  symmetrically  disposed  with  respect    to   two 
right  lines  intersecting  each  other  at  right  angles 
in  their  centers  of  magnitude,    .*.  in  this  case  also 
XszO  and    F=0,   and   their  centers  or  gravity 
coincide  with  their  center  of  magnitude.     If  the 
Particles  be  uniformly  arranged  along  a  right  line, 
*Wd  A  be  taken  in  the  middle  of  the  line,  then  will 
-£~0,  F=0,  Z  =  0,  zxi&A  will  be  the  center  of 
gravity. 

■ 

7..If 
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7.  If  the  equal  particles   p,*;  p'9*i    &c 
placed  in  corresponding  parts  of  the  curve/ 
whose    axis  coincides  with  the   co-ordinate 
and  bisects  the  parallel  ordinate*  *V,  pp\  &c. 
since  they  are  in  the  same  plane,  Z  =  O ;  and  be< 
they     are     symmetrically 
placed  with  respect  to  the 
co-ordinate  AB9  7=0;  the 
center  of  gravity  (G)'  there- 
fore is  determined  by  find- 
ing the  value  of  X,  which  B 
in   this    case  is   equal    to 

p-Mr+p'+&C 

the  signs  of  all  the  terms 
being  positive,  because  the 
particles  all  lie  on  the  same  side  of  the  plane  pa 
through  Cc.  This  leads  to  an  easy  investigati 
the  common  Jluocional  expression  for  finding 
center  of  gravity  of  any  curve  line  or  curvl 
area,  and  the  surface  or  solid  generated (a?  b 
revolution  of  such   curve   line  or  area   aboi 


axis. 


8.  For  let  the  abscissa  Av  =  X>    ordinate  % 


(•)  Or  rather  a  portion  -of  matter  of  an  uniform  da 
the  shape  of  such  curve  line,  area,  solid,  &c.  &c. 
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arc  A*  je  z,  then  **  »  *v  ±zA*=*x,  .\  the  particles 
x,  t'  are  placed  at  the  same  distance  from  the  co- 
ordinate Ad.     Hence, 


For  the  Curve. 

Since  each  particle  *•,  •,  p,  p\  &c.  irtfty  be  con- 
sidered as  a  small  part  of  the  curve,  it  may  be  repre- 
sented by  the  fluxion  of  z;  the  numerator  of  the 
fraction  expressing  the  value  of  X  will  therefore  he 
the  sum  of  the  products  arising  from  multiplying  the 
fluxion  of  the  curve  into  the  abscissa  ($)y  whicfi 
(adopting  the  fluxional  notation)  is  the  fluent  qfxz; 
the  denominator  of  the  fraction  is  the  sum  of  the 
particles  »,  *',  p,  &c,  which  may  be  expressed  either 
by  z,  or  by  the^aen*  of  i.  The  general  fluxional 
equation  for  determining  the  distance  of  the  center 
of  gravity  of  any  curve  line  vA*  from  its  vertex 

Ay  is  therefore  X^—-^  =  ~ —  . 

.  </ 

.    r 

For  the  Area. 

Suppose  now  a  line  of  particles  to  extend  from 
rto*'  (which  may  be  considered  as  representing 
the  fluxion  of  the  area)9  then  the  common  distance 
of  this  line  of  particles  from  the  co-ordinate  AC 
will  be  (x),  and  the  numerator  of  the  fraction  will 
be  the  sum  of  the  products  arising  from  multiplying 
the  fluxion  of  the  area  into  the  abscissa  (x)9  which  is 
tfuent   of  yi  x  k  ;   the  denominator  is  the  sum  of 

t  .all 
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« 

aU  the  lines  of  particles,  or  the  fluent  ofyii  hence 

*  f.yx  ^AreapAp'' 

For  the  Surface  generated. 

If  the  whole  figure  revolves  round  its  axis  AZ> 

then  any  particle  (*■)  will  generate  a  ring  of  matter 

whose  distance  from  the  plane  passing  through  AC 

is  (or),  and  which  may  be  considered  as  the  fluxion 

A\fihe  curve  surface  (2pyz){%);  in  this  case,  therefore, 

__  fluent  ofxx2pyi  _ft.xyi 

""     fluent  of  2pyz     ~fyz' 

For  the  Solid  generated,. 

In  the  revolution  of  the  figure,  the  line  of  particles 
*  r  will  generate  a  lamina  of  matter  of  a  circular 
form,  whose  distance  from  AC  is  (x)  as  before, 
and  which  may  be  considered  as  the  fluxion  of  the 

solid  (py'*)»r  hence  X  =  flT*  of  *  x  ff  *  = 
xr9  fluent  ot  py*i 

fl  v^xx 
A  %r  •    Let  us  now  apply  these  expressions  tc* 

»/  •  %f 

a  few  actual  examples. 

EXAM- 


(»)  Here  p  =  circumference  of  a  circle  whose  diameter  is* 
unity  =  3.1415,  &c.  /.  the  circumference  of  a  circle  whose* 
diameter  is  2y—2py,  and  the  matter  in  the  ring=z2pyz. 

(b)  The  area  of  this  lamina  of  matter  is  py\  and  its  tfacknes* 
(ir),  the  content  of  it  therefore  is  py*x» 
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EXAM.  l. 

To  Jtnd  the  center  of  gravity  in  all  these  cases,  when 

pAp'  is  a  straight  line. 

When  the  curve  pAp'  becomes  a  straight  line,  the 
figure  itself  becomes  an  isosceles  triangle y  in  which 
let  AB=sa,AC=:b,  BC=c9  Av  =  x,Tr  =  y,Awszz9 
and  therefore  vy  *=  m  =  i9  pn  =  y9  p*  =c «.  We  shall 
consider  each  case  separately, 

1 .  For  the  sides  A  C,  AB;  since  A  B  (a):  AC  (b) 
::  vn  (x)  :  *p  (&),   we 

have  *  = — ,  /.  2l=    ~  . 
a  J.z 

f.bxx 

a 


f. 


x 


bx 


a 


bx%       a  _ 
la       bx~ 


- ;  hence  for  the  whole  D 
it 

triangle  AG  =  \AB. 


2.  For  the  Area.  Since  AB  (a):BC  (c)  : :  Ay  (x) 

:  ry  (v)y    we    have    y  =  — ;     •"•  X  =    -  r   ;■-*■ 
V*  *     *  J'.yx 


/: 


/: 


cxx 


3.  For 


I 


14Q 
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3.  For  the  Surface  generated.     Here  X=A^ 

a*       .  hex'      2a%      2x 

x 


f  —  xxx 

ar 


3 a>      text's'  ••  for  ^e  whole 


conical  surface,  AG  —  ^^B  the  same  as  for  the 


area 


4.  For  the  Solid,  or  Cone.  J[**  L*>  ygse ,>-■ 

Jy*      r*!L„yr 


«^x**     ![£.    ;.AG=\AB. 

4  a      cV      4  •  *        . 


w 


EXAM.  2, 

To  find  the  center  of  gravity  of  the  area  and  solid 
generated,  when  (he  curve  pAp'  is  a  Parabola. 

As  the  flqent  expressing  the  length  of  a  parabolic 
arc  in  terms  of  its  abscissa  or  ordinate  contains 
logarithmic    quantities,    it    is  C 

difficult  to  find  the  value  of  X% 
in  theory*  and  third  cases,  but 
it  is  very  easily  obtained  for  B 
the  area  and  solid  generated. 
If  a=?the  latus-rectum  of  the 
Parabola,  then  ax=y* ; 


D 


■    *. 


l.  Forthe^re«.     X~fg**mf. flf.J?**,3f** 

3  3x  '  ' 

—  ;   .*.  for  the  whole  parabola  AG 


1a*x* 


2.  For 
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2.  For  the  Solid.    X=£^=4^ 
— 5=^T ;  /•  for  the  whole  paraboloid  AG. 


I'M 


*~AB. 

3 


EXAM.  s. 

Vo  find  the  center  qf  gravity  of  the  arc,  area,  surface, 
and  solid,  when  the  curve  pAp'  is  a  circle. 

Let  B  be  the  center  of  the  circle, 
nd  let  the  radius  AB »  Br  =  r  ,•  and 
ince  Av=*x,  B*  {~AB-Av)=r~x\ 
K>w  by  similar  triangles  pm,  Btv9  g 
ve  have  p*  (z)  :  pn(y)  ::  Br(r)  : 
3y(r  —  x)>  .'.  ry  =  rz  —  xz9  and  xz  = 
k-ry.  j 

1.  For  the  Arc.     X «4^ ' -£l*^£&  = 

-  =  r  — — ;    /.for  the  semicircle.  AG  =  r~  — 

z  z  i 

v  ;        arc^CT      1.57&C.     J. 57  &c. 

•  363  &c. 

2.  For 


(»)  The  circumference  of  a  circle  whose  diameter  is  1  = 
a  •  M15  &c.  .*.  circumference  of  a  circle  whose  radius  is 
1==6 .282,  &c  and  a  quadrant  of  this  latter  circumference  =i 

1  •  5;o,  &c. 
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2.  For  the  Area.     Since  y*=v2r<r  — x%  x*  =  2r:a? 
— y*>  ;.xx=zrx—yy,  andyxx=zryx—y*y;  hence 
,  T_^y*j  _  r  xf.yi-f'.y*!/  =  rx area^rr-jy' 
f,yx  /!#•*  area^TF 


-* .'.  for    the    semicircle  AG 


3  area  Aw ' 


r~: o-      \    jun  =  (if  r=  0  l  ~ 


3  quad.  AB  C       v  .  3  x  1 .  57  &c. 

1  3.71  &c        „M  Q 

3.  For  the  Surface.   By  sim.  A'prn,  Brv,  pr(i) 
:m(i)  ::  Br(r)  :  ?v  (y),     .'.    yissri;     hence 

Z-43?  =4^  =  Jfl  =  f ;    and  /.  for  the 

hemisphere  A  G  =  %  A B. 

f*  v*xx      f**  1i  r  sf*  x —— f*  3s  ft 
A.  For  the  &>/irf.  X^  :/  8  .    =*^r-r : — J^tl 

•-  T^Tv  =  ~n^^  ;  •'•  for  the  f"msph" 

3 

AG=\AB. 

I  might  now  proceed  to  apply  these  fluxior*** 
theorems  to  finding  the  centers  of  gravity  of  se^5" 
ments  of  the  ellipse,  hyperbola,  and  other  Algebr»*c 
curves, (a)  or  of  the  surfaces  and  solids  derived  fra*11 

their*  ' 


(*)  By  Algebraic  curves  are  meant  those  in  which  the  relati**0 
between  the  abscissa  (x)  and  ordinate  (y)  is  denned  bj  ^** 
algebraic  equation. 
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them ;  but  questions  of  this  kind  abound  in  all  the* 
treatises  upon  the  principles  of  fluxions ;  I  shall 
therefore  conclude  this  Lecture  with  a  few  ex- 
amples, for  the  illustration  of  the  method  of  finding 
the  center  of  gravity  of  a  body  or  system  of  bodies 

from  the  equation  AG-  y/X*+  Y*  +  Z\ 

EXAM.  4. 

A  body  of  the  form  exhibited  in  the  annexed  figure 
(in  which  P  represents  a  paraboloid,  S  a  sphere,  and 
C  a  cone,  of  equal  heights)  is  fiewn  out  of  a  cylinder 
of  an  untform  density ;  it  is  required  to  find  it?  center, 
of  gravity. 

If  the  cylinder  out  of  which  this  body  is  hewn 
be  divided   into    three   parts,  each    of 
which  is  represented  by  unity ,  then  will 

P=i  5  =  L  and  C=i(b>    and  conse- 
quently    this   body  :  its   circumscribing 

9  1 

cylinder  : :  £  +  j  +  j  :  3  : :  1  :  2,  i.  e.  it 
is  equal  to  half  its  circumscribing  cylin- 
der. Now  this  is  evidently  a  case  in 
which  F=0,  Z  =  03  for  the  figure  is 
symmetrical  about  its  axis.  Let  M  be 
the  center  of  gravity  of  the  paraboloid,  L  of  the 
sphere,  and  N  of  the  cone ;  then  if  the  common 
height  pf  these  solids  be  represented  by  unity,  AM 

will 


(b)    For  the  paraboloid,  sphere,  and   com,  are  respectively 
one  half,  two  thirds,  and  one  third  their  circumscribing  cylinder. 
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will  be  «i,  >*£»£,  aHd^JV*^(,)  Coned*  the* 

three  bodies  to  be  collected  in  their  respective  caters 
of  gravity,  then,  by  Exam.  5.  page  I07>  we  shaHfkfte 

sP  x  AM  +  SxAL  +  C  *AN*  \ 


XovAG 


I       1    ,S    -l.ljll 


3 


3   .   1 


*  +  ?  +  i 


2+ 12+1!       25 
6+&  +  4    ~  18 


2    ■   3  '  3 

height  of  the  boig  itsetf being  a, 


1-1,  Me 
18* 


EXAM.  5. 

To  find  t\e  center  of  gravity  of  the  ^emi-Pkrabofct^KD* 

Since  ABDissl  plane,  Z=0,  and  JThas  alrt*fy 
been  found  (in  Exam.  2.)    D 

%  =  -AB;  but  since  it  is 

not  symmetrical  about  the 
axis  ^B,  we  must  find  the 
value  of  Y.  Let  AB  =  b, 
thenByor  px'=b-x;  and      B    — ^  . 

reckoning  the  fluxion  of  the  figure  from  AB,  that 
fluxion  will  be  expressed  by  (the  parallelogram 
px'/n)   b  —  xxy;    the  numerator  of  the  fraction 

therefore, 


(*)  For  ^  M =4  of  the  axis  by  Case  2.  Exam.  2.  L  b  in  the 
center  of  the  sphere,  .\  ^L=  l+$  =  i  j  and  Af  is  i  from  the 
•  vertex  of  the  Cone  by  Exam.  1,  .\  ^  JV=  2  +  £  a=2J# 


J 


.1 

J 
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thefefore,  which  expressbs  the  Value  of  3r(=jftyx 
fluxion  of  the   figure^  f[y  x  b-xxy=f.b-x 

xyy\  hence   7  =  *——        "    ^      '         .— r — ; 


,ft> 


/)(>-xx$    /^*x§<**ar** 


__        f\±abi-f\\axx        ^ 

•\  for   the  whole  pftfebola   (when   #»*)    T  = 
o+**^la*4*""  S^F"  •«***"  (for  BD>=axAB 

S  3 

=  a*,  and  .\  jBD=a***)|B/X    Take   therefore 


3 


-**3f =  JT=  ~  ^5,  and  AL=Y±\BD,  and  complete 


8 


the  paralletogmrti  AMO £> then  >/<? * *JX?+  P is 
itnown  in  terms  of  the  given  lines  ^B,  Bt). 

1EXAM.  6. 

To  ^/irf  /Ae  center  o/*  gravity  of  the  quadrant  of  a 

circle  ABC. 
Here  it  will  be  better  to  let  A  be  in  the  center 
of  the  circle;  then  it  is  evident, 
since  the  figure  is  symmetrically 
placed  with  respect  to  the  co- 
ordinates AB,AC,  that  X  will 

be  equal  to    Y.     Let  Av^x, 

**  =»y,  At  t=  r,  then  x*+y***  r% 

and  2 xx  +  2yy  =  O,  or:  xx=s 

«  -j^+Cor. ;  when  /!—0,y=r,  .'.Cor.  as  jr3,  and 


(k)  I%e  equation  16  the  curve    (see  Exam.  2.)  is  axt=y%, 
•'•ar  a  2yy,andyy  —  $ax;  also^=Va?,  .\y  =  | *#""*£. 
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ftyx&mLf'-ltfi  hence  X=4^  =   **"?  . 
*         3       s»  jr^     area  AywC> 

and     for     the     whole    quadrant    (when    y  =  0), 

~rs  1 

2T=__J ;  letr=l,  then  JT=- ,    VPj^ 

quad.^BC  3quad.^BC 

1       U)=   ^   L.    =  -434;     but  JT=r, 


3  x  .785 2^355 

.\  AG=JX*  +  r^y/^^Xs/T;  take  .\^3f 
and  ^Z,    each  equal   to  .424,  and  complete  the 

parallelogram   A  M  G  N9    then  -rt/G  =  .  424  yfi 

= .  699=  distance  of  the  center  of  gravity  from  the 

center  A. 

EXAM.  7. 

Seven  equal  bodies  are  placed  with  their  centers  of 

gravity  in  the  angles  of  the  cubical  space  ABCDF;  it 

is  required  to  find  the  distance  of  the}r  common  center 

of  gravity  from  the  otfter  angle  A. 

In  this  case  the  sides  AB,  AC,  AD  of  the  cube 

F  ^  0 


may 


(*)  Area  of  a  circle  whose  radius  =  1  is  3.1415  &c«  ,\  a 
quadrant  of  this  circle  =  .  785  Sec. 
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may  represent  the  -  co-ordir&tes  issuing  from  the 
point  A.  Let  the  side  of  the  cube  =  a,  and  con- 
ceive the  bodies  to  be  collected  in  their  respective 
centers  of  gravity  ;  then,  since  the  bodies  C,  0,  D 
are  placed  in  the  plane  ACOD,  their  distance 
from  that  plane  is  equal  ta  O,  and  consequently 
three  of  the  factors  in  the  numerator  of  the  fraction 
expressing  the  value  of  X  become  equal  to  0,  .*.  we 
shall  have 

M%/r    ~    B+E+F+Hxa     ,  4a 

J1m~JL  =  — s :=— : — i — \-. —  =s  (since  the  "bodies  are  equal)  — , 

sum  of  the  bodies  7 

For  the  same  reason,  since  the  bodies  B,  Hy  D 
are  placed  in  the  plane  ABHD,  we  have 

jr=Y=E*F*°*C*a-  ~ 

""        sum  of  the  bodies ""        ;' 

And,  since  the  bodies  B,  E,  C  are  placed  in  the 
plane  ABEC,  we  have 

4N_Z^H+F+Q+Dxa_  %      4a 

sum  of  the  bodies""        7 

49  7 


In  finding  the  general  fluxional  expression  for 
the  center  of  gravity  of  a  curve  and  an  area  in 
page  137,  we  have  calculated  it  only  for  its  distance 
{X)  from  the  axis  AC,  which  answers  the  purpose 
for  the  whole  curve  or  area,  since  we  know  from 
ottoer  circumstances  that  the  center  of  gravity  lies 
in   the  axis  AB.     If  it  be  required  to  find  the 

center 
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center  of  gravity  of  half  the  curve  (viz  Ap)  or  half 
the  area  (viz  Apy),we  must  find  the  value  of  (Y)9 

which  in  this  case  will  be  J-$—  for  the  curve,  and 

(supposing  the  Jhucional  area  *vyp  to  be  collected 

into  its  center  of  gravity)        jh     '  or  ^JT*  for 

the  area{*.     (Fig.  in  page  136.) 

Since  r=^^  for  the  carve,  and  Y=£&  for 

z  .  lApy 

the  area,  let  j&  =  3.141,  &c.;  then  for  the  curve, 
Y=£mA;    and   for  the   area,    Y-J&f-l 

hence  f.ipyz  —  ipYx  z  =  fAe  circumference  of  & 

circle   whose  radius    is    Yxz;    and  f'.pyqx*=1pT 

x  ^/>y  =  the  circumference  of  a  circle  whose  radins  is 

YxApy;  but  f\  2py  z  =  the  surface  generated  by 

the- 


(*)  From  this  mode  of  expressing  the  value  of  (Y),  the  tw^ 
Examples  jn  pages  144, 145,  might  have  been  solved  in  a  raor^ 


"•«• 


simple  manner.     For,  in  the  Parabola,  ^=ar,  ,\  Ys=^r-^ 

f\axx      ax«       ,    ,  Jn         ^^BD^xAB    3DJ* 

**irz — =Tyr'=z(™heiixz=AB,  y=BD)  tut; — 7-5=  r™" 
2-rfpy     4^fpy     v  J  '  IBDxAB    8 

For  the  quadrant  of  a  circle,  if  Br=x,  y'ssr4— *%  .\  Y^^/C^ 
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he  revolution  of  the  curve  Ap  round  its  axis  AB9 
rid  f'py*x= content  of  the  solid  generated  by  the 
evolution  of  the  area  Afg  round  the  same  axis, 
fife  are  thus  furnished  with  a  method  of  ascertaining 
he  value  of  the  surfaces  and  solids  generated  by 
he  revolution  of  Algebraic  curves  about  their  axis, 
ihen  we  have  previously  found  the  distance  of  the 
enter  of  gravity  of  the  generating  curve  or  area 
rom  that  axis.  IHs  called  the  centrobaryc  method ; 
)ut  in  the  present  advanced  state  of  analytical 
science,  it  is  a  method  very  little  used ;  it  will  be 
juite  sufficient  therefore  if  we  shew  its  application 
in  one  or  two  well-known  cases. 

1 .  Let  h = the  length,  r  =  the  breadth  of  a  right- 
angled  parallelogram,  and  let  it  revolve  about  (A) ; 
'he  distance  of  its  center  of  gravity  from  A  =  -Jr, 
*.  the  circumference  of  the  circle  described  by  it 
B  ^p  x%r=pr;  hence  the  cylinder  generated  =  area 
r  parallelogram  x  2/>r=  hr  x  j&r=/>Ar*=/>r*  xA  = 
~&a  of  its  base  x  its  height. 

Q*.  Let  the  parabolic  area  Apy  (Fig.  in  page  136) 
*v©lve  about  its  axis  AB ;  then  the  distance  of  its 
enter  of  gravity  from  AB—\y,  .\  the  ctrctim- 
re*~ence  of  the  circle  described  by  it= 2/>  x  |y = \py ; 
hence  the  solid  generated  =  \py  xarea  Apy  =  \py 
x  \xy  =  \pxy* = half  the  circumscribing  cylinder. 
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Lecture  V. 


ON  THE  COLLISION  OF  BODIES. 


Jtbevious  to  the  investigation  of  the  effects  p6n 
duced  by  the  coliisim  of  bodies,  it  will  be  neocatfijf 
to  define  what  is  meant  by  hardness,  elasticity r  kc. 
and  to  explain  the  manner  in  which  that  collision 
takes  place. 

XVIIL 
Definitions,  and  preliminary  observations. 

1 .  Hardness  is  that  property  of  body  by  which 
it  resists  the  impression  of  other  bodies  which  im- 
pinge upon  it;  and  the  degree  of  hardness  is 
measured  by  the  quantity  of  this  resistance.  If 
the  resistance  be  so  complete  as  to  render  it  totally 
incapable  of  any  impression,  then  a  body  is  said  to 
be  perfectly  hard. 

2.  Elasticity  is  that  property  by  which  the  parts 
of  a  body,  after  they  have  yielded  to  the  impression 
of  other  bodies,  restore  themselves  to  their  former 

position ; 
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position ;  if  the  force  of  restitution  be  equal**  to 
the  force  of  compression,  then  a  body  is  said  to  be 
perfectly  elastic ;  but  if  the  force  of  restitution  be 
less  than  that  of  compression,  then  it  is  imperfectly 
elastic,  and  the  degree  of  elasticity  will  be  measured, 
by  the  proportion  which  these  two  forces  bear  to 
each  other. w 

3.  All  such  substances  as  come  under  the  de- 
nomination of  solid  bodies  are  possessed  of  one 
or  other  of  these  qualities,  but  not  in  a  state  of 
perfection ;  they  are  all  of  them  imperfectly  hard, 
and  few  of  them  without  some  small  degree  of 
elasticity  Sc)       Glass,  ivory,  marble,  steel,  &c.  are 

*  amongst 

(a)  i.  e.  if  the  parts  of  the  body  return  to  their  former  position 
precisely  in  the  same  time  and  in  the  same  manner  as  that  in 
^vrhich  they  were  displaced. 

(k)  It  seems  almost  unnecessary  to  mention  softness  as  a 
^distinct  property  of  matter,  as  it  merely  implies  imperfect  hard- 
ness in  bodies  void  of  elasticity. 

(c)  A  common  experiment  for  shewing  that  a  substance  is 

possessed  of  elasticity,  is  to  suspend  two  spherical  balls  (of  ivory 

At  instance)  from  the  same  point  by  equal  strings,  and  then, 

baving  stained  one  of  them  with  ink,  to  bring  them  gently  into 

contact  with  each  other ;  a  small  black  spot  will  thus  be  made 

*ipon  the  unstained  ball  just  at  the  point  of  contact.    If  one  of 

these  balls  be  then  made  to  impinge  upon  the  other,   that  spot 

iwill  be  enlarged,  whilst  the  spherical  figure  of  the  ball  remains  the 

same ;  from  which  it  is  inferred,  that  during  the  act  of  collision 

one  or  both  the  bodies  must  have  been  compressed,  and  that  the 

parts  so  displaced  must  have  afterwards  restored  themselves  t§ 

their  former  position. 
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* 

amongst  the  most  ela&tki  substances  with  which  we 
are  acquainted;  and  in  some  of  these  the  proportion 
of  their  elasticity  to  perfect  elasticity  has  been  pretty 
nearly  ascertained;  thus  in  glass,  the  force  of 
restitution  has  to  the  force  of  compression  die  ratio 
of  about  15  :  10  \  in  steel  these  forces  are  said  to 
bear  to  each  other  the  ratio  of  5  :  9 ;  but  these 
ratios  are  subject  to  slight  variations,  according  to 
the  shape  or  size  of  the  body. 

4.  In  considering  the  changes  which  take  place 

in  the  motion  of  bodies  by  the  act  of  collision,  it 

may  be  observed,  that  when  a  perfectly  hard  body 

impinges  dirtctly^  upon  another  of  the  same  kind* 

no  other  effect  is  produced  thaff  a  communication 

of  momentum  from  one  to  the  other  according  to 

the  principles  of  the  third  law  of  motion ;  for  the 

two 
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(R)  One  body  is  said  to  Impinge  directly  upon  another,  whet^ 
the  two  bodies  approach  each  other  along  the  line  which  join*** 
their  centers  of  gravity  ;     ^-^ 

and  if  the  bodies  be  of  a  f  \  x*v 

Spherical  shape  and  of  uni-  I     ^    J  ~"""L"-         M"  *  '  \nj 

form    density,    then    this    ^*-*S 


line  will  pass  through  the  point  of  contact  Thus  suppose  A  and 
B  to  be  two  spherical  bodies,  whose  centers  of  gravity  are  at  the 
points  A,  B ;  join  AB ;  then  if  the  bodies  approach  each  other 
in  such  a  manner  that  their  centers  of  gravity  are .  always  in  the 
line  A  By  they  are  said  to  impinge  upon  each  other  by  direct 
impact;  and  (by  Euc.3.  12.)  the  line  AB  (A  and  B  being  the 
centers  of  magnitude  as  well  as  gravity)  will  pass  through  thek 
point  of4  contact. 
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two  bodies  after  impact  will  move  on  together  as 
one  mass,  in  the  direction  of  the  body  which  has 
the  greater  momentum  .w  But  the  contrary 
happens  in  the  collision  of  perfectly  elastic 
bodies ;  for  although,  during  the  act  of  com- 
pression^ there  is  the  same  confmunication  of  mo- 
mentum as  in  the  former  instance (c),  yet  during 
the  act  of  restitution  another  collision,  (as  it  were) 
takes  place,  by  which  the  bodies  are  protruded 
from  each  other,  and  after  impact  move  on  sepa- 
rately ;  each  body  having  lost  or  gained  twice  as 

much 


(b)  For  let  the  bodies  before  impact  move  in  the  same  di- 
rection j  then  if  the  body  which  moves  with  the  greater  velocity 
has  also  the  greater  momentum,  it  will  evidently  drive  the  slower 
body  before  it;  but  if  the  slower  body  has  the  greater  momentum, 
then  (he  swifter  body,  having  lost  part  of  its  velocity  by  the  act 
«f  collision,  will  move  on  in  contact  with  the   slower  body,  ' 
as  there  is  no  cause  operating  to  produce  a  separation  of  the 
feodies.     If  the  bodies  move  in  opposite  directions,  then,  by  the 
met  of  collision,  the  momentum*  of  one  of  them  witl  be  destroyed, 
mad  it  will  be  driven  back  again  by  that  which  has  the  greater 
mwmentum.     If  in  this  latter  case  the  momenta  be  equal,  it  is 
evident  that  tbe  two  bodies  would  rest  after  impact. 

(c)  This  communication  of  momentum  from  one  body  to  the 
other  will  go  on  till  the  velocities  of  the  bodies  are  equal;  at 
which  period  the  act  of  compression  ceases,  and  the  two  bodies 
*fe  under  precisely  the  same  circumstances  as  two  perfectly  hard 
Mies  of  the  same  dimensions ;  the  momentum  lost  or  gained 
*it)  therefore  be  the  same. 
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much  momentum^  as.  it  would  have  done  had  they 
been  perfectly  hard.  The  effects  produced  by  the 
collision  of  bodies  which  are  imperfectly  hqrd  or 
imperfectly  elastic  will  of  course  be  ofr  an  inter- 
mediate nature  ;  they  will  neither  move  on 
together  after  impact,  as  in  the  case  of  perfectly 
hard  bodies,  nor  will  they  recede  from  each  otter 
with  so  great  a  velocity  as  if  they  had  been  per- 
fectly elastic. 

5.  In  the  three  following  Sections  we  shall  con- 
sider the  circumstances  which  take  place  in  the 
direct  impact  of  bodies  of  this  kind,  beginning 
with  the  case  of  perfectly  hard  bodies,  and  then 
proceeding  -  to  such  as  are  perfectly  elastic;  the 
theorems (L)  which  relate  to  the  collision  of  bodies 

imperfectly 


(a)  Since  the  bodies  are  perfectly  elastic,  whatever  force  has 
been  expended  in  the  communication  of  momentum  from  ooe 
body  to  another  during  the  act  of  compression,  the  same  will  be 
exerted  (and  for  the  same  purpose)  during  the  act  of  restitution; 
the  whole  quantity  of  momentum  lost  or  gained  will  therefore 
be  double  of  that  which  takes  place  in  the  collision  of  perfectly 
hard  bodies.  The  same  conclusion  vwould  follow,  if  one  of  the 
Indies  was  perfectly  hard  and  the  other  perfectly  elastic, 

(b)  To  render  the  investigation  of  these  theorems  as  simple 
as  possible,  »we  shaft  suppose  the  bodies  to  be  spheres  pf  an  uniform 
density,  moving  uniformly  along  the  line  which  joins  their  centers 
of  gravity,  and  impelled  by  no  other  force  than  that  which  firet 
puts  them  in  motion  along  that  right  line ;  so  that,  iu  estimating 

their 
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imperfectly  elastic  will  then  be  easily  deduced, 
in  all  cases  where  the  relation  between  perfect 
and  imperfect  elasticity  can  be  expressed  arithme- 
tically. 


XIX. 

On  the  direct  Impact  of  perfectly  Hard 

Bodies. 

It  has  already  been  observed,  that  when  a  perfectly 
hard  body  impinges  c-'pon  another  of  the  same  kind, 
the  two  bodies  will  move  on  together  after  impact 
as  one  mass ;  in  this  case,  therefore,  we  have  only 
to  find  the  common  velocity  after  impact,  and  the 
velocity  lost  or  gained  by  either  of  the  bodies. 

1.  Let  A  and  B  be  two  perfectly  hard  bodies, 
a  and  b  the  respective  velocities  before  impact ; 
then  will  A  a  represent  the  momentum  of  A  before 
impact,  and  B  b  the  momentum  of  B.("    If  the  bodies 

move 


their  momenta,  we  need 'only  take  into  consideration  the  quantity 
of  matter  contained  in  them,  and  the  Uniform  velocity  with  which 
they  move. 

(c)  The  letters  A  and  2?  here  represent  the  quantities  of  matter 
in  the  bodies  A  and  B;  since  therefore  their  respective ,  w- 
tocities  are  a  and  b,  their  momenta  will  be  represented  by  Aa,Bh 
(Sect.  2.  p.  6.) 
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much  momentum^  as  it  would  have  done  had  they 
been  perfectly  hard.  The  effects  produced  by  the 
collision  of  bodies  which  are  imperfectly  hard  or 
imperfectly  elastic  will  of  course  be  ofr  an  inter- 
mediate nature  ;  they  will  neither  move  on 
together  after  impact,  as  in  the  case  of  perfectly 
hard  bodies,  nor  will  they  recede  from  each  other 
with  so  great  a  velocity  as  if  they  had  been  per- 
fectly  elastic. 

5.  In  the  three  following  Sections  we  shall  con- 
sider the  circumstances  which  take  place  in  the 
direct  impact  of  bodies  of  this  kind,  beginning 
with  the  case  of  perfectly  hard  bodies,  and  then 
proceeding  to  such  as  are  perfectly  elastic;  the 
theorems00  which  relate  to  the  collision  of  bodies 

imperfectly 


(a)  Since  the  bodies  are  perfectly  elastic,  whatever  force  h0* 
been  expended  in  the  communication  of  momentum  from  oO& 
body  to  another  during  the  act  of  compression,  the  same  will  b^ 
exerted  (and  for  the  same  purpose)  during  the  act  of  restitutio*  * 
the  whole  quantity  of  momentum  lost  or  gained  will  therefor** 
be  double  of  that  which  takes  place  in  the  collision  of  perfect^ 
hard  bodies.     The  same  conclusion  .would  follow,  if  one  of  tr**^ 
Indies  was  perfectly  hard  and'the  other  perfectly  elastic. 

(b)  To  render  the  investigation  of  these  theorems  as  siinpl^ 
as  possible,  *we  shafl  suppose  the  bodies  to  be  spheres  of  an  unifor*** 
density,  moving  uniformly  along  the  line  which  joins  their  cente^* 
of  gravity,  and  impelled  by  no  other  force  than  that  which  &*&* 
puts  them  in  motion  along  that  right  line;  so  that,  in  estiraati*»l5 

tb«srir 
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imperfectly  elastic  will  then  be  easily  deduced, 
in  all  cases  where  the  relation  between  perfect 
and  imperfect  elasticity  can  be  expressed  arithme- 
tically. 


XIX. 

On  the  direct  Impact  of  perfectly  Hard 

Bodies. 

It  has  already  been  observed,  that  when  a  perfectly 
hard  body  impinges  -Wpon  another  of  the  same  kind, 
the  two  bodies  will  move  on  together  after  impact 
as  one  mass ;  in  this  case,  therefore,  we  have  only 
to  find  the  common  velocity  after  impact,  and  the 
velocity  lost  or  gained  by  either  of  the  bodies. 

1.  Let  A  and  B  be  two  perfectly  hard  bodies, 
«  and  b  the  respective  velocities  before  impact ; 
then  will  A  a  represent  the  momentum  of  A  before 
Tipact,  and  B  b  the  momentum  of  BS"    If  the  bodies 

move 


*^ir  momenta,  we  need 'only  take  into  consideration  the  quantity 
r  matter  contained  in  them,  and  the  Uniform  velocity  with  which 
*^y  move. 

(c)  The  letters  A  and  B  here  represent  the  quantities  of  matter 
1  the  bodies  A  and  B;  since  therefore  their  respective .  ve- 
^cities  are  a  and  b,  their  momenta  will  be  represented  by  Aa,Bh 
^ct.  2.  p.  6.) 
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move  in.  the  same  direction,  A  a  +  Bb  will  represent 
the  sum  of  their  momenta  before  impact ;  but  if  the 
bodies  move  in  opposite  directions,  then  will  the 
sum  of  their  momenta  be  represented  by  A  a  —  BbWl. 
Now  let  v  =  their  common  velocity  after  impact, 
then  A  +  B  x  v  will  be  the  momentum  of  the  mass 
after  impact ;  but  by  the  third  law  of  motion  no 
momentum  is  lost  by  the  action   (or  collision)  of 

the  bodies  upon  each  other *>;  hence  A+Bx  v= 

Aa±Bb,    .\v=—j — g— ,  where   the  positive  or 

negative  sign  must  be  used  according  as  the  bodies 
move  in  the  same  or  oppqsite  directions  before 
impact. 

2.  To  find  the  velocity  lost  by  A  and  gained  by 
B9  when  the  bodies  move  in  the  same  direction,  we 
have,  velocity  lost   by  A  =  velocity  before  impact 

,     ..      A  ^  Aa  +  Bb      B.a~b 

—  velocity  after  impact  =  a j — ^-  =»  — - — g-. 

A  +  Jd  A+  B 

The  velocity  gained  by  5=  velocity  after  impact- 

velocity 


(a)  Throughout  this  Lecture  we  shall  always  estimate  the 
motion  in  the  direction  of  A ;  whenever,  therefore,  the  bodies 
move  in  opposite  directions^  if  A*s  motion  be  reckoned  positive, 
Rs  motion  must  be  reckoned  negative;  hence,  in  the  present 
instance,  the  whole  momentum  of  the  two  bodies  (or  the  sum  of 
their  momenta)  is  properly  represented  by  A  a— Bb. 

(*)  See  page  15. 
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1     »a      j  *>                       A  a  +  Bb      ,     A ,  ©  —  b 
velocity,  before  impact  =  — ^ — o ^—'-^ — 5-  • 

3.  When  the  bodies  move  in  opposite  directions, 

the   velocity  lost  by  A=a 3 — ft-= — '? — f?  ; 

*  J  A  +  B         A+B  * 

and   the  velocity  gained  by  Bss—j — 5~  +  ^(d=" 

A.a  +  b 
A+B  * 

4.  If  the  bodies  move  in  the  same  direction,  then 
their  relative  velocity  before  impact  (i.  e.  the  velocity 
with  which  they  approach  each  other)  is  a  —  b; 
and  when  they  move  in  opposite  directions,  it  is 

a+ b;  hence,  if  this  relative  velocity  be  expresssed  by 

Br 
Cr)>  then,  in  all  cases,  the  velocity  lost  byA=*  —-2 — w 

Ar 
id  the  velocity  gained  by  B=--j — g;  whilst  the 

iative    velocity,    therefore,  continues   the    same, 

velocity  lost  by  A  and  gained  by  B  will  remain 

^mattered, 

5.  If 


(«)  If  the  bodies  move  in  opposite  directions  before  impact, 
■Bd  m  As  direction  after  impact,  then  the  velocity  gemei  by  B 
<1pe*  the  whole  (in  As  direction)  will  be  the  common  velocity  + 
'**  wtocky  before  impact. 
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5.  If  B=A,  then  we  have, 

,   .         /Aa±Bb     \A.a±b     a±b     r 

,'.   .     ,      ,     „      /       Br         \     Ar  r  •   . 

fthc*  lost  h  4  =  (    -^    =)     0      =    -. 

Ar         \     Ar  r 


Velocity  gained  by  2?  =  ^—-—--    =  J 


A+B      '    vA  2 

i.  e.  when  the  bodies  are  equal,  the  common  velocity, 
and  the  velocities  lost  by  A  or  gained  by  B9  are  all 
equal  to  each  other  and  to  half  the  relative  velocity. 

6.  If  B  rests  before  impact,  then  6  =  0,  and  we 
have,  ^a 

Common  velocity  --JT+T}  ^  jB*=s°)==(lf^=-B)i<7-" 

(X)  Velocity  lost  ly  A  = -j— ft  (for  UZ>=0)=(if  A=B)\a.. 

Aa 
(Y)  Velocity  gained  by  B=— (for  ^/>=0)  =  (if  A=B)  \  a. 

A+B  Br 

Now,  in  general,   the  velocity   lost  by  A=z-j — g, 

Ar  ~*~ 

and  the  velocity  gained  by  B  =  -~-z — ~;  comparing, 

therefore,  these  expressions  with  the  equations 
marked  (X)  and  (F),  it  is  evident  that  the  velocities 
lost  by  A,  and  gained  by  B,  will  be  the  same, 
whether  both  bodies  be  in  motion  before  impact,  or 
A  impinges  upon  B  at  rest  with  a  velocity  equal  to 
their  relative  velocity  (r).^ 

(•)  For  from  equation  (X)  it  appears  that  if  A  impinges  upon 

Br 

Bat  rest  with  velocity  (r),  then  velocity  lost  by  A  = —  5 

A  -f*  B 
but  this  is  the  velocity  lost  by  A,  when  the  bodies  are  both  moving 

with  a  relative  velocity =r  ;  and  the  same  reasoning  applies  to 

.the  velocity  gained  by  B. 
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7.  When  the  bodies  move  in  opposite  directions, 
t»  = — 3 — 5-;   if  therefore  Aa  =  Bb,  t/  =  0;  i.e. 

A  +  x> 

if  A  :  J?  ::  b  :  a  for  *Ae  bodies  move  before  impact 
with  velocities  inversely  proportional  to  their  quan- 
tities of  matter)  then  they  will  both  rest  after 
impact. 


EXAM.  1. 

A^  weighing  \Olbs.  and  moving  with  a  velocity  of  3 

^feet  in  a  second,  impinges  upon  B,  which  weighs  7 lbs. 

yioving  in  the  same  direction,  with  a  velocity  of  2  feet 

in  a  second ;  to  find  the  common  velocity  after  impact, 

the  velocity  lost  by  A,  and  the  velocity  gained  by  B. 

re  B2y     J  /.(by  Art.  1.)  com.  V"  =    J+jB    = 
a  =  3      I  30+14      44  10 


1=2     J  10+7        17  17 


feet  in  l". 


/"  lost  by  A=B^lBb  =~  feet  in    1"  (Art.  2.) 
F*  gained  by  B=     jjTn    "TT  feet  m  l"- 


EXAM.  2. 
A,  moving  with  a  velocity  (5),   impinges  upon  B 
moving  in  a  contrary  direction  with  a  velocity  (a) ; 
and,  in  the  act  of  collision,  A  loses  g-  of  its  momentum ; 
What  are  the  relative  magnitudes  of  A  and  B  f 

Here 
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Here  a=  5l  •'•  Velocity  lost  by  A=  -jf — 5-  (Art. 3.) 

0  =  3J   =-5 — 5;  hence  the  momentum  lost 
•     8AB       A  +  ti 
by  A=>—z — •>.     Now  ^Ts  momentum  before  im- 

pact  =  ^fa=5^/;    one  third  of  which   is-—;  we 

have  therefore  -^ — 5  =  — - ,   or  24B=5A+5B ; 

A  +  x>        3 

hence   19 B*=hA,  and^df :  JS  ::  19  :  5. 

EXAM.  3. 

^,  weighing  7  lbs,  impinges  upon  B  weighing 
Albs y  and  moving,  in  Ays  direction,  with  a  velocity  of 
5  feet  in  l";  by  the  act  of  collision,  B*s  velocity  is 
trebled ;   What  was  As  velocity  before  impact  ? 

Hire  A  =  7  ")    •*•  Velocity  gained  by  B*=    (by 

B  =  A\\rti\  Ax  ^Zrb_7xT^5^ 

b  =  5  J  '     A+B  11       ' 

but  since,  by  the  act  of  collision,  B's  velocity  was 

trebled,     its    velocity    gained  =  lb  =  10;     hence 

— =10,  or7«~35=  110,    .'.7a—  145,  and 

a  =  20^feetin  r. 

And  thus  we  might  apply  the  principles  laid  down 
in  this  Section  to  the  solution  of  a  variety  of  ex- 
amples of  this  kind ;  for  let  the  common  velocity  after 
impact  =  v,  velocity  lost  by  A=l9  and  velocity  gained 
by  B  =  g ;  we  have  then, 

Aa±Bb      .    B.a  +  b  .  A.a±b 

v=-atb  5  l=~Atr;  and  s=-rnr> 

if 
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if  therefore,  of  the  Jive  quantities  contained  in  each 
of  these  equations,  any  three  be  given,  then  the 
proportion  of  the  other  two  may  be  found ;  or  if 
any  four  be  given,  then  the  actual  vcdue  of  the  fifth 
may  be  found. 

On  the  direct  Impact  of  perfectly  Elastic  Bodies. 

Let  the  bodies  A  and  B  be  perfectly  elastic,  then 
the  velocity  lest  by  A  and  gained  by  B  will  be  twice 
that  which  it  would  have  been  on  supposition 
that  tfoey  were  perfectly  hard.(a)  Moreover,  as  the 
bodies  in  this  case  will  move  on  separately  after 
impact,  it  will  be  necessary  to  find  the  velocities  «f 
Ji  and  B  by  distinct  operations. 

1 .  Let  the  bodies  move  before  impact  in  the 
**ime  direction ; 
then  F>  ofA^  m  V*  before!  _  y,  ^ 
If^er   impact  J        impact  / 


2B.a-i)^A-B.a+2Bb 
a  ~  A  +  B~      A  +  B      , 

and 


(a)  See  Note  page  154,  mbeve  it  is  shewn  that  in  the  im- 
pact of  perfectly  dastk  bodies  twice  as  much  momentum  is  lost 
gained  as  in  the  case  of  perfectly  hard  bodies  3  but  since 
tcQxF,  if  Q  be  .givm,  then  M<xlV;  the  velocity  lost  there- 
fore is  twice  as.  much  as  when  the  bodies  are  perfectly  hard. 

(>)  For  in  perfectly  hard  bodies  *=^~f ,  *niS=^fF  > 

2  B .  a—  b  2A.a—b         ' 

.".  in  perfectly  elastic  bodie    *  ■     .    g  ,  and  g=*-^  ,  j^f    % 
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^ndT'o/fil      V^before|+v      .ned 
after  impact)        impact  J 

.    +~ZTTSS     A+B    • 

2.  If  the  bodies  move  before  impact  in  opposite 

directions,  then  b  is  negative,  and 

rr    *  *    A     i   «.         'A^B.a-lBb. 
V9  of  A  after  impact^ "3rTTj 

~w     ^r>     A  ^      ,      A-B.b  +  %Aa 

V* of  B after  impact^ A±B " 

3.  If  B  *  ^,  then  A-  B  or  5  -  A  are  each  equal 
to  O ;  /.  when  the  bodies  move  in  the  same  direction 
before  impact,  the  velocity   of  A  after  impact = 

|  — — -  =  — —-«=   jb;  and  tlie  velocity  of  B  after 

impact  =  Cj+i  =  X?  =  )  a#   If  they  mOVe  ^ 
fore  impact  in  opposite  directions,  then  velocity  of  A 


(2.^0       2^g  _  \ 


Hence,  in  a//  cases  when  the  bodies  are  equal,  they 
move  q/3fer  impact  with  interchanged  velocities. 

4.  If  B rests  before  impact,  then  b  =  0;  .'.the 

V'  of  A  after  impact  =  — j — h-  >  an^  velocity  of  B 

after 


(•)  See  Note  (h)in  the  preceding  page. 
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lAa  ' 
after  impact = --a — ^ .    If  A  be  greater  than  2J,  then 

--j — ^-  is  positive,    .*.  y/  moves  q/fcer  impact  in 

the   same  direction  as   it    did  .  before    with  Vy  = 

—3 — ^— ,    and  5  precedes  it  with  a    velocity  = 

lAa 

-j — ^  (which  is  greater  than  a).  If  A  be  few  than  B, 

then  — ^ — ^-  is  negative,  .\  A  is  reflected  back  by 

j /}.a 

its    impact   upon  -6    with  a  velocity  m  — ^ — ^-  ; 

and  B  moves  forward  in  As  original  direction  with 

a  velocity  =«--^ — ^  (which  is  less  than  a).    If  A  be 

eyufl/to^then    ^+  ^-  =  0,  fe-^—^— ==a; 

i.  e.  if  2?  rests  fo/bre  impact,  then  A  will  rest 
a/fer ;  and  B  will  move  forwards  in  A*s  direction 
with  A*s  velocity  before  impact. 


5.  If  the  bodies  move  with  the  same  velocity  in 
opposite  directions,  then  a  =  by  and 

*t„ .   ..     ,,    .        ,    flt^b.a-<LBb     \A-3B.a 

^  velocuy  after  nnpact^——^ ^  )~A^BT  ^ 

*.    f  .      ^    .  /A-B.b  +  lAa     \3A-B.a 

BsKlocay after  n>pact={  ?  +  R =  j-^- . 

Now 
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Now  if  A  be  greater  than  3  5,  then 

A—3B  and  3^—  -B  u/*7/  w^A  be  positive. 
If  Abe  eyaa/  to  3jB,  then 

A-3B=o;  ^-^nr"=iF=2a- 

If  ^  be  /m  Man  &B,  but  greater  than  B,  then 
A—3B  is  negative,  and  3A—B  is  positive. 

Hence  this  general  theorem,  "  Let  two  perfectly 
elastic  bodies  impinge  upon  each  other  with  equal 
velocities  in  opposite  directions ;  then,  if  one  body 

"  be  more  than  treble  the  other,  both  bodies  will 
move  on  after  impact  in  the  direction  of  the  greater 
body ;  if  one  body  be  just  treble  of  the  other, 

"  then  the  greater  body  will  remain  at  rest  after 

cc  impact,  and  the  tester  body  will  be  reflected  back 
again  with  twice  the  common  velocity  before  impact; 
if  one  body  be  greater  tlian  the  other  but  less  than 

"  treble,  then  both  bodies  will  be  reflected  back  again 

"  after  impact."     If  A**B,  then  — -7 — %—  =s  —a, 

and  '    =  a ;  i.  e,  the  bodies  after  impact  move 

with  interchanged  velocities  according  to  Art.  3. 

6.  In  Art.  7.  of  last  Section,  it  was  observed,  that 
\(Aa  —  Bb,  then  the  tW6  bodies  rest  after  impact. 
In  the  case  also  of  perfectly  elastic  bodies,  approach- 
ing each  other  with  velocities  inversely  proportional 
to  their  quantities  of  matter,  the  motion  of  both  will 
be  destroyed  by  the  act  of  compression ;  but  since, 

by 
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by  the  act  of  restitution,  an  equal  quantity  of  motion 
»  generated,  the  bodies  after  impact  will  move  from 
each  other  in  an  opposite  direction,  with  the  same 
velocities  with  which  they  approach  each  other 
before  impact. 

7.  Let  r  =  the  relative  velocity  of  the  bodies  before 
hftpact,  then,  by  Art.  4.  of  perfectly  hard  bodies,  the 

Br 

velocity  lost  by  A^  -j — jt  ,  and  velocity  gained  by 

B=s— — jr-;  let  a^As  velocity  after  impact,   and 

^Bs  velocity  after  impact,  then  the  expressions  in 
Art.  I,  and  2,  will  stand  thus 

iBr      ,_ 

Subtract  (F)  from  (X),  then 

_7     I.A+B.r       _7 
*       a-(3=a  +  i a  +  B     =a  +  b-2r> 

where  the  negative  or  positive  sign  must  be  used 
according  as  the  bodies  move  in  the  same  or  opposite 
directions. 

If  the  bodies  move  in  the  same  direction,  then 
rzza—b9  and 

a  —  /Ssea  —  Z>  —  2a-f2&=s£  —  c=  —a  — A. 
If  the  bodies  move  in  opposite  directions,  then 
r=a  +  £,  and 

From 
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From  which  we  conclude,  that  when  cc  two  per- 
fectly elastic  bodies  impinge  upon  each  other, 
their  relative  velocity  will  be  the  same  both  before 
and  after  impact,  but  in  an  opposite  direction^ 
8.  By  the  third  law  of  motion,  the  whole  quantity 
of  momentum'  is  not  altered  by  the  impact  of  bodies 
upon  each  other,  whether  those  bodies  be  hard  or 
elastic.  Now  the  'sum  of  their  momenta  before 
impact  as  A  a  +  Bb  ;  and  (adopting  the  notation  of 
the  last  article)  the  sum  of  their  momenta  after 

impact  =  Act  +  Bfi ;  hence 

Aa  +  Bb^Aa  +  Bfi™ 

or  A»a  —  *=2J.j3  —  b;  butby 

last  Art.  a  —  P  =  b  —  a,    .*.  g  +  *=0  +  £, 

Hence,  by  multiplication,  A .  a* — **  =  B .  /3*  —  b\ 

or  Aa*  +  Bb*=  A** +  Bj3*;  i.e. 

"  tht ' 

(■)  Hence,  when  the  bodies  move  before  impact  in  the  same 
direction,  and  A  overtakes  B ;  then,  after  impact,  B  will  recede 
from  A  with  the  same  velocity  as  that  with  which  A  approached 
B  before  impact,  and  consequently  will  move  with,  a  greater 
velocity  than  A.  If  the  bodies  move  in  opposite  directions,  then 
they  will  recede  from  each  other  after  impact  with  the  same 
velocity  as  they  approached  each  other  before  impact. 

(b)  That  the  sum  of  their  momenta  is  the  same  before  and 
after  impact,  may  also  be  thus  proved ; 

Hence,  by  addition,  Act  +  B(3=Aa  +  Bl ;  it  is  unnecessary  in 
this  article  to  take  the  case  when  b  is  negative,  as  our  conclusion 
respects  the  square  of  Bs  velocity,  which  is  the  same  whether 
b  be  +  or  — . 
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C€ 


the  sum  of  the  products  arising  from  multiplying 
each  body  into  the  square  of  its  velocity  is  the  same 
both  before  and  after  impact." 

9.  Let  ihere  be  a  row  of  equal  perfectly  elastic  balls, 
A9  By  Cy  &c.  .  •  •  X  (Fig.  1.)  placed  contiguous  to 
each  other;  then  (by  Art.  4.)  if  A  be  moved  from 
its  position  and  made  to  impinge  upon  B,  it  will  rest 
after  impact,  and  B  will  have  a  tendency  to  move  oh 
with  As  velocity ;  after  the  impact  of  B  upon  C, 
it  will  remain  at  resty  and  C  have  a  tendency  to  move 
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Fig.  2. 


A. 
O 


O    OQ(*jng3 


on  with  As  velocity ;  after  the  impact  of  C  upon 
D,  it  will  remain  at  rest,  and  D  have  a  tendency 
to  move  on  with  the  same  velocity ;  and  so  the 
motion  will  be  propagated  through  the  whole  row, 
and  the  last  body  X  will  move  forward  with  the  velo- 
city of  Ay  all  the  others  remaining  at  rest. c)    If  the 

bodies 


(c)  If  two  bodies  were  moved  from  their  position,  and  made 
*°  impinge  upon  the  others,  then  the  two  last  would  move  off; 
if  three  bodies  were  removed,  the  three  last  would  move  off;  &c. 
&c.  j  for  as  the  momentum  is  doubled,  trebled,  &c.  towards  A, 
it » evident  that  a  double,  treble,  Sec.  mass  will  be  put  in  motion 
Awards  X. 
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bodies  decrease  in  magnitude  (Fig.  2.)  then,  since  A  is 
greater  than  B9  (by  Art.  4.)  the  velocity  communi- 
cated to  2£  will  be  greater  than  that  of  A\  and  the 
velocity  communicated  from  B  to  C  greater  than 
that  of  B ;  &c.  fee.  so  that  the  last  body  will  move 
forwards  in  the  direction  of  ATs  motion  with  a  ve- 
locity much  greater  them  that  of  A (a),  and  the  other 
bodies  will  follow  it  in  such  a  manner  that  the  velocity 
*  of  each  succeeding  body  shall  be  greater  than  that  of 
the  preceding.     On  the  contrary,  if  the  bodies  in* 
crease  in  magnitude  (Fig.  3.),sinoe  A  is  less  than 
B9   (by  Art.  4.)  the  velocity  communicated  to  B 
will  be  less  than  that  of  A,  and  A  will  be  reflected 
back  by  B ;  for  the  same  reason  the  velocity  com- 
municated from  B  to  C  will  be  less  than  thai  of  J?5 
and  B  will  be  reflected  back  by  C;  fee  &c. ;  sc^ 
that  in  this  case  all  the  bodies  will  move  backward 

m 

except  the  last,  and  that  will  move  forwards  in  th^ 
direction  of  A's  origmal  motion^  but  with  ^ 
velocity  much  less  than  that  of  A. 


(a)  The  greatest  velocity  which  can  be  generated  by  the  pr< 
pagation  of  motion  through  a  row  of  perfectly  elastic  bodies,  w 
be  when  those  bodies  are  in  geometric  progression.     For  AnT^ 
take  three  bodies  A,  x,  C,  then  (by  Art.  4.)  Vy  communicate^ 

from  A  to  X=-z — - ;  and  when  the  body  X  impinges  «pon  ^ 
9    A-\-  X 

at  rest  wimV5r=*- — -,  then  the  velocity  communicated  to  C^ 

Am.  *?*  Jt 

(2X       1Aa      \       AAaX 
x+c* "Z+x^JiTxTjm'  whtcfa  latler <*u"nt,t3r * 

..  .  A  +  X  x  X  +  C  •_?    _        i 

to  be   a    maximum  :    /    ■       -,  A   v  ■  T —  =  a  mtmmon,  and 

AAaX 
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EXAM.  i. 

A  and  B  are  two  perfectly  elastic  bodies;  A 
weighing  6lbs,  and  mpving  with  a  velocity  of  7  fret 
in  a  second,  impinges  upon  B  'weighing  5  lbs,  and 
moving  (in  the  same  direction)  with  a  velocity  of 
4  feet  in  a  second;  JVhxU  are  the  velocities  of  A  and  B 
after  impact  f 

/.F'ofA after  impact  =  (by  Art.  1  •) 
A-B.a  +  lBb     7+40        .  r   ^ 

a+b     --Tr^**1 

per  Second.    F*  of  B  after  impact 

B  —  A.h  +  lAa      -4  +  84     _  s  c    «.    •        *      j 
= 4+B =  — j-j —  =7^ttzt  per  second. 

Hence  A  and  B  move  after  impact  in  the  same 
direction  as  they  did  before  impact,  A  having  lost 

a  velocity  of  2  ~  feet  per  second,  and  B  having 
gained  a  velocity  of  3  —  feet  per  second. 

EXAM. 


+jfc*0>  or  X*=A(}9  :.  X=*  V  AC.  The  velocity  communicated 
from  A,  through  B  to  C,  will  therefore  be  greatest  when  B  is  a 
man  proportional  between  A  and  C ;  for  the  same  reason  the 
velocity  communicated  from  B  through  C  to  D  will  be  greatest 
when  C  \9  a  mean  proportional  between  B  and  D ;  &c.  &c.  The 
whole  velocity  therefore  communicated  from  A,  through  B,  C,  D, 
&c.  to  X,  will  be  greatest  when  all  the  bodies  A,  B,  C,  D,  £rc. 
are  in  geometric  progression. 

z 
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EXAM.  2. 


A:B:: 


:  3  :  5  ;  A  and  B  move  in  opposite  di- 
rections with  velocities  as  4:7;  What  are  the 
direction*  and  velocities  of  A  and  B  a  ter  impact  ? 

■•■  F*  of  A  after  impact  =  (by  Art.  2) 
A~  B.a-lBb  __  -8-70_ 
A  +  B 


Here  A= 


B 

0  =  4 

b  =  7 


-n 


V'  of  B  after  impact 


A-R.b+lAa 
A+B 


-14  +  24 


=  1  \.     Hence  A  and  B  are  reflected 

back  by  impact  (for  1  \  being  positive,  B  moves  after 
impact-  in  As  original  direction)  with  velocities 
which  are  to  each  other  as  g  |  :  1  £,  or  as  39  :  5. 

EXAM.  3. 

To  determine   the  ratio  of  two  perfectly 
balls  A  and  B,  so  that  A,  moving,  with  a  vet 
5  feet  in  \",  and  striking  upon  B  at  rest,  shall, 
impact,  have  a  velocity  which  is  to  the  velocity  of 
B:\1.5.  (.,. 

Here  a=5;  and  (by  Art.4.)  when  A  imping 
upon  B  at  rest,  As  velocity  afier  impact  =  —  ~    jr 

and    B"s   velocity   after    impact  =  -3 — ■ 

A-B.5a     2Aax5       „      t  1 

-ATB-lATB::2i5>OT^ 
3:5,  .\5A~5B=4A,  or  A=5B,  .:A:Bii5 
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EXAM.  4. 

A  and  I?  move  in  opposite  directions;  A=5B> 
and  b  =  3a ;  How  do  the  bodies  A  and  B  move  after 
impact  ? 

By  Art.  2.  A  $  velocity  after  impact  I  =   ~~    'a3 —   | 

4J?a-6B«        ,        _        ,    \         *+?•     / 
= j^-p =—  la.    Jfs    velocity    ajter    impact 

/    A-B.b  +  2Aa\      ABb+A±Bb     u,    „ 

I  = j  ,  r>  ■ I  = :L__  =  — #.  Hence 

V  ^  +  ^        J  6B  9 

A  and  B  are  reflected  back  again  with  id  and  ~ths 
of  their  respective  velocities  before  impact. 

EXAM.  5. 

Let  there  be  a  row  of  bodies  in  geometric  progression 
placed  contiguous  to  each  other,  whose  respective 
magnitudes  are  expressed  by  A,  rA,  r*A,  r*A,  &c.  .  . 
t*~lA  (where  n=*the  number  of  bodies) ;  and  let  the 
first  body  impinge  upon  the  .second  with  the  velocity 
(a)  ;*  It  is  required  to  find  the  velocity  of  the  last 
body,  when  the  motion,  thus  communicated,  has  been 
propagated  through  all  the  intermediate  bodies. 

By  Art.  4,  when  A  impinges  upon  B  at  rest,  the 

lAa 
velocity  communicated  to  B  is  -^ — ^  ;    in   thfe 

present  instance,  therefore,  the  velocity  communi- 
cated to  the  second   ball  (rA)  will  be  '.        .= 

la 

■     ■  <»  • 
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A:  H 


\ 


#   *tfl35. 


*  Triccity,  communi- 


IrA  2afi) 

rectiov*  -   — ; —z  x  7-—= 

,.  *A+rA      1  +  r 

Here  *  >  -runner,  it  appears 

%  tjl\  will  be  =^1,or 

1+rT 


<xj>7 


::  a  :  1-^—1  I 


/v  t   bodies  be  in  a  geometric 

ii  ^      utnon  ratio  is  r,  the  correspond- 

x     11  a  geometric  progression 

,  -3- .  The  former  of  these 

lurtover  be  an  increasing  or  a 

,4   the  /aMer  a  decreasing  or  an 

^•uiling  as  r  is  greater  or  few  than 

,u>  with  what  was  shewn  in  Art.  9* 


=  p  ;  then  if  the  series  of  bodies 

%%     A  r^,  r*A,  &c.  .  .  .  r—1^,  the 
.h%<:!«v  will  be  represented  by  a>  pfl, 


«.*> 


v%.  .*  S  after  impact  = 


•^   .Wa  x  its  velocity        , .  ,    .  . 

^  .     f  ,. *-,  which  is  a  general  ex- 

,    1*'  itHiies 

u^  vho  velocity  of  the  bodies  in  succession. 
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fa,  &c.  .  .  fT~la.    Let  0=  — ,  then  f*  =  — -=  . 

) 


::  r*-**  :  l. '  Call  the  last  body  T,  then  (since 
T**r~~xA)  A  .  T  ::  1  :  r»" l,  ,\  r"-^1  :  J  :: 
Tm\Am\  hence  V*  of  first  body  :  V  of  last  body 
::  T"  :  A*. 

Cor.  3.  Let  the  difference  between  any  two 
successive  bodies  be  very  small,  i.  e.  let  r=  1  ±#> 
where  x  is  an  indefinitely  small  quantity;    then  f 

(^!Tr-)  =  db=TTF  but '  i8  «toe^ 

t  J- .  -J_=  ] 

V'"l+fi     T+^l'^ltmar  +  m.— V±«cc. 

^(rejectingx*,^5,  &c.(a))  — —  ;    hence  m  =  £;    in 

this  case,  therefore,   the  velocity  of  the  first  body 
:  Vy  of  the  last  ::  (Tm  :  ^"  -.OV^-  \/^- 

EXAM.  6. 

j£e*  *Ae  £od*e$  bear  the  same  relation  to  each  other 

as  in  the  last  example ;  It  is  required  to  find  the 

«  number  of  intermediate  balls,  that  the  velocity  of  the 

last  ball  may  be  increased  to  m  times  that  of  the  first 

ball. 

Let 

(■)  See  Alg.  Sect.  LV.  on  the  approximation  of  ratios. 
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Let  p  =  the  number  of  intermediate  balls,  then 

n=/>  +  2,  .\  n  —  1  =/>  +.1  ;  now  velocity  of  /as*  bail 

T"la       .    2p+1a  ,  2P+Ia 

=  ==._!=— ^pH  :  hence  ==^+1  =  »a,    or 

2'*1  2  ' 

Y^p7==m,  .\  />+ 1  -log."^:  =log.  m;  from  whic^* 

log.  771  t 

"~^ IT"  J  ^  log-  **        ^~- 

we  have  6+1  =  1^     2    >  and/>  =  - —        y — ^^^ 

g,TT7  log,  2- log.  1  +      r 

-1. 


XXL 

O/i  Me  direct  Impact  of  imperfectly  Elasticz^Z 

Bodies. 

1 .  When  imperfectly  elastic  bodies  impinge  upoi 
each  other,  the  same  effect:  is  produced  during  the  ac*~ 
of  compression  as  if  the  bodies  were  perfectly  elastic 
but  in  the  act  of  restitution  the  velocity  lost  by 
or  gained  by  B  is  not  equal  to  the  velocity  lost  oi 
gained  during  the  act  of  compression,  but  is  dimi — 
nished  in  the  ratio  of  m  :  1  (if  m  :  1  represents  the^ 
ratio  of  imperfect  :  perfect  elasticity).     The  velocity" 
lost  by  A  therefore,  during  the  act  of  compression, 

is       '     B  ;   during  the    act    of   restitution    it    is 

mB.a  —  b      ,  .         ,    . 

j     g~  ;    hence,   upon  the  whole,  the  velocity 

lost 


i 
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lost  by  A=> — *  *  n ,  and,  for  the  same  reason, 

the  V*  gained  by  B  =    -^ — jr— - (t)  • 


2,  The  velocity  of  A  after  impact^  a— -^ — ~ 

A—mB.a+\+m.Bb       rru 
=» -js — jg .     1  he  velocity  of  B  after 

j  ,  \+m.A  a—b      B  —  mA.b+\  +m.Aa 

mpact=b+——rs —        JTB . 

[f  A=0,  or  B  rests  before  impact,  then  A's  V*  after 

A  —  inB.a  .    _„     y_       _       . 

impact  =  — -^ — o —  ^   and  55   r     after  impact  = 

— A   '        .     IfA—mB=0    (or    As=mB)    then 

— -j — j^—  =  0  ;  i.  e.  if  ^  be  eyua/  to  mB,  and  im- 
pinges upon  B  at  rest9  then  A  rests  after  impact, 

and  B  moves  forward  with  a  velocity = =r — t>— 

J        mB  +  B 

=  roa. 

3.  Let  *,  /3  represent  A*s  and  ffs  velocity  after 

impact, 


(*)  To  prevent  a  confusion  of  signs,  we  shall,  through  all  the 
Articles  of  this  Section,  suppose  the  bodies  to  be  moving  in  the 
same  direction  j  as  the  expressions  thus  deduced  are  always  con- 
vertible, into  such  as  apply  to  them  when  moving  in  opposite 
(Erections,  merely  by  making  the  sign  of  (b)  negative. 
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impact,  then      «  =  a ■,     -^ (X) 

"=*  +       A+B         W' 
Subtract  (X)  from  (¥)',  then 


,            l+m.A  +  B.a  —  b 
?-*'*>-*+ j^TB 


=  6-a+l+w.a-i   =  m.a  —  b. 
Hence  the  relative  velocity  before  impact  (a- b) : 

relative  velocity  a/ier  impact  in  an  opposite  direction 
(£— «)  ::  a— 6  :  m*a~b  ::  I  :  m  ::  perfect  :ifBr 
perfect  elasticity. 

4.  The  sum  of  the  products  arising  from  multi- 
plying each  body  into  the  square  of  its  velocity 
before  impact,  is  greater  than  the  sum  of  the  pro- 
ducts arising  from  multiplying  each  body  into  the 
square  of  its  velocity  after  impact. 

For  ^a  +  £6  =  ^a  +  £/3(^)byArt.8,p.l<56;  let 
m •  =  l  —  n,  then,  by  last  Art. 

/3-a=|—  n.a     b-=a  —  b  —  n.a  —  b  {Y)\ 
.*.  from  equation 

(JT)  A.a^^B.J^b 


(F)        a  +  «=     /3-hA  +  n.a-A, 
and  by  multiplication, 

Aa*-A**  =  BP*-Bb*+nB.^bJ^b, 
or  Aa^Bb^Aa^Bfi^nB.a^.fi^b. 
If  the  bodies  move  in  the  same  direction,  a  and  /j  are 

each  of  them  greater  than  h ;  and  if  they  move  in 

opposite 
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opposite  directions,  b  itself  is  negative  ;  the  quantity 
nB\a~*6.p-+b  is  therefore  always  positive,  conse- 
<juently  Act  +  £6*  is  greater  than  A**  +  B&*. 

5.  Let  there  be  a  row  of  imperfectly  elastic  bodies, 

A    A  A  •  ' 

A,  — ,_,  &c.  .  .  .  ■  x^-,  in  a  geometrical  pro- 
gression, whose  common  ratio  is  —  (where  n  =»  the 

number  of  bodies,  and  1  :  m  expresses  the  ratio  of 
perfect  to  imperfect  elasticity),  placed  contiguous  to 
each  other ;  and  let  the  first  body  A  impinge  upon 
the  second  with  the  velocity  =  a;  then  all  the  inter- 
mediate  bodies  will  remain  at  rest  after  impact,  and 
the  last  body  will  move  off  with  a  velocity  =  m""!a. 
For  let  the  intermediate  bodies  be  B,  C,  2),  &c. 

then — =JB,  .\  A=mB ;  — -=C,   ,\ —  =  mC,  i.e. 
.  m  mm 

B=*mC;  &c,  &c. ;  but  by  Art.  2.  when  A=mB, 

and  A  impinges  upon  B  at  rest  with  velocity  (a), 

A  rests  after  impact,  and  B  moves  forward  with  a 

velocity  (ma)9  which  call  (b)  ;  for  the  same  reason, 

upce  B=*mC,   and  B   impinges  upon   C  at  rest 

frith  velocity  (6  =  ma),  B  will  rest  after  impact,  and 

C  move  forward  with  a  velocity  (  =  wii  =  7»!o);  and 

to  on.     When  the  motion  therefore  has  been  thus 

propagated  through  the  whole  row   of  bodies,  all 

he  intermediate  bodies,  will  remain  at  rest,  and  the 

body  will  move  forward  with  a  velocity  =  m*~{a. 

2A  6.  If 
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6.  If  there  be  a  row  of  elastic  bodies,  A,  rA>  i*A% 
&c.  .  .  r*~lA,  whose  degree  of  elasticity  and  mode  of 
acting  upon  each  other  is  the  same  as  before,  then  the 
bodies  will  all  move  after  impact,  (unless  r==-~)  and  the 
velocities  with  which  they  impinge  upon  each  other 
will  be  represented  »by  a,  pa,  p*a,  &c.  .  .  ?*~la,  where 

p  = .     For  when  A  impinges  upon  rA  at  rest, 

the  velocity  communicated  =  (by  Art.  2.)  —j — —.- 

-  (b)  ;  for  the  same  reason,  velocity  com- 


1  +r 

l.+  m     .      1  +  m)* 


«  xfl» 


municated  to  third  body  =  - x  b  =  .=J 

&c.  &c.  so  that  the  velocity  communicated  to  the 


/^body=1+m 


1  +  r 


»— i 
x  a. 


7.  Letr=m,then  p= =1;     ,\  p  and  all  Us 

1  +r 

powers  =  1 ;  i.e.  when  the  common  ratio  by  which  the 
bodies  decrease  is  the  same  fraction  as  that  which 
expresses  the  degree  of  elasticity,  the  velocity  com- 
municated in  each  case  will  be  that  with  which  the 
Jirst  body  struck  the  second,  and  with  this  velocity 
will  the  last  body  move  off.  So  that  in  this  case 
the  same  effect  is  produced  upon  the  last  body  as 
when  a  row  of  equal  perfectly  elastic  bodies  are 
placed  contiguous   to  each  other;    but   the   other 

bodies  do  not  remain  at  rest  after  impact. 

8.  Since 
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'        0.         ,      a  ,  ^                 1 -hw.fi. a  —  b 
8.  Since,  by  Art.  3,  *  =  a *     * ,    we 

u        1  +  m.B.a-b  ,  ,  A+B.a-* 

*■     ■      — — 

and  m  = * *  —  l ;  hence,  if  the  magnitudes 

B.a  —  b 

and  velocities  of  the  bodies  before  impact  be  given, 
as  also  the  velocity  of  A  after  impact,  the  ratio  of 
perfect  to  imperfect  elasticity  may  be  determined. 
It  is  evident,  that  it  might  also  be  determined  from 
the  equation  expressing  the  velocity  of  B  after 
impact. 

EXAM.  J . 
Let  A=*49  5=2,  <i  =  3,   £  =  1,     and  perfect  : 
imperfect  elasticity  : :  1  :  \ ;    It  is  required  to  find 
the  velocities  of  A  and  B  after  impact,  when  the  bodies 
move  before  impact  in  the  same  direction. 

'  The  velocity  of  A  after  impact  (=a *  '  w J 

-  x  2  x  2 
=  3-3  =  3-1  =  2.     The  velocity  of  B  after 

6 


s 


;_*w,~*    /      /.  ,  1  +  m.A.a  —  b\      ,      :x4x2 
impact  (  =  a  + • — ^ — — \=i  +  s 

V  A+B        /  g 

1  +  2=3. 

EXAM.  2. 
A  (  =  5  /fa.)  impinges  upon  B  (  =  3  /fa.)  of  m*  ,- 
B  mot/ei  forward  after  impact  with  -ths  the  velocity 
of  A  before  impact ;   What  is  the  ratio  of  perfect  to 
imperfect  elasticity  in  these  bodies  ? 

By 
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By  Art.  J,  ffs  velocity  after  impact  =  <-~~j~^ 


.\  in  the  present  instance —  ^— ^  or  5m 4* 

8  8 

-  • 

5*?7>  and  5m~2;  hence  m  =*?    and  perfect  :  m- 
perfect  elaaticity  ::  1  :  |  ::  5  :  2. 

EXAM.  3. 

A  set  of  b  balls j  imperfectly  elastic,  and  in  a  geo- 
metrical progression  whose  common  ratio  is  2,  are 
placed  contiguous  to  each  other;  the  force  of  elasticity 
is  to  the  force  of  compression  : :  3  :  2.  Compare 
the  velocity  with  which  the  first  ball  impinges  upon 
the  second,  with  the  velocity  communicated  to  tk* 
last. 

Since  perfect  :  imperfect  elasticity  ::  3  :  2  ::  1  :  j; 

a 

by  referring  to  Art.  6,  we  have  ma^  r**2,  n«5;" 
.\  Vy  of  first   ball  :   velocity    of    last   ball    (::a: 


1  +m 
1  +r 


'  9 


::  1  :  ~   ~     ::  0501  :  025. 


EXAM.  4. 

.B  w  double  of  A ;  A's  velocity  before  impact  :  IT* 
V*  : :  3  ;  %  \  they  move  in  the  same  direction,  and  by 

the  act  qf  collision  A  loses  \thsqf  its  velocity  ;  What 
is  the  ratio  of  perfect  to  imperfect  elasticity  f 

Here 


.     • 
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3 

feet  :  imperfect  elasticity : :  1  :  -  ::  5  :  4. 


XXII. 

QUESTIONS  for  PRACTICE, 

.  A  and  B  are  two  perfectly  hard  bodies  meeting 
opposite  directions ;  A  is  double  of  B,  but  moves 
ti  a  velocity  (a),  which  is  only  rds  the  velocity 
B ;  What  is  the  common  velocity  after  impact  ? 

Answer  .  .  .  Com.Vy  =  |th  a. 

» 
;.  A  :  B  ::  3  :  2,   and  the  velocity  of  ^f  (a)  : 
Hcity  of  B  ::  5  :  4;  they  are  perfectly  hard  bodies, 
move  before  impact  in  the  fame  direction  ; 
iat  is  the  velocity  lost  by  A,  and  gained  by  B  f  * 

Ans.     V*     lost  by^=— , 
and  Vy  gained  by  JB=  — . 

L  A  and  JB  are  two  perfectly  hard  bodies  moving 

opposite  directions,  with   velocities  as  7  ••  5 ;  by 

act  of  collision  A  loses  £th  of  its  momentum ; 

bat  is  the  ratio  of  A  :  B? 

Ans.     A  :  B  ::  41  :  7- 

4.  y/ 
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4.  A  and  B  are  perfectly  hard,  and  inthenti? 
of  6  :  5 ;  2J  is  moving  in  the  *otu?  direction  iw  ^, 
with  a  velocity  of  7  feet  in  a  second ;  by,  the  act  of 
collision,  J9's  velocity  is  doubled;  What  was  Jt% 
velocity  before  impact  ? 

Ans.     19 -feet  in  l''. 

5.  A  and  B  are  perfectly  elastic^  and  in  the  ratio 
of  4  :  3 ;  they  are  .  moving  in  the  sams  direction 
with  velocities  as  5  :  4  ;  What  is  the  ratio  of  tbe 
velocities  of  A  and  B  after,  impact  ? 

Ans.    V*of  A:  VofB.i  30:80. 


6.  A  and  jB  are  perfectly  elastic;  they  are  moving 
in  opposite  directions ;  A  is  treble  of  B9  but  B's 
velocity  is  double  that  of  A;  How  do  these  bodies 
move  after  impact  ? 

An  s .     A  and  B  are  reflected  back  again  with  §  and 
jths  of  their  respective  velocities  before  impact 

7.  There  is  a  row  of  6  perfectly  clastic  bodies  in 
a  decreasing  geometric  progression  (whose  common 

ratio  is  ~)  placed  contiguous  to  each  other ;  the  first 

body  impinges  upon  the  second  with  a  velocity  of 
one  foot  per  second ;  With  what  velocity  will  the 
last  body  move  qfff 

Ans.     With  a  velocity  of  7*1  feet  in  l". 


8.  There  is  a  row  of  perfectly  elastic  bodies  in  an 

increasing 
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increasing  geometric  progression  whose  common 
ratio  is  3  ;  a  motion  is  propagated  through  them 
in  the  same  manner  as  in  last  Example,  and  the  last 

body  moves  off  with  ~th  the  velocity  of  the  first 

body  ;   What  was  the  number  of  bodies? 

Ans.     7. 

9.  A=lB;  A*s  velocity  (a)  :  Bxs  velocity  (b) 
: :  3  :  2  ;  and  perfect  :  imperfect  elasticity  : :  4  :%  3 ; 
they  impinge  upon  each  other,  tnoving  iyi  the  same 
direction  ;  What  are  their  respective  velocities  after 
impact  ? 

Ans.  A*s  velocity  after  impact  =  — ^- ;  B's= — -. 

10.  A=3B,  and  impinges  upon  B  at  rest  with 
a  velocity  (  =  a);  A*s  velocity  after  impact  is  -ths 
of  its  velocity  before  impact ;  What  is  the  ratio  of 
perfect  :  imperfect  elasticity  ? 

Ans.     Perfect  :  imperfect  elasticity  ::  5  :  3. 

11.  Five  imperfectly  elastic  balls  (in  which  the 
force  of  compression  :  force  of  restitution  ::  6  :  5) 
are  placed  contiguous  to  each  other  ;  these  balls  are  . 
in  a  geometrical  progression,  whose  common  ratio 
is  £  ;  the  first  ball  impinges  upon  the  second  with 
a  velocity  of  3  feet  in  l";  It  is  required  to  shew 
with  what  velocity  the  last  body  moves  off. 

Ans.     With  a  velocity  of  6 .69  feet  in  l". 

XXIII. 
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XXIII. 

On  the  oblique  Impact  of  Hard  and  Elastic 
Bodies. 

Hitherto  we  have  considered  the  bodies  as 
pinging  upon  each  other  in  the  straight  line  wi 
joins  their  respective  centers  of  gravity ;  we  are  t 
to  estimate  the  effects  produced  by  impact  wl 
the  directions  in  which  the  bodies  move  are  incli 
in  some  given  angle  to  each  other. 

1.  Let  A  and  B  be  two  bodies  moving  uniform!) 
in  the  directions  PA,  QB,  and  let  their  motions 
so  adjusted,   that  PA,  QB  c 

shall  be  described  in  the 
same  time  ;  then  (since 
V<x.S,  when  T  is  given) 
PA,  QB  will  represent 
their  velocities.  Let  LM 
be  the  plane  which  touches 
both  the  bodies  at  their 
point    of  contact",    and 

join  their  centers,  A,  B;  then  AB  will  be  at  right 

angles 


X 


(•)  If  the  radii  of  these  sphctical  bodies,  together  with  ibeu 
velocities  and  directions,  be  given,  [he  position  of  this  plane  m 
be  thus  determined  geometrically.  Let  the  directions  of  the  bodi 
meet  in  E-,  and  let  their  velocities  be  such,  that  whilst  A  would 
describe  AE,  B  would  describe  BF;  and  .*.  V*  of  A  :  V  of  B 
I :  AE  :  BF.     Complete  the  parallelogram  ABHE,  and  join  HF 
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angles  to  LM.  Produce  AB  both  ways  to  C  and 
D,  and  from  P,  Q  let  fall  Pp,  Qq  perpendicular  to 
CD;  through  A,  B  draw  EN,  Fn  parallel  to  them, 
and  consequently  parallel  to  LM.  PA,  QB,  which 
present  the  respective  velocities  of  A  and  B,  may 
be  considered  as  resolved  into  two  others,  Pp,  pA, 
and  Qq,  qB  (Art.  7.  page  5 1);  of  which  Pp,  Qq, 
being  parallel  to  LM,  are  not  affected  by  the  oolr 
lision  of  the  bodies  ;  if  therefore  AN,  Bn  be  taken 
respectively  equal  to  Pp,  Qq,  they  will  represent 
the  velocities  of  the  bodies  in  those  direction  after 
impact.  The  velocities  of  the  bodies  after  ifyipact, 
in  the  direction  CD  must  be  determined  (according 

to 


Wkh  center  E  and  radius =j*C4-  BD  describe  a  circular  arccttUing 

BF  in  G;  join  EG,  and  draw  Git  parallel  to  HB  or  £A,  acid 

complete  the  paralle- 

logram  EGKN.    By 

sto.  A*  BH  (or  AE) 

:  BF  ::  KG    (or 

NE)  :  KF;    skice 

therefore  NE  :  KF 

-AE-.  BF::  Vy  of 

A  :  V*  of  £,  JV£  and 

KF  are   9paces   de' 

scribed  in  the  same 

time,  and,  consequently,  when  A  arrives  at  N,  B  will  arrive  at  K  j 

tot  NK=zEG=:AC+BD,  .\  ^/T  is  the  line  which  joins  th«ir 

centers  at  that  time.     Hence  NK  passes  through  the  point  of 

contact  of  the  two  bodies;  and  if  NO  be  taken  equal  to  AC*  and, 

through  0,  LM  be  drawn  at  right  angles  to  NK,  it  will  give  th« 

position  of  a  plane  touching  both  the  bodies  at  that  point. 

2b 
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to  the  circumstances  under  which  the  collision  takes 
place)  by  the  rules  laid  down  in  the  preceding 
sections. 

2.. For  the  convenience  of  calculation,  suppose  the 
bodies  to  be  so  small,  that  the  lines  EAN,  FBn 
(Fig.  in  p.  184)  maybe  considered  as  coinciding  with 
LM,  and  the  bodies 
themselves  as  con- 
centrated in  the  point 
0.  In  the  first  in 
stance,  let  the  bodies 
be  perfectly  hard, 
and  let  PO  (which 
represents  the  velo- 
city of  A  before  im- 
pact)=a;  QO  (which 
represents  the  velocity  of  B  before  impact)  =  £; 
jLPOC  =*;  Z-Q0D=/3;  then,  by  the  rules  of 
Trigonometry,  (if  rad.  =  l)  Pp  =  a  x  sin.  «;  p0= 
axcos.a;  Qq=bxs'm.  fi\  qO=bxcos.  ft.  NowjbOand 
qO  represent  the  velocities  with  which  the  bodies  A 
and  B  impinge  upon  each  other  in  opposite  direc- 
tions by  direct  impact,   .'.  (by  Art.  1.  Sect.  19.)  their 

,    .       A               ,      A  xpO  —  B  xqO 
common  velocity  after  impact  = z—* — 5 — 2 —  =* 

-s — jj- (X).      Hence  if  we 

take  OR=X*\  ON(  =  Pp)  =  ax  sin.*,  On  (=  Qq) 


(a)  In  this  case  we  estimate  the  velocity  in  As  direction,  ani 
consider  AxpO  as  greater  than  BxqO ;  if  AxpO be  less  tha* 
BxqO,  then  OR  would  lie  above  the  plane  LM. 
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ss  /;  x  sin.  fi,  and  complete  the  parallelograms 
ONSR,  Ons  R,  the  diagonals  OS,  0$  of  those 
parallelograms  will  represent  th£  directions  and 
velocities  of  the  bodies  A  and  B  after  impact. 

3.  If  the  bodies  are  perfectly  elastic,  then  (by 
Art.  2.  Sect.  XX.)  the  velocity  of  A  after  impact,  in 

direction   CZ)= — — — *\,  ~  — ^-2 — .    and   the 

A  +  B  9 

velocity    of  B    after    impact   in   that   direction  = 

C 


— : '  i     **> —  .    Take  therefore,  as  before, 

OJV=  a  x  sin.  a,    0n  =  b  x  sin.  /3  ;    but  (since  the 
bodies  in  this  case  have  separate  velocities  \n  direction 


CD)  take  OR= 


A—B.a  xcos.a  —  22?  x  6xcos./3 


-*^»« 


and    Or  = 


A—B .  £  x  cos.  &  +  2^tf  x  a  x  cos.  * 


A  +  B 

complete  the  parallelograms  ORSN,  Orsn,  and 
the  diagonals  OS,  Os  will  represent  the  directions 
and  velocities  of  yf  and  B  after  impact.     In  the 

«apie 
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same  manner  we  should  proceed  if  the  bodies  were 
imperfectly  elastic,  applying  the  e  pressions  deduced 
in  Art.  2.  Sect.  XXL  instead  of  those  just  now 
made  use  of. 

We  shall  conclude  this  Lecture  with  a  few  ob- 
servations upon   the  impact  of  bodies  upon  per- 
fectly  hard  planes. 

XXIV. 

On  the  Impact  of  Hard  and  Elastic  Bodies 
upon  perfectly  Hard  and  Immoveable 
Planes. 

1 .  If  a  perfectly  hard  body  {A)  impinges  upon 
a  perfectly  hard  plane  (PN)9  in  a  line  perpendicular 
to  the  surface  of  the  plane,  then  it  is  evident,  that 
its  whole  motion  will  be  destroyed  by  impact,  and 
the  body  will  remain  at  rest*    But  if,  moving  with  a 
uniform  velocity,  it  impinges  upon  the  plane  in  the 
direction  AL  obliquely  to  its  surface,  then   resolve 
AL   into  two  AC,         A 
CL,  of  which  AC 
represents  th#t  part 
of  the  momentum 

of  the  body  which  is  \^  *  ^ 

perpendicular  to  PN,   PC  h 

and  CL  that  which   is  parallel  to  it;  the  motion 
represented  by  AC  will  be  destroyed  by  impact,, 
and  the  body  after  impact  will  proceed  along  the 
plane  in  direction   LN,  with  a  momentum  pro- 
portional to  CL;    or,  since   the  velocities  before 

and 
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and  after  impact  may  also  be  represented  by  the 
lines  AL9  CL,  we  have  Vy  of  A  before  impact ;  W 
qfier  impact  ::  AL  :  CL  ::  radius :  Cosine  of  JL 
ALC ;  and  to  find  the  velocity  lost  by  impact,  we 
have  V*  of  A  before  impacts  the  difference  of  the 
velocities  before  and  after  impact  (i.e.  V7  lost) 
: :  A  L  :  AL—  CL  : :  radius :  radius  —  Cos.  L.  ALC 
: :  radius  :  versed  sine  of  the  JL  of  inclination  ALC. 


2.  If  a  perfectly  elastic  body  impinges  perpen- 
dicularly upon  a  perfectly  hard  plane,  then,  since  the 
force  of  restitution  is  equal,  to  the  force  of  compression, 
it  will  ascend  from  the  plane  with  the  same  velocity 
as  that  with  which  it  impinged  upon  it.  But  if, 
moving  uniformly,  it  impinges  upon  the  plane  in 
the  oblique  direction  AL,  then  resolve  AL  into  two 
AC,  CL,  of  which  A  a 

the  perpendicular 
part  AC  will  not 
be  destroyed  as  in  the 
former  instance,  but 
will  represent  the  ve-    V    C  L  c      N. 

locity  whh  which  the  body  ascends  from  the  plane;  and 
CL  will  represent  the  velocity  which  it  has  in  direction 
of  the  plane,  the  same  as  before.  Take  therefore  Lc 
*LC,  and  from  c  draw  ca  at  right  angles  to  Lc  and 
tqual  to  CA,  and  join  La ;  then  La  will  represent  the 
siirection  and  velocity  of  the  body  after  impact.  But 
since  Lc,  ca  are  equal  to  L  C,  CA,  and  the  angles 
Lea,  LCA  are  right  angles,  X a  will  be  equal  to 
LA  and  the  angle  aLcio  the  angle  ALC;  hence 

the 
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the  body  will  move  after  impact  with  the  same  ve- 
locity which  it  had  before  impact,  and  in  a  directum 
making  the  angle  of  reflection  aLc  equal  to  the 
angle  of  incidence  AL  C. 

3.  If  the  body  be  imperfectly  elastic,  then  the 
velocity  with  which  it  begins  to  ascend  from  the 
plane  will  be  diminished  in  the  ratio  of  perfect :  im- 
perfect elasticity  ::  1  :  m.  Take  therefore  cb  :ca:: 
m  :  1,  and  join  Lb;  then  Lb  will  represent  the 
direction  and  velocity  of  the  body  after  impact. 
Let  AL*=a,  JLALC  or  aZc  =  «,  rad.=  l,  then 
A  Cor  acc=ax  sin.  a,  and  LC  or  Z,c  =  a*  cos.  «; 
now  ac  (a  x  sin. a)  :  be  ::  1  :  m,  .\  be  — ma  x  sin.*; 

hence*  Lb%  (=  Lc*  +  cb%)  =  a*  x  cosT*]9  +  i»Vx 
sin.  «]2,  and  V£  £e/bre  impact :  V*  after  impact 
(: :  AL  :  ££)  : :  a  :  av  cos.  *f  +  m*  x  sin.  *|*  : :  1  : 
\/cos.  *|*  +  m2xsin.  a]2. 

4.  The  foregoing  observations  apply  to  bodies 
moving  uniformly  before  and  after  impact ;  suppose 
now  an  elastic  body  to  fall  by  the  force  of  gravity 
from  any  point  above  a  perfectly  hard  plane-;  then, 
if  it  be  perfectly  elastic,  it  is  evident,  that  it  would 
rise  after  impact  to  the  point  from  which  it  fell,  to 
acquire  the  velocity  with  which  it  impinged  upen 
the  plane,  and  afterwards  descend  again ;  having 
acquired  the  same  velocity  a  second  time,  it  will 
ascend  to  the  same  height  again  after  impact,  and  so 
it  would  continue  to  move  on  ad  infinitum.     But 

if 
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f  it  be  imperfectly  elastic,  then  its  velocity  (and  con- 
sequently the  height  to  which  it  ascends)  would  be 
Unfinished  after  each  successive  impulse  upon  the 
Jane,  and  at  the  end  of  a  certain  time  its  motion 
vould  cease.  In  this  latter  case  it  will  not  be  difficult 
o  find  the  space  described  from  the  beginning  to 
he  end  of  the  motion.  For  let  (a)  be  the  space 
hrough  which  the  body  falls  in  the  first  instance, 
md  1  :  m  the  ratio  of  perfect :  imperfect  elasticity, 
hen,  since  the  velocity  is  diminished  at  each  succes- 
sive impulse,  in .  the  ratio  of  l  :  m>  the  space  de- 
scribed (which  varies  as  the  square  of  the  velocity) 
mil  be  diminished  in  the  ratio  .of  1  :  m* ;  i.  e.  if  the 
space  described  before  the  first  impulse  be  a,  the 
space  described  between  the  first  and  second  impulse 
wHl  be.  2m*  aP;  the  space  described  between  the  second 
and  third  impulse  2  m4  a ;  &c.  &c.  so  that  the  whole 
iptcc  described  before  the  motion  ceases  will  be 

«+2m*a  +  2m4a  +  &c.  =  a  +  2m%a  x  l+m*  +  fl*4+&c. 
2m*a&     1+m* 

5.  Let  j=l&j~  feet,  then  (Art.  1.  page  33)   the 

time 

(•)  For  tkf  space  ascended  through  after  the  first  impulse  is 
*fa  i  bat  the  body  will  evidently  descend  through  the  same  space 
before  the  second  impulse ;  .*.  the  space  described  between  the 
first  and  second  impulse=m%a+m*a=2m9a ;  and  30  of  the  rest 

(*)  For  l+w»a+w»4+&c.  is  an  infinite  geometric  series  whose 

Irsi  term  is  1,  common  ratio  m*  (where  m  is  less  than  unity)  ',  its 

mm  therefore  is 

1— m 

2c 
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time  of  describing  a=\/ -;  of  m*a  = 

mV/ — ;  .\  the  time  up  and  down  m*a  =  2my  -; 

*S  3 

for  the  same  reason,  the  time  up  and  down  m4a= 

2*w,\/  — ;    hence    the   wfiole    time   of  the  body's 
s 

motion  =  y  —  +2ro\/~x  1  +wi  +  m*  +  &c.=V  7 


m 
x 


4-  2m\  ~  x  ^ =  1  +  1 x  V  -  =  -: — 

v    $      1  —  m  1  —  m      Y    s      1  — 

EXAMPLE. 

A  body  [whose  elasticity   :  perfect  elasticity  ::  15 
:  l6,  /a//y  /ro«n  Me  Aei^  of  100  ^/ee*  ^bon  a  jber- 
fectly  hard  plane ;  it  is  required  to  find  the  whole 
space  (S)   described  by  the  body  before   its   motion 
ceases  ;  and  also  the  time  of  its  motion  (T). 
Herew  =  7|  1     .    c     1+m*  48100 

a=100  >  l~m  31 

s=l6^feetj  155l£feet, 

andT=L±^xV/f  « 
1  —  m  ^ 

31  x  2. 49  =  77. 19  seconds. 
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Lecture  VI. 

ON  THE  MOTION  OP  PROJECTILES. 

m 

From  Art.  9,  1 1 .  Sect.  VIII.  it  appears,  that 
if  a  body  be  projected  in  any  direction  not  perpen- 
dicular to  the  horizon,  it  will  describe  a  parabola, 
and  that  its  velocity  at  any  point  of  this  parabola 
will  be  such  as  a  heavy  body  would  acquire  in 
falling  down  \thpart  of  the  parameter  to  that  point. 
In  Art.  10,  of  the  same  Section,  we  shewed  the 
method  of  finding  the  dimensions  of  the  parabola 
thus  described;  we  now  proceed  to  the  more  gene- 
ral solution  of  this  problem,  as  applied  to  bodies 
projected  under  all  possible  circumstances,  both  with* 
respect  to  their  velocity  and  direction. 

XXV. 

On  the  method  of  investigating  the  dimensions 
of  the  Parabola  described  by  a  body  pro- 
jected, with  a  given  velocity,  at  different 
angles  vf  elevation. 

1 .  Let  P  be  the  point  from  which  the  body  is 
projected ;  draw  PB  parallel  and  PD  perpendicular 
to  the  horizon ;  take  PM  equal  to  the  space 
fallen  through  to  acquire  the  velocity  of  projection ; 

then 
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then  (by  Art.  II.  page  55)  PiWwill  be  \lh  part  of 
tke  parameter  of  the  parabola  at  the  point  P. 
Produce  MP  to  0,  make  PO=MO,  and  upon 
MO  describe  the  leniicircle  MS'O  ;  this  semicircle 


will  be  the  locus  of  the  foci,  S,  S',  $",  &e.  of  all  the. 
parabolas  PAQ,  PA'Cf,  PA"Q[\  &c.  which  can 
be  described  by  a  body  projected  (with  the  velocity 
acquired  in  falling  down  MP)  in  the  directions 
PT,  PT,  PT'f  &c.  Through  M  draw  m 
parallel 


(»)  For  take  theL'  TPS,  TPS',  T'PS",  &c.  equal  to  MPT, 
MPT,  MPT',  ke.  then  aooe  PS,  PS",  PS",  *c.  are  aU  equat 
to  Pfit  (i.e.  to  £th  the  parameter  to  the  point  P),  S,  S\  S",  *& 
will  be  the  foci  of  all  the  parabolas  PAQ.  PA"^,  Pjt(f,  kc 
passing  through  P,  having  the  same  diameter  (PO),  and  the  aa* 
parameter  (4PM) j  and  since  the  £.*  MPS,  MPS',  MPS',  *W. 
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riiel  to  PB,  and  (since  PM^PS^PS'bsPS", 
)  it  will  be  the  directrix;  through  S,  &9  S",  &a 
w  SL,  S'L\  g'U\  &c.  parallel  to  MO,  and 
«t  them  ii>  the  points  A,  A\  A">  &c.  then  will 
4\  A\  &c.  be  the  vertices,  and  ASN,  A%AS\ 
the  axes  of  all  these  Parabolas  (See  Con.  Sect. 
es  5,  10,  11.) 

.  Through  A  draw  ^f'/7  parallel  to  ME;  then, 
racing  the  motion  of  the  point  S  through  the 
icirde  MS'Q',  it  is  evident,  that  whilst,  the  arc 
is  less  than  £0°,  the  vertex  of  the  parabola  will 
ibove  the  line  CA',  and  that  when  it  is  greater 
l  90°,  it  will  be  below  that  line ;  when  that  arc 
.  MS')  =  900,  then  the  vertex  will  be  in  the  line 
;  so  that  the  locus  of  the  vertices  of  all  the 
bolas  PAQ,  PAQ,  PAQ',  &c.  will  lie  in  a 
e  extending  from  M  through  A  to  P,  and  this 
<e  will  be  found  to  be  an  ellipse  whose  minor- 
is  PMand  semi-major  axis  CA  (»  PM)  ft°. 

3.  Since 


oulle  of  the  L»  MPT,  MPT,  MPT',  &2.  whilst  the  latter 

hrough  all  degrees  of  magnitude  between  0  and  gcP,  the 

t  will  vary  through  all  degrees  of  magnitude  between 

180?  ;  .'.  all  the  points  S,  S'  S",  &c.  will  lie  in  a  semicircle; 

age  54,  and  its  notes/ where  PS  is  taken  equal  to  jpjf*  Jth 

irameter  to  the  point  P). 

I  By  the  property  of  the  parabola  4^  IrX^AfePi^ss  C»f; 
4L=Ln—An,  and  AN=zNn+An=sLn+An,  .\4AL 
V=4.Ln~AnxLn+An=4Ln*--4An%=(foTCA,=i2L*) 

CA% 
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3.  Since  the  lines  PQ,  PQ>,  PQ",  &c.  are  bisected 
by  the  axes  in  the  points  N,  £',  A"",  &c.  (and  .\  are 
equal  to  2PN,  IPS',  iPN",  &c.)  they  will  increase 
or  decrease  according  as  the  axis  of  the  parabola 
described  recedes  from  or  approaches  to  the  line 
MO ;  i.  e.  whilst  the  vertex  of  the  parabola  moyes 
from  M  to  A,  the  distance  at  which  the  projectile 
strikes  the  horizontal  line  PB  will  keep  continually 
increasing ;  and  whilst  the  vertex  moves  from  A 
to  P,  that  distance  will  keep  continually  decreasing; 
so  that  the  greatest  distance  at  which  the  body  can 
be  made  to  strike  the  line  PB  (with  the  velocity 
acquired  in  falling  down  MP)  will  be  when  the 
l^MPS'=QO°,  in  which  case  the  angle  of  elevation 
T'PS*(  =  %  MPS')  =45°,  and  PQ'=  2PS'=  2PJtf 
=  £  the  parameter. 

4.  Produce  PM  to  D  (Fig.  in  p.197),  make  MD= 
MP;  and  with  focus  P,  vertex  M,  and  directrix  DG, 
describe  the  parabola  MpB.  Produce  PS,  PS,  &c.  to 
meet  the  parabola  MpB  in  the  points  p,  P\  &a  then  by 
the  property  of  the  parabola  Pp^pm,  Pp'=p'm,  &c; 
but  since  PM=  MD,  and  PM=  PS,  PS',  &c.  MD 

=  Lm, 


CA'*-4An\  Hence  CA%—4An*=Cn\  or  CA'\-Cn*=:4An*, 
and  CA'*-Cn*  :  An2  '•:  4  :  1  j  but  since  CA'=PM=2CM,  we 
hare  CA*  i  CM*  i:  4  :  I,  .\  CA'*-Cn* :  An*  ::  CA,%  :  CAP i 
consequently  A  is  a  point  in  an  ellipse  whose  center  is  C,  and  CA, 
CM,  the  semi-major  and  semi-ntinor  a*es.  (See  Cor.  to  Prop.  7- of 
the  Ellipse.) 
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=  Zw»,  Lmy  &c.  we  have  Pp—PS*=pm  —  Lm,  Pp' 
-'PSmp'ri-L'M,  toe.;  i.e.pS=pL,  pS'=p'L't 
ice.  hence  p,  p,  &c.  are  also  points  in  the  parabolas 
P^Q,  PifQ,  &c.  Now  the  lines  which  bisect  the 
angles  Ppm,  Pp'm,  &c.  are  tangents  both  to  the 
parabola  MpB,  and  to  the  parabolas  P4Q, 
PjfQ',  &c.  in  the  points  p,  p',  &c. ;  the  parabola 
Mp  B  must  consequently  touch  the  parabolas 
PJ4Q,  PAQ\  &c.  in  those  points;  these  latter 
parabolas  will  therefore  all  lie  within  the  concavity  of 
the  parabola  MpB, 
as  they  evidently 
never  meet  it  again 
after  they  have 
passed  thro*  those 
points.  From 
hence  it  appears, 
.that  the  parabola 
MpB  limits  the 
distance  to  which 
a  body  could  be 
projected  from  p 
the  point  P  (with  the  velocity  acquired  in  falling 
down  MP)  at  different  angles  of  elevation  ;  and  it 
is  also  evident,  that  the  greatest  distance  at  which 
the  body  could  be  made  to  impinge  upon  the  lines 
PC,  PC',  &c.  drawn  in  different  directions  from  P, 
will  be  in  the  points  /»»/»',  &c.  where  that  parabola 
intersects  them. 


y n 


5.    Suppose    uow  PC    (Fig.  in  page  1Q8)    to 
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he  a  Ijne  drawn,  making  any  angle  with  PM: 
describe  (as  before)  the  semicircle  MSO  catting 
'  PC  in  ft  and  construct  the  limiting  parabola 
Map  cutting  PC  in  p,  then,  from  what  has 
just  been  shewn,  S"  will  be  the  foots  of  the 
parabola1*'  described  by  the  body  when  it  impinges 
upon  the  line  Teatest  possible  distant* 

Ppi  and  if  thi  bi&ectedin  T ,  PT'will 

be  a  tangent  t  >la  in  the  point  P,  and 


consequently  the  direction  in  which  the  body  must 
be  projected.  Take  any  point  Q  between  P  and  h 
and  draw  QG  parallel  to  PD ;  with  center  Q. 
and  radius  Qm,  describe  a  circular  arc  cutting  tb< 
semicircle  MSO  in  two  points  S,S',  equally  distant 

from 


{*)  To  i 
&a  Figure. 


i  confusion  of  lines,  ibis  pari  bob  is  omiiwd  <" 
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from  PC  w;  then  will  S'lS  be  the  foci  of  two  parabolas 
PAQy  PyfQ  (having  the  same  parameter  4PM9  and 
the  same  diameter  PQ)  which  will  pass  through  the 
point  Q.(c>  Bisect  the  angles  MPS,  MPS  by  the 
lines  PT,  PT,  and  they  will"  be  tangent's  to  the  pa- 
rabolas Pj4Q,  PA'Q;  if  therdbre  a  body  be  projected 
in  either  of  the  directions  PT,  PT  (with  the  velocity 
acquired  in  falling  down  MP)y  it  will  impinge  upon 
the  line  PC  in  the  same  point  Q.  The  directions 
PT,  PT,  will  moreover  be  at  equal  distances  above 
and  below  PT;  for  the  angle  MPS=2L.MPT, 
and   the   angle  MPS=2LMPT,    .-.   L$PS'= 

MPS-MPS=2.MPT-MP.T=2TPT;  hence 
SPS"  (  =  §  SPS)  =  TPT;  take  away  the  common 
angle  SPT,  then  TPS =  TPS=MPT;  but  PT" 

bisects  the  L.MPS",  it  will  therefore  also  bisect  the 
angle  TPT. 

6.  From  hence  we  deduce  the  following  method 

(b)  That  this  circular  arc  will  cut  the  semicircle  MSO  in  two 
points  equally  distant  from  PC,  is  thus  proved.  Join  Pq ;  and 
since  qP=qG,  to  each  add?*?,  then  qP+qQ=zqG+qQ=:QG ; 
but  qP+</Q  is  greater  than  PQ,  .'.  QG  is  greater  than  QP  3 
take  away  to  G  (=PS"),  then  Qm  is  greater  than  QS",  con- 
sequently a  circle  described  with  center  Q  and  radius  Qm  will 
cut  the  semicircle  MSO  in  two  points,  one  above  and  the  other 
Wow;  PS" ;  and  since  PS=  PS',  QS=  QS',  and  PQ  common 
to  the  two  triangles  PSQ,  PS'Q,  the  a^/e  SPS"  will  be  equal  to 
the  angle  S' PS". 

(c)  For  QS,  QS',  being  each  equal  to  Qm,  Q  is  a  point  both 
in  the  parabola  whose  focus  is  #,  and  also  in  .that  whose  focus  is 
S'j  the  directrix  in  each  case  being  Jifm. 

2  D 


•    V 


.  -.;:ion  in  which 
:   f*i  point  P  with 
•  blithe?  j>erpen- 
.    .'i  mark  Q ;   viz. 
=  PM%    and  upon 
PQ*  a iid  let  it  cut 
„  '     1/  draw     Mm    at 
/V.'   Qm    perpmdi- 
■    „      »•?/  radius  Qui  de- 
cern i  circle  MS  0 
*  ::  :':c  angles  MPS. 
*;    .:  body  projected  in 
;*  /'.  will  r/.'.M  ri/'c  a  ha- 
:.::  />r/,v,v  iLr-ai^k  Q." 
P  Lv  such  that  Q$'  = 
:   n  the  limiting  para- 
*  .\>c  the  circular  arc 
..v.-;:>  Qm  would  pass 
v.:    ?■•;■•  direction    in 
..*  :/  iinpiiijre  upon  Q, 

:    v*  •   tlicn  the  circle 

:    cxttnd  to   the 

....v-  ih.it  no  parabola 

.  .v :    ;/M/  which  can 

read  i 
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reach  to  Q,  or,  in  other  words,  that  tlie  velocity  of 
projection  is  not  sufficient  to  carry  a  body  so  far  as 
Q.  Lastly,  if  PC  be  a  horizontal  line,  then  the 
Z.3rPS"(  =  iMP^)  =  450f  and  since  (by  Art.  5.) 
the  directions  PT,  PTsxz  at  equal  distances  from 
PT f\  it  follows,  that  if  the  given  mark  be  in  the 
horizon,  then  the  two  directions  in  which  a  body 
projected  with  a  proper  velocity  may  be  made  to 
hit  it  are  equally  distant  from  45°;  and  if  Q«S"  = 
Qm  (  =  PM),  i.  e.  if  PQ=2PM{b\  (or  g  be  at  a 
distance  from  P  equal  to  twice  the  space  fallen 
through  to  acquire  the  velocity  of  projection)  then 
there  is  only  one  direction  in  which  a  body  can  be 
made  to  hit  the  mark  Q  with  the  given  velocity, 
and  that  is  at  an  angle  of  elevation  of  45°  above  the 
horizon. 

7 .  It  only  now  remains  to  determine  at  what  point  a 
body  projected  from  the  given  point  P  (Fig.  in  p.  202) 
in  the  given  direction  P7  (with  the  velocity  acquired 
in  falling  down  MP)  will  strike  the  line  Bq  in- 
clined to  the  horizon  HR  in  the  given  angle  qBR. 
Produce  MP  to  meet  the  horizon  in  H9  and  Bq  to 
meet    the    directrix    in  E;    make   the   JLTPS=* 

L.MPT, 


(i>)  When  PC  becomes  a  horizontal  line,  PQmM  is  a  parol- 
lehgram,  /.  Qm=PM,  and  if  QS"=  Qm,  then  P^(=PS"-r- 
.QS"=PM+Qm)=2PM}  and  2PM  is  the ,  greatest  distance  to 
which  a  body  can  be  projected  with  the  velocity  acquired  in 
falling  down  PM  (Art.  3.) 
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CMPT,  and  take  PS=PM,  then  S  will  be  the 
^oom  of  the  parabola  described;  join  SE;  in  BE 
take  any  point  ij,  and  draw  9  r  at  right  angles  to  ME; 
with  center  q  and  radius  jr  describe  a  circular  arc 
cutting  SE  in  .s,  and  join  tfj  draw  SQ  parallel  to 
47,  and  Q  will  be  the  point  required.  For  (Qm 
being  drawn  parallel  to  or)  we  have,  by  similar  tri- 
angles, SQ  :  sq  (  ::  £Q  :  £?)  ::  Qm  :  71- ;  but 
s/}  =  qr,  ,\  SQ=  y?w,  and  consequently  Q  is  a  point 
»n  the  parabola  whose  focus  is  S,  and  directrix  ME. 


M     JVt 

X, 

trt 

■m,          r 

E 

: 

*\S 

A 

./ 

P. 

« 

? 

To  determine  the  point  where  the  body  would  strike 
the  horizon  ;  with  center  S  and  radius  =  MP  +  PH 
(i.  e.  MH)  describe  a  circular  arc  cutting///?  in  Q; 
then,  since  SQ'  =  MH=Q'm'  (Q' m  being  drawn 
parallel  to  HM),  Q"  is  a  point  in  the  parabola; 
and  if  the  point  of  projection  (P')  be  also  in  the-, 
horizon,  then  it  is  only  necessary  to  desccite  a, 
circular  arc  with  center  5  and  radius  SP*,  for  in  u*M 
castiS(?=SP'=FfM'=Q'm'J  and  .'.  Q'apointft 
the  parabola  as  before. 

-     .  Having 


•    * 
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Having  thus  explained  the  geometrical  principles 
pon  which  problems  relating  to  the  motion  of  pro- 
ctiles  are  constructed,  we  now  proceed  to  consider 
le  different  circumstances  under  which  their 
lotion  is  performed ;  beginning  witfr  the  c^se  of 
xiies  projected  from  one  point  to  another  along 
&  horizon. 

XXVI. 

« 

hi  the  Method  of  ascertaining  the  Range*), 
Greatest  Altitude,  Time  of  Flight,  &c.  of 
Bodies  projected  along  the  tiorizon. 

I.  Let  PR  represent  the  horizon.;  suppose  a  body 
3   be   projected 


i  the  direction 

I 

*T    with    the                                / 

efocity  acquired                                   /      ] 

i  falling    down                               / 

tfP,andlet/^Q                           / 

•     ' 

e  the   parabola                     •/ 

^ 

escribed ;  make    m   y^      / 

L 

^ 

ie   Z.TP5=Z-      Y         / 

• 

■ 

fPT,  and  take    A         / 

A 

*S*uPM,  then  S  1 

ill  be  the  focus ;    I 

S      >s^ 

trough  S  draw    \ 

^H 

JV  at  right  jL  top                N              ( 

1            R 

%  then  PQ  will 

be 

C*)  The  range  is  the  distance  of  the  point  from  which  the 
ody  is  projected  to  the  point  where  it  descends  again  upon  the 
iwizon. 
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be  bisected  by  the  axis  in  N,  and  the  vertex  of  the 
parabola  will  bisect  the  sub  tangent  TN  in  A.  Draw 
Qt  at  right  Z.*  to  PR,  and  produce  PT  to  meet  it 
in  t;  then  P  is  the  range  of  the  projectile,  AN  its 
greatest  altitude  above  the  horizon,  and  the  time  of 
fiight  will  be  the  time  of  describing  Pt  with  the  velo- 
city of  projection  continued  uniformly,  or  the  time 
of  descending  from  rest  through  the  space  t  Q  by 
force  of  gravity. 

2.  With  center  S  and  radius  SP  or  ST  (for  ST 
=  &P  by  Prop.  3  of  Parabola)  describe  a  circular 
arc  PT;  then  PjV  is  the  sme,  TN  the  versed  sine, 
and  PT  the  cAorrf  of  the  angle  PST  to  that  radius. 
Now  let  the  angle  of  projection  TP!)I=  a,  then  the 
Z_MPT=90p-«,  and  .-.the  LMPS  (  =  <lMPT) 
=  180° -2a;  but  since  TN  is  parallel  to  MP,  the 
£  /\9iV=  Z.  MPS,  .-.  PSN=  1 80°  -  2  *  =  supplement 
of  2 "  ;  hence  the  Z_  PST  (of  which  PSJSf  is  */*> 
the  supplement)  must  be  equal  to  2* ;  andP?1 
(which  is  the  chord  of  2«)  must  be  equal  to  2  sin.* 
(See  PI.  Trig,  page  9.)  Let  PM  or  PS  ( =  £  parame- 
ter to  the  point  P)  =p ;  then  we  have, 

PSQb)  :  PA::  rad:(l)  :  sin.  L.PSN or  PST  (sin. 2a) 

-"-  PN=p  x  sin.  2*. 

PS  (/>)  :  TN : :  rad  :  ( J )  :  ver.  sin.  PST  (ver.  sin.  2«), 

.".  TiV=  p  x  ver.  sin.  2«. 

PS  (p)  :  PT  ::  rad  :  (l)  :  chord  of  PST  (2  sin.  a), 

.\  PT=2/>  x  sin.  a. 

3.  But  the  range  PQ  =  2PiV=  2/>  x  sin.  2* ;  the 

greatest 
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eatest  altitude  AN^^TN^^p  x  ver.  sin.  2«; 
d  by  sim.  A'Pt :  PT  (2/>  x  sin.  «)  ::  PQ:  PN 
Q,  :  1,  .'.  P*=4jb  x  sin.  a;  hence  the  rime  of  flight 
the  time  of  describing  (#f,  or)  4/>  xsin.  a  with  the 
liform  velocity  of  projection.  Let  this  velocity  of 
ojection  ==  v,  and  m  =  1 6^  feet,  then  (by  Art.  1 . 

ige33.)  />  = .    Substituting  this  value  for  p  in 

ie  foregoing  expressions,  and  putting  R  for  the 
inge,  A  for  the  greatest  altitude,  and  T  for  the 
we  of  flight,  we  have  the  following  equations  and 
iriations;  viz. 

>     ~^  •        ~    *\  f9  x  sin.  2«  Q 

J=2/>x     Sin.     2«w=        — ocraXSin.  2a; 

2tw 

.     T  .  v9  x  ver.  sin.  2a 

f  =  i/>  x  ver.  sin.  2«  = ^v* x  ver. sin. 2a \ 

Ar  8m 

n     4/>x     sin.  ab)  t;  x  sin.« 

i;  m 

rom  which  the  relation  of  these  severaj  quantities 

nay  in  all  cases  be  determined. 

4.  If   v   be  given,    then  /?  oc  sin.  2a,  and  con- 
sequently will  be  greatest  when  a  =  45°,  in  which 

case 


<xv  x  sin.  a; 


(*)  Ifa=i5°,  or  75°,  then  sin.  2*=sin.30°=|rad.=£,  and 
ff =2p  x  |=p ;  hence  if  a  body  be  projected  in  an  L  of  1 5°,  or  759, 
ts  range  upon  the  horizon  is  just  equal  to  the'space  fallen  through 
5  acquire  the  velocity  of  projection. 

(b)  For  in  general,  T=  y1^  j  .-.  the  time  of  describing  the 
pace  (4jkxsin.  a)  with  the  uniform  velocity  (v)=-£ — -  . 
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^   ^  -     ■     --      :«  =  IP  x  rad.)  =2/>  =  4  the  ps- 

_  _      ..    --.  r  ^  x  verf  sin.  2*  =  i  />  x  rad.  =  -? ;. 

^  *■    ^    **•  *nf  .".  ts  greatest  when  a  =  90-  ii 

%<r>v^     ^    ^       *  "*  >*  ver.  sin.  2*  =  4/>  x  diam.  - 

.  .  .   ,s:     -  x       !' x  sin.  a,  and  .'.  is  greatest  wba 

_,      fAh  x  sin.  a      Ah      \ 

^      ^w  cue  r=  ^ — - —  =  -£-=  ) 

^       ...     'i    ?i."\:.w,v»\  »'     If  the  angle  of  jt> 
x  v  ■    k    v   <"•*"*.  ^'en   R  ^d  A  vary  as  v\  zzi 

v  v  .v  v  -   ;  *  =  I  s:k  a  \  cos.  a  (Trig,  page  2$  . 

.*   ■  v i    -  "*    :  *  =  :  .  >m.  *  '  b  ;  we  have   /?  =  -!/>  x 

<.i.  ,  x  \^  4*  av.d   -*  =  />  x  sin.**;  hence  A  x  R= 

..  N  mii   *    \  civs  a.     Now  the  area  of  the  parafce^ 

^.•!\vi      \  *f^  R;  this  area  therefore  is  eoua'io 

x  -   -  -.  viiv.l  ;^rhen  £  is  cnven>  ;&r:t> 

s     ;■■      »%"  ^  WS.   a. 

tXAM. 


v,.  .\    ■     .    =»:.        .=.::  :::  :te  fee  j.a-:  .':* 


•i-  . ;     —  -  . 


*     >    5*  5*"  :'■       *■      s    ■    -  a  =  .  — z=  -— 


X* 


V 


;  -*^   a,  :;*..    ^    a=^  ;  —  -.   .  .  ^^  .J^  3-33  i* 


»«v 


s 


\ 


*  MOTION  OF  PROJECTILE8.    *         207 

* 

EXAM.  l. 

A  body  is  projected  in  a  direction  making  an  angle 
of  15°  with  the  horizon^  with  a  velocity  of  40  feet  in 
a  second ;    Find  its  range,  greatest  altitude,  and  time 

of  flight. 

tt  ie0        ^  «     *  t*     t;*xsin.2« 

Here  «=  15°        1  By  Art.  3,  /?=  — 

r       I       J  2m 

v  =  40  feer    > 

-  ,        l  l600  x  sin.  30°      1600  x  \ 

ot=10—       I  ,  = : —  = 

4800 
—=24.87  feet. 

ai        a    ^xver.sin.  2«      1600  x  ver.sin.  30° 

Also,  A=. = t =« 

8m  X28j 

l6OOx;134(d)==480Ox.l34  =  i66feet 

128j  386 

a    jm     v  x  sin.  «      40  x. 258.,     480  x. 258 

Ana  T  = = (e)  = = 

m  •  ifil  103 

.641". 

Hence  its  horizontal  ranged  is  24.87  feet,  its 

greatest 

(d)  Ver.  sin.  30°=  rad.— cos.  30°=  1 — .  866,  &c.  = .  134.    Set 
Plane  Trig,  page  lfj. 

(e)  gin.  15«>=  .  2588190.    See  Plane  Trig,  page  17.  T      * 

(f)  By  Art.  6,  page  201,  a  body  projected  with  a  given  velocity 
at  angles  equally  distant  from  45°  will  describe  the  same  horizon- 

tal  range  -,  in  order,  therefore,  that  the  equation-  i?=     xsm 

2m 

may  be  general,  it  is  necessary  to  shew  that  sin.2a  is  the  same 
in  both  cases.  Let  a=45°±d,  then  2cL  =  QQP±2d't  but 
sin.  90P+2c/=sin.  90P— 2d,  /.  sin.  2 «  is  the  same,  whether  *= 
46°+ d  or  450— d. 

2B 
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greatest  altitude  above  the  horizon  1.66  feet,  and 
its  time  of  flight  .64 1  of  a  second. 

EXAM.  2. 

A  body  is  projected  in  an  angle  qf6(f,  and  descends 

to  the  horizon  at  a  distance  of  100  feet from  the  point 

of  projection  ;   With  what  velocity  was  it  projected, 

and    what  was  its  greatest   altitude   and  time  of 

flight  ? 

Here  R=  100  1    0.         n     v*  *  sin.  2« 

-  _     I    Since  /c  = ,  .\  ir= 

*=6o°    y  2m       ' 

sin.  2«     sin.  120°  VJ 

=  39  fe  =3699.42;  hence  1/  =  ^3699.42  =  60.8 

feet  in  1". 

ai        .     t>*  x  ver.  sin.  2*  _  3699 .  42  x  ver.  sin.  I2tf 

8m  J28? 

3699.42  xf 
= - ^ b>  =  43.1  feet. 

J28? 
3 

a     ,    /ri_^  xsin.a      60 . 8  x  sin.  6o°      00.8  x    j 

~~™        "  ^  l6i 

364.8x^/3 

193         —0.20. 

EXAM.  3. 

Gwe/z  //w?  horizontal  range  and  time  of  flight  of 
a  projectile,  it  is  required  to  find  the  angle  in  which 

it 

(a)  Sin.  120°=sin.  60°=  VlT  Trig,  page  13. 

(b)  Ver.  sin.  120°=rad.  +  a>s.  60°=rad.  +  sin.  30°=l+£=i 
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it  was  projected,  the  velocity  of  projection,  and  its 
greatest  altitude  above  the  horizon. 


A 


Since*-*  xsm'2«, 

2m       ' 


9_  ImR  2mR  mR 


.\     V*  =  — ss 


also  T= 


sin.  2a     2  x  sin.  ax  cos.a      sin.  ax  COS.*' 
v  x  sin.  a 


m 


mT  f     ™»T» 

•  •  v  =  -r— - ,  and  v*  =  ===rt .    Hence 

.     sm-  *  8in.  a]1 

m*T*  mR 

or 


sin.  a]4     sin.  a  x  cos. « ' 

mT*        R  .' 

— — —  ~  -  • 

sin.  a      cos.  a 

m*T4         R*  R* 

>t  =  =To =      '   .      i«  j  which  reduced,  gives 
sin.  a]       cos,*r      1— sm.a]1  ° 

Sm"     'JV  +  mW 

Hence  a  is  known,  and  consequently  v  (  =  - —  J 


(_t;*  x  ver.  sin,  2*\ 
Sm  J 


This  is  given  merely  as  a  specimen  of  examples 
of  this  kind ;  for  by  comparing  the  expressions  in 
Art.  3,  page  205,  it  is  evident,  that  of  the  five  quan- 
tities R>  Ay  Ty  a,  vy  any  two  being  given,  the  other 
three  may  always  be  found. 
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EXAM.  4. 

Given  the  proportion/  between  the  range  and  altitude 
of  a  body  projected  with  a  given,  velocity ;  hurt' 
quired  to  find  the  angle  of  projection. 

By  Art.  5,  page  206. 

R  :  A  ::  4p  x  sin.*  x cos.  «  :  JO  x  sin.  49 
::    4  cos.  «  :  sin.*; 

•  

.\  R?  :A* ::  16  cos.  «f :  sin. «]• ::  16.I  — sin.*)* :  sin.*** 
and  R* :  16  ^f*     .     .     .      . 


Hence  iP+  l6-^a :  1<L#* ::  16  :  l6.sin.  •]• ::  1 :  «nT*f, 

4^ 


.\  sin.  «= 


TJW+rfA*' 


Cor.  If  R  =  A,  then  sin.  «=-~7===  .9701  = 

sin.  75°  58',  i.  e.  "  in  'order  that  the  greatest 
altitude  of  a  projectile  may  be  equal  to  its.  range, 
its  direction  must   make  an  angle  of  about  7& 

"  with  the  horizon." 


a 


(€ 


EXAM.  5. 
Find  the  velocity  and  time  of  flight  of  a  body  pro- 
jected from  one  extremity  of  the  base  of  an  equilateral 
triangle,  and  in  the  direction  of  the  side  adjacent  to 
that  extremity,  towards  an  object  placed  in  the  othtr 
extremity  of  the  base. 

Let  S=side  of  the  triangle ;  then  by  Exam.  2,  $ 


2mR 
sin.  2« 


=  (in  this  case) 


ImS     ,     r      .       ^  - 
- —  —5  (  =  for  sin.  12(7* 
sin.  120° v 

sin* 
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•      ^^       */3\    4**S  2+fmS  r       .       „ 

sin.  OOP  =  -—-  I   -7*-     /.  v  =  -  V-*     feet  in  l' 


*n 


Or  thus  geometrically.  Let  T^Q  be  the  triangle, 
A/P  the  space  fallen  through  to  acquire  the  velo- 
city of  projection ;  make 
LTPS=  LMPT,  and 
take  P£=  PM,  then  S  will  M 
be  the  focus;  join  T5  and 
produce  it  to  N,  and  TN 
will  be  the  axis ;  Now 
PiV"  =£PQ,  and  since 
/L  S PN  =  30° ,  SN=lSP; 
hence  SP«  {=PN*+SN*)=±  P<?  +±  SP*,  and  $SP* 

=$P <?=$&, or SP=~,  /.PA/=-4=,   and  t,= 

/   / "%"  n^r    \  4  /TmS     1\/mS         ,    _ 

VV4rox  PA/=)  V   —7^  = — y=—,  as  before. 


EXAM.  6. 

Compare  the  areas  of  the  parabolas  described  by 
two  bodies  projected  together  from  the  same  point  in 
the  horizon,  and  with  the  same  velocity,  the  angles  of 
Projection  being  Jo  each  other  : :  2  :  1. 

By  Art.  5.  the  area  of  the  parabolas  described  by 
*  body  projected  with  the  same  velocity  at  different 

angles  of  elevation,  vary  as  sine]*  x  cosine  of  that 

angle. 
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angle.  Let  the  angles  described  in  the  present 
instance  be  to  each  other  : :  2/3  :  0 ;  then 
Area  desJ  at  Z. 2/3  :  area  desd  at  Z_/3  ::  smT^ 
.  x  cos., 2/3  :  sin.  ^3]*  x  cos.  {*  ::  8  x  sin./}]' x "cos.  |3]'x 
2  cos.  /3|*  -  1  ^  :  sin.  /*)*  x  cos.  /3  : :  8  cos./S]*  x 
2cosT^'-l  :  j  j[*-8  cos.  Hi'  :  I. 

l.Let/3  =  3'  /3  =  sin.  6o°  =  -^|;  .-.the 

area  desd  at  :  area  desd  at  an   L.  of 

,  30°::  lf5x^-  9-6  :  1  ::  3  :  ].      The 

same  conclusion  r  in  leed  be  immediately  de- 

duced from  the  expression  for  the  ahitude  ;  for  this 
is  the  particular  case  when  two  bodies  projected  at 
angles  of  elevation,  which  are  to  each  other  : :  1  : 1, 
are  also  projected  in  directions  equally  distant  from 
45°;  the  ranges  described  being  therefore  equal,  the 
areas  described  will  be  to  teach  other  as  the  altitudes® 
of  the  parabolas;  but  the  altitude  oc  ver.  sin.2«, 
.-.  area  des-d  at  ^6o° :  area  desd  at  Z.30"  ::  ver.sin. 
120° :  ver.  sin.  6o*::  |rad.  :  £  rad.  ::  3  :  l. 

2.  Suppose   it   were   required   to   find   two  such 
angles    of    elevation  as    should    make    the    areas 

equal. 


--       (')  For  sin.  2/3=2 sin.  flxcos,  ft,  and  cos.  2/}=2  coT/3)«-l. 
see  Plane  Trigonomctij,  page  28. 
(b)  ByArt.  5,  the  areaocyix^;  if  R  be  given,  ibeii  arcaocX 
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Let  x  =  cosine  of  the  lesser  angle,  then 
roportion' of  the  areas  becomes  l6a?4  —  8j?* 
in  this  case  therefore  l6#4  —  8j?  =  1,  or 
.£*  =  —;    which  equation    solved   gives   a? = 

^2      2.4142        -  r~z ~* 

— =5 =  .  0035,  .\  X  =  V  .  0035  as  .  7702 

4 

.  39°  4' ;  hence  if  two  bodies  are  projected 
the  same  point  and  with  the  same  velocity, 
-ections  making  L?  of  78°  8'  and  39°  4'  with 
orizon,  the  areas  of  the  parabolas  described 
e  equal  to  each  other. 

XXVII. 

he  Method  of  finding  the  Range,  Altitude, 
d  Time  of  Flight,  of  Bodies  projected  along 
ines  inclined  to  the  Horizon. 

Let  the  body  be  projected  from  the  point  P, 
ection  Pt ;  and  let  MP  be  the  space  through 
i  the  body  falls  to 
re    the    velocity   of 
:tion,  POH  the  hori- 
*QR  the  plane  along 
the   body    is    pro- 
,  and  PAQ  the  pa- 
i  described..    Thro* 
w  tQO  perper\dicu- 
the  horizon  ;  then 
tnge  upon  the  plane 
},  and  the  time  of  fight  will  be  the  time  of 
ibing  Pt  with  the  uniform  velocity  of  projection 

as 


-*      -» 
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FQ  be  bisected  in  -V,  and 
v    ^.  then  (by  Conies,  Art.  2, 
\.-  :he  greatest  altitude  of  the 

^-.  .c*  elevation  of  the  plane  above 
'  =  ■> ;  the  angle  of  projection 
:-c  angle  MPt  or  its  equal  PtQ= 

...1.  i\Q  =  cos.M^J;  the  LPQ0= 

^PO,     .'.  sin.  PQO   or   its  cfuo/ 

..    .    Let  PM=ip  as  before  ;  then,  by 

»  :ne  Parabola,  4P3/x  /Q,  or  4/;  x  tQ 

,,.\  wc  have 

O  • :  sin.  /'jy/  (cos.  />)  :  sin.  //>0  v>ir.  a   [-C 
:  :  sin.  /'Of  (Cos.  /3)  :  sin.  P/jg  tCi^  a-J,; 


cus.  ,3  :  .    .   :  sin.  a.  x  cc>.  *  + •>.'*- 


\ '  -lo:  t O  : :  cos.  p  J  :  sin.  «N  [Z]. 


-v-         1          w.^     -1,0  x  *in.  a  x  cos.  a*  J 
.      ., :;     >      we  nave  PQ= ■*  — 


C^>    y.{ 


4t»x  »■.::   a 


V"v"?  * 


1 


■* 


.  Let 


1 


« » 


.«   *  ■: .  v  .-.  ■  ;>:v: .:  :  ■  PX  3-i  Xo  »D 

■   m  ■ 

\    ^  _  : 


*   - 
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3.  Let  now  v  =  velocity  of  projection,  then  p  * 

v*  v* 

=  - — ,  and  4/>  = —  as  before;   substituting  this 

value  for  Ap  in  the  foregoing  expressions,  we  have 
the  following  equations  and  variations ;  viz. 

(*)  The  range  (P0)=S *  ,IP-  *£?? "^pc"*  X  '^  «»^M 

flI.COS.0|9  COS.£|8 

{A)  Altitude  { '  ")  - 1  'jf*-*  *  «fe>"~»' x  5> 

*  4m. cos. /8)  cos.£ 


(T)  r.me  o/  ^A/  =£-'  *  x  8in- "      -  -  8in- 


V  IR  x  cos.  fi  COS.  £ 


(*)  Suppose  v  and  /S  to  be  given,  then  ifecsin . «  x  cos. «+  & ;  and 

1  1    % 

if  R  and  £  be  given,  v*<x QC'T'  **u*  ^  v  an^  ' 

sin.  «xcos.  «+/3     ** 

be  given,  «R  is  a  maximum  when  P71  bisects  the  angle  ATPQ  (by 
Art.  5,  page  igs) ;  and  since  in  this  case  *>*oc—,  *'  W»M  b®  a 

minimum ;  hence,  whether  it  be  required  to  find  the  greatest 
range  which  a  body  would  describe  with  a  given  velocity  upon  an 
inclined  plane  of  given  elevation,  or  the  least  velocity  with  which 
it  would  describe  a  given  range  upon  the  same  plane,  and  whether 
the  body  be  projected  upwards  or  downwards  upon  the  plane  (for, 
In  the  Fig.  of  page  ig8,  the  line  PC  may  be  of  any  given  incli- 
nation), we  must  in  each  case  make  the  angle  of  projection,  such 
that  it  bisects  the  angle  MPQ. 

(*)  By  Prop.  10th  of  the  parabola,  AN—tfTN;  and  by 
aim. to  tQ.TN  :.  PQ:  PN;  but  PN=iPQ,  /.  TN=ltQ, 
*ndjiN=lTN=±tQ. 

(c)  If  it  were  required  to  find  the  greatest  altitude  {An)  above 

2  F  the 
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EXAM.  I. 
A  body  is  projected  up  a  plane  inclined  to  the  hori- 
zon in  an  angle  of  30°,  with  a  velocity  of  100  feet  in 
a  second;  its  direction  makes  an  angle  of  45°  with 
the  plane ;  What  is  its  range  upon  the  plane,  Us 
greatest  altitude  above  the  plane,  and  its  time  ef 
flight  ? 

Here  t/a=  lOOfeet^     ^   p_v*x  sin. «x  cos.  «  +  ^_ 

*  =  30°         (    "     "  m.cos./s]1 

*  =  45°  )    10000  x  sin.  45°  x  cos.  75 

m=l6-ifeetl  l6~  x  cos.  3&\* 

10000  x  p  x  cos.  75° 

Jjl 10000  x.  7071  x.2588^ 

l6±x*  ~  12.06 

12      4 

151.73  feet.     Also 


4     ^x.sin.*}9      lOOOOx^  5000  ~    _ 

A~ =^  = ; ;~  =         T^—i         =103.62  to. 


4/W.COS./3T1       64ix3  48.25 


And 

_     uxsin."      100X7^     100  x. 7071      c  ^        , 

7^-;. =r^l — r7T= 10   ^. =  5. 08 seconds. 

mxcos./3      161    v3  13.91 

12        2 


the  horizon,  then  Ar/i  must  be  added  to  it;  and  Nn  may  always 
be  found  when  the  range  is  known,  for  PQ  (R)  :  QO  : :  rad. 
:  sin.LQPO  ::   1  :  sin.  fi,  .-.  QO=Rx  sin/3;  and  since  /W= 

£P<?,An=|<?0= . 
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EXAM,  2. 
A  body  projected  in  a  direction  making  an  angle 
of  30°  with  a  plane  whose  elevation  above  the  horizon 
was  also  30°,  fell  upon  the  plane  at  the  distance  of 
200  feet  from  the  point  of  projection  ;  With  what 
velocity  was  it  projected  ? 


Here  v  =  100  feet]  Nriy  ff  __  **'*  *  sin.  «  x  cos. «  +  ff 

0  =  30°  I  m.cosTiS)*         ' 

I  ^     ^         m.cos. /3]f  x  jR 
j  •  •  v  ^^   . 


«=30° 


«»=i6li 


this 


case 


sm.  a  x  cos.  *  +  /3 

v     m  x  cos.  30°|f  x  R      16  —  x  -  x  200 
1     sin.  30°  x  cos.  60°  = — = '~ 


-(in 


Ivl 
2  *  2 


1 19400  * „      . 

— r- — =9950,  .*.v=N/9950=91.02  feet  ma  second. 

XXVIII. 

On  the  Method  of  determining   the  Range, 

Altitude,  and  Time  of  Flight  of  a  Body  pro* 

jectedfrom  any  given  point,  to  the  Horizon, 

or  to  a  plane  inclined  in  any  given  angle 

to  the  horizon. 

1 .  Let  a  body  be  projected  from  the  given  point 
P,  with  the  velocity  ac-  M 
quired  in  falling  down 
MP9  and  in  a  direction  PT 
parallel  to  the  horizon 
HQO.  Let  P  be  the  pa- 
rabola described;  then 
since  PT  is  at  right 
angles  to  PH9  P  will 


IV 


C4 
<C 
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be  the  vertex;  and  if  PS  be  taken  equal  to  PM9 
S  will  be  the  focus.  By  the  property  of  the  parabola 
HQ'=4SPxPH=4PMxPH,  /.the  range  HQ 

=  JaPM*PH.  U  PM=PH,  then  HQ  = 
N/4/>//4  =  2P//;  i.e.  "  If  a  body  be  projected  from 
any  point  P  with  the  velocity  acquired  in  falling 
down  PH  (the  perpendicular  distance  of  P  from 
the  horizon)  ;  then  the  range  described  upon 
the  horizon  is  equal  to  twice  that  perpendicular 
"  distance.** 

2.  Let  PM=py  r=  velocity  of  projection,  PH 
(the  perpendicular  distance  of  the  point  P  from  the 

horizon)  =  L  01=16-^  feet,  then  />  = ,  /.the 

is  *      4m 

range  HQ  (R)  =  JIph=  V~^> and  R>=^~' 

hence  v*  =  —7- ,  and  v  =  Ry  j-;  from  which,  when 

R  and  h  are  given,  v  may  be  determined.  Complete 
the  parallelogram  PHQT,  then  the  time  o/Jiight 
(T)  is  equal  to  the  time  of  falling  down  TQ  or  PH 

(h),    .-.  (by  Art.  l.page  33)  T=\/— • 

m 

3.  Suppose  now  the  body  to  be  projected  in  th^ 
direction  Pt,   makings  given  angle  tPR,  with  th^ 
line  PR  drawn  parallel  to  the  horizon.     Let  PA& 
be  the  parabola  described;  make  L*TPS=  Z.MP7V 

anc^ 


MOTION  OF  PROJECTILES.  219 

and  PS=  PM;  through  S  draw  TSO  perpendicular 
to  the  horizon, 
then  A  is  the 
vertex,  S  the  fo- 
cus, and  AO  the 
axis  of  the  para- 
bola. The  range 
HQ=HO+OQ 

(for   0Q*  =  4AS 

x  AO)    PN  + 

s/AAS  xAO  = 

for  AO  =  AN+ 

NO=AN+PH 

where  AO  is  also 

the  greatest  altitude  ;  and  if  tQ  be  drawn  parallel  to 

AO,  then  the  time  of  flight  =  time  of  falling  down 

*Q,or  tR  +RQ,  or  tR  +  PH.   =  \/-R  +  PH 


m 


4.  Let  Z./P/2=x«,  then  (by  Art.  2.  page  204) 
PN^pxsiti.  2a;  and  (by  Art.  5.  page  206)  ^JV= 
Jfr  x  sin.  «|2.  Now,  by  the  property  of  the  parabola, 
$P=AN+AS,  .\AS=SP-AN=((orSP=PM 

szp)p—p  x  sin.  «)*«=/>.  1  —sin.  «]*=/>  x  cos.^*;  also, 
aiace  P/2  (  =  #Q)  :  /£  ::  rad.  :  tan.   L.tPR  ::  1 
:  tan.  «,  tR*=  HQ  x  tan. a.  Substituting  these  values 
fer  PJV,  ^JV,  ^5  and  /#  in  the  foregoing    ex- 
pressions, and  putting  R,  A,  T,  h  for  the  range, 

altitude, 
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*ti£xae%  time  of  flighty  and  height  of  P  above  the 
h>Hzon%  we  have  

R  v//Q)  =/>  x  sin.  2«  +  s/4p.<XKTZ\\pxsin.<l{*+h  (Bj 

A  (AO)  =p  x  sin77*  +  h 

TO  V  TO  ■  W* 

If  «=45°,  then  sin.  2«=rad.=  1 ;  cos.  «  =  sin.«=s 


I 


— t—,  and  .*.  cos.«i  =  sin.  a;f=2  5  tan.  *  =  rad.  =  l; 

hence  these  expressions  become 

R=p  +  */p*  +  iph 
4=±p  +  h 

m 
5.  If,   instead  of  descending  upon  the  horiuon 

b  (hor),   the    body   , 

falls  upon  a  plow 

(Qq)    inclined  to 

it  in   some  given    \ 

angle     Qqr    (P),    ! 

then  draw  qF  at 

right  Z.'  to  HQ,    i 

and  let  hq  =  Hf 

=  r,  PA=A',  and 

Qq  =  x,  then  will 

FQ  =  x  x  cos.jJ* 

and  £jF  =  Hh* 

x  x  sin.  /j ;  hence 

r  +  x  x  cos.  &  and 


;*>  Heiice7,,=  *+-    and  J?+A=roT«i=space  deicribed  ij( 

tn  *i 
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PH  (h)  =  Ph  -  Hh  ss  K  -  a?  x  sin.  0 ;  substitute  these 
rallies  for  HQ  and  A  in  the  equations  marked  (J3) 
and  (C),  and  we  have, 

»./3=pXsin.2g+  /4p  x  cos.  af.'p  x  sin.  a]* + A'— ix  slnTfl  (D) 

^o  =/>  x  sin.  «}g  -f  A7, 
T  =  y/ r+^rx  cos,  ff.tan.  ot+h'— xx sin,  ft 

in  "which  the  value  of  a?  being  found  from  the 
first  equation,  the  value  of  T  will  also  be  known. 

6.  The  equation  marked  (/))  may  be  rendered 
more  simple  from  the  particular  circumstances 
under  which  the  body  is  projected  ;  for  instance, 

I.  Let«  =  0,  i.e.  let  the  body  be  projected  in 
aline  parallel  to  the  horizon,  then  sin.  a  =  0,  sin.  2a 
=  0,  and  cos.  «=  1,  .\  the  equation  becomes 

r  +  x x cos.  /3  =  */4p .  h'-xxsin.  /3. 


II.   Let   <*  =  45°,    then  sin.2*  =  ],    sin.  «!*=£, 


cos.  «]*  =  £,  /.  the  equation  is, 

III.  Let 


T"  (which  call  S),  then  A=S— /? ;  if  the  raw^e  and  /i/w<?  of  flight 
therefore  be  given  when  «=45°,  the  height  of  the  point  P  ma/ 
be  found  by  subtracting  R  from  the  space  described  in  that  time. 
If  R=zh,  then  2h=S,  and  A=£  S=£  space  described  in  T" ;  i.  e. 
*f  a  body  be  projected  in  an  L  of  45°  from  the  top  of  a  building 
Mrhoae  height  is  (h),  and  after  T"  falls  at  a  distance  from  the 
bottom  equal  to  that  height,  then  the  height  of  the  building  is 
£qual  to  half  the  space  described  in  T". 
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III.  LetraO,  then 

is  the  equation  to  determine  the  value  of  »  trhft  , 
the  plane  rises  immediately  from  the  extremity  of  i 
the  vertical  line  Plu  j 

IV.  Let  A'^O,  then 

,  -r*  ^  x^,.  ^— ^  ^ .^  *.^     4p xcot.  «|fl.px  bid.  « l-arx«.ft 

is  the  equation  to  determine  the  value  of  x,  when 
the  body  is  projected  from  a  point  in  the  karitto, 
and  falls  upon  a  plane  ascending  from  the  horiaoo 
at  some  given  distance   (A  q)  from  the  point  of 

projection. 

By  way  of  conclusion,  it  may  be  observed,  that 
the  equation  marked  (jD)  will  also  apply  to  the  case 
of  a  body  projected  in  a  direction  below  the  line  PR, 
merely  by  changing  the  sign  of  2a ;  for  when  Pi 
is   below  PR,    sin.  a   (and    consequently   sin.  2«) 

becomes  negative,  but   the    signs  of  cot.  «]*  awl 

sin.  a,%  remain  the  same,  whether  cos.  «  and  sin.nl* 
positive  or  negative. 

EXAMPLE*. 
At  the  foot  of  a  tower  60  feet  high,  runs  a  river 
whose  breadth  is  300  feet;  a  hill  slopes  from  tit 
opposite  side  of  the  river  in  an  angle  of  45°  to  tk 
horizon ;  from  the  top  of  the  tower  a  cannon  ball  u 
fired  in  a  direction  making  an  angle  of  60°  with  * 
line  drawn  parallel  to  the  horizon ;  the  velocity  of 

projection 
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projection  is  such  as  a  body  would  acquire  in  Jailing 
5O0feet ;  At  what  distance  from  the  bank  of  the  river 
will  the  ball  strike  the  hill  t 


This  is  a  case  of  Art.  5.  page  220,  where  r=  300; 

wmmm 

i 


A'=:60;  />  =  500;  «  =  6o°;  .\  sin.  *=^,  sin.  2*= 


sin.  120  =  — ,  and  cos.  «=f ;    jj=*45°,  /.  sin./S  = 

4r ,  and  cos.  fi  =  -j= ;  substituting  these  values  for 

the  different  quantities   in   the  general  equation, 
we  have 

300  +  ^|=500  x  *£+  \/2000x^x500x|+(50-^ 
which  reduced,  is 

7  V 

r*+ 33  la;  =399656,  very  nearly  ; 
.\  a?=  487f ,  very  nearly. 

XIX. 

In  determining  the  motion  of  projectiles  in  this 
Lecture,  we  have  not  taken  into  consideration  the 
nature  of  the  bodies  thus .  projected  (as  to  their 
hardness  or  elasticity),  nor  of  that  of  the  planes  upon 
which  they  impinged.  In  making  a  few  observa- 
tions upon  this  subject,  we  shall  follow  the  order 
observed  in  Sect.  XXIV.  page  188. 

1.  If  a  perfectly  hard  body  be  projected  along  a 
perfectly  hard  horizontal  plane  (PLN),  and  AL  be 

a  tangent 
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a  tangent  to  the  parabola  (POQ)  at  the  point  L, 
it  will  impinge  upon  the  plane  in  the  direction  AL> 
under  precisely  the  same  circumstances  aa  the  body 
in  Art.  1.  page  18ft;  and  since  the  velocity  at  the 
point  L  is  the  same  as  the  velocity  at  the  point  P% 


and  the  angle  JLP=the  angle  TPL,  it  will 
afterwards  proceed  along  the  plane  with  a  velocity 
which  is  to  the  velocity  of  projection  ::  cos.  t-^LT 
or  TPL  :  radius  : :  cosine  of  the  angle  of  projection 

:  radius. 


2.  If  the  body  be  perfectly  elastic,  and  the  plane 


• 


perfectly  hard,  then,  by  Art.  2.  page  189,   it  will 
ascend  from  the  plane  with  the  same  velocity,  and 

under 


(*)  Since  the  velocity  in  the  parabola  at  any  point  is  equal  to 
velocity  acquired  in  falling  down  the  parameter  to  that  point, 
it  varies  as  ^/parameter,  and'  consequently  is  the  same  at  Jl 
points  equally  distant  from  the  focus. 
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under  the  same  angle  as  that  in  which  it  impinges 
upon  the  plane ;  and  as  this  velocity  and  this  angle 
is  the  sama  with  the  velocity  and  angle  of  projection, 
it  will  describe  the  same  parabola ;  and  it  will  go 
on  for  ever  describing  the  equal  parabolas  POL, 
LMQ,QRS,kc.  till  acted  upon  by  some  extra- 
neous force. 

3.  If  the  body  or  the  plane,  or  both,  be  imper- 
fectly elastic,  and  perfect  :  imperfect  elasticity  : :  1  :  m, 
then,  by  Art.  3,  page  190,  it  will  ascend  from  the 
plane  in  an  angle  lesser  than  the  angle  of  projection 
(«),  and  with  a  velocity  which  is  to  the  velocity  of 

projection  ::  vcos.  «]*  +  m*  x  sin.  «]9  :  1.  Now  the 
horizontal  range  of  a  projectile  varies  as  v*  x  the  sine 
of  twice  the  angle  of  projection  (Art.  3.  page  205)  ; 


in  this  case  therefore  it  would  go  on  to  describe 
a  series  of  parabolas  POL,  LMQ,  QRS,  &c  whose 
ranges  PL,LQ,  Q5,&c.  decrease  in  a  pretty  high 
geometrical  ratio,  and  consequently  their  sum 
PL  +  LQ  +  QS  +  &c.  soon  coines  to  its  limit. 
Hence,  whatever  may  be  the  velocity  or  angle  of 
projection,  the  whole  range  described  by  the  body 
vnWhe  finite,  and  its  motion  cease  after  a  definite 
time. 

The 
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Tl£5. 


a  tangent  to  the  pnraboi; 
it  will  impinge  upon  the  \> 
under  precisely  the  saw 
in  Art.  1.  page  188;  ni.«i 
/joint  L  is  the  same  a*  i 


and   the  angle  Al. 
afterwards  proceed 
which  is  to  the  vel«- 
or  TPL  :  radius  : 
:  radius. 

2.  If  the  hod- 


perfectly  i 
ascend  fiv: 


^.jic  sear  the  earth's 
r^ered  under  our 
z^.iTt  bodies  which 
arc.    If  the  angle 
?rojection   be  con- 
.  xr  it  returns  to  the 
/v:h  it  moves,  will  be 
v  r»enetrate  into  the 
.  ..vii  will  be  destroyed. 
_-jcn  be  sma/f,  and  the 
i*siierable,   it   will    then 
•tanner  as  to  destroy  only 
.*    c  will  rebound  so  as  to 
-i*:ig  parabolas  similar  to 
wuiber  and  dimensions  of 
.*i  the  circumstances  under 
..    le  nature  of  the  soil  upon 
j:.  :o  trace  the  motion  of  a 
^  ^tion,  or   to  estimate  the 
••»m  the  parabolic  shape  on 
^-. \v  which  it  meets  with  from 
.^  not  to  a  treatise  of  this 
*.ov-  which  treat  professedly  of 
-    >-% il'innery" 


velocity  :?• 

m 

it  varies 
points  t\ 
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INTRODUCTION 

TO    THS 

STUDY  OF  NATURAL  PHILOSOPHY. 


Part  II. 


ON  MECHANICAL  ACTION  AND  PRESSURE ; 
AND  THE  POWERS  OF  MACHINERY. 


Lecture  VII. 

ON  THE  LEVER. 

In  the  preceding  Lectures,  the  motion  of  bodies 
has  been  supposed  to  arise  either  from  collision, 
or  from  the  immediate  action  of  one  or  more 
forces.  We  now  proceed  to  consider  the  effects 
produced,  when  these  forces  are  made  to  act  by  the 
intervention  of  other  bodies.  These  intermediate 
bodies  are  called  Machines ;  and  by  means  of  them 
the  effect  of  a  given  force  may  be  increase^  or 
diminished  in  any  given  ratio.  Machines  are 
divided  into  simple  and  compound.  The  simple 
machines,  or  (what  are  more  commonly  called)  the 
mechanical  powers,  are  six  in  number ;  viz.  1 .  The 
Lever;  2.  The  Wheel  and  Angle;  3.  The  Pulley; 

4.  The 
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4.  The  Inclined  Plane;  5.  The  Screw;  6.  The 
Wedge^.  Compound  machines  are  formed  from 
the  combination  of  two  or  more  simple  ones.  But 
it  is  not  the  object  of  this  treatise  to  enter  upon  a 
full  description  of  the  nature  and  use  of  compound 
machinery;  our  intention  is  rather  to  explain,  upon 
mathematical  principles,  the  general  theory  of  mecha- 
nical action.  We  shall  therefore  begin  with  esti- 
mating the  relation  between  the  forces  acting  upon 
the  arms  of  a  straight  lever,  which,  of  all  the  mecha- 
nical powers,  is  the  most  simple. 

XXX. 

On  the  relation  of  the  forces  which  keep  each 
other  in  equilibrio  upon  a  straight  lever. 

Definition. — The  Lever  isan  inflexiblebaror  rod, 
some  point  of  which  being  supported,  the  rod  itself 
is  moveable  freely  round  that  point,  as  a  center  of    . 
motion. 

1 .  Let  ACB  be  a  straight  lever 3  supported  by  a  prop 
or  fulcrum  F,  and  moveable  about  the  point  C  as  it^ 

centt^ 

(•)  In  philosophical  strictness,  the  number  of  simple  machines*^ 
may  be  reduced  to  three ;  viz.  the  lever,  the  inclined  plane,  and--^ 
the  cords  or  ropes  which  connect  the  power  and  weight  with  the 
different  parts  of  the  machine  ;  for  the  mechanism  of  the  wheel 
and  axle,  and  of  the  pulley,  merely  combines  the  principle  of  the 
lever  with  the  tension  of  cords;  the  properties  of  the  screw 
depend  entirely  on  those  of  the  lever  and  the  inclined  plane;  and 
the  case  of  the  wedge,  so  far  as  it  is  capable  of  mathematical 
demonstration,  is  very  analogous  to  that  of  a  body  sustained 
between  two  inclined  planes. 


* 


ON  THE  LEVER.  229 

center  of  motion.  From  the  extremities  of  its  arms 
CA>  CB9  let  two  weights  P,  fV>  be  suspended ;  and 
suppose  them  to  be  in  equilibrio  about  C,  the  lever 
itself  remaining  £ 
in  an  horizontal 

position.     In  the  A 

present  instance,  w*  ^^ 

let  us  also  suppose  that  the  lever  AB9  and  the  cords 
AP9BfVy  by  which  the  weights  are  suspended,  are 
entirely  void  of  gravity  ;  in  which  case  it  is  evident 
that  the  equilibrium  of  the  bodies  does  not  at  all 
depend  upon  the  length  of  the  cords  AP,  BfV;  and 
as  (by  Art.  8.  page  101 )  the  centers  of  gravity  of 
the  bodies  P,  IV  are  in  the  direction  of  the  lines 
-^P,  B  JV9  the  effect  will  be  the  same  whether  the 
bodies  be  suspended  by  the  strings  AP,  BW9  or 
whether  they  be  placed  with  their  centers  of  gravity 
in  tfie points  A,  B  respectively™ '.  In  this  latter  case 
the  point  C  becomes  the  common  center  of  gravity 
rf  the  weights  P9fV9  and  consequently  (by  Art.  5. 
f*ge  97)  P:  W\\  BC  i  AC;  i.e.  "  when  two 
lights  are  in  equilibrio  "  upon  a  straight  lever, 
placed  in  an  horizontal  position,  they  are  to  each 
other  inversely  as  the  length  of  the  arms  from 
c  which  they  are  respectively  suspended." 

2.  But 


(b)  For  since  the  equilibrium  does  not  at  all  depend  upon  the 
length  of  the  lines  AP,  BW,  we  may  suppose  those  lines  to 
Danish;  in  which  case  the  centers  of  gravity  of  P,  Wmzy  be 
Considered  as  coinciding  with  the  extremities  A,B  of  the 
lertr. 
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2.  But  it  is  evidently  quite  immaterial  to  the 
truth  of  the  foregoing  demonstration,  whether  the 
equilibrium  of  the  lever  be  produced  by  the  force 
of  gravity  of  the  two  weights  P,  IV,  or  by  the 
action  of  any  other  forces  in  the  directions  AP,  BIV; 
we  may  therefore  assume  it  as  a  general  principle,  that 
"  if  two  forces,  acting  in  the  seme  plane,  and  perpen- 
"  dicular  to  the  extremities  of  a  straight  lever,  be  in 
"  equilibrio,  they  will  be  to  each  other  inversely  as  the 
"arms  upon    which  they  respectively  act;"    and 
the  effect  of  these  forces  to  turn  the  lever  about 
the  center  of  motion  will  be  measured  by  the  product 
arising  from  multiplying  each  force  into  the  distance 
at   which  it  acts  from  that  center;  (See  Note  a, 
page  98  0  for  if  the  magnitude  of  the  forces  acting 
at  -^and  2?  be  represented  by  P  and  W respectively, 
then    (since  P  :    W\.BC:AC)   PxAC=IV% 
BC;    .'.  P  x  AC  represents  the  effect  of  P,  and 
JVy.BC  represents   the  effect  of  IV,  to  turn  the 
lever  round  C(a;. 

3.  Levers 


(a)  From  hence  it  appears,  that  "  any  number  of  weights  will 

"  keep  each  other  in  equilibrio  upon  the  arms  of  a  straight  lever, 

"  when  the  sums  of  the  products  arising  from  multiplying  each 

t€  weight  by  its  distance  from  the  center  of  motion,  are  equal  a* 

"  each  side  that  center;"  for  let  AD  (Fig.  in  page  108)  represent 

a  straight  lever,  whose  center  of  motion  is  G,  and  let  the  bodies 

or  weights  A,  B,  C,  D  be  placed  upon  its  arms  AG,  DG,  * 

different  distances  from  G;  ihcii  the  effort  of  A  to  turn  the  lew 

about  G  being  represented  by  Ax  AG,  of  Bby  BxBG,  of 

C  by  Cx  CG,  &c.  the  whole  effect  upon  the  arm  AG  wifl  be 

represented  by  Ax  AG +  BxBG,  and  upon  the  arm  Z>G  by 

CxCG+DxDG-,  there  will  consequently  be  an  equilibrium 

vtenAxAG+BxBG=CxCG+DxDG. 
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3.  Levers  are  divided  into  three  different  orders, 
according  to  the  position  of  the  power  and  weight 
with  respect  to  the  center  of  motion.  I.  In  a  lever 
of  the  Jirst  order,  the  center  of  motion  is  between  the 
power  and  weight,  as  in  the  preceding  instance,  where 
P  and  W  may  bear  all  possible  relations  to  each 
other,  and  where  the  pressure  upon  the  fulcrum 
(since  P  and  W  press  in  the  same  direction)  will  be 
proportional  to  P  +  W.  II.  In  a  lever  of  the  second 
order,  the  weight  is  placed  between  the  power  and 
the  center  of  motion,  as  in  the  annexed  Figure, 
where  the  weight 
W  is  supported 
by  the  power  P 
acting  upwards  in 
the  direction  AP. 
In  this  case,  when  i 
there  is  an  equili-  * 
bnum9P:fF::BC 
:^C(W,  Pis  there-  #w 

fore    less    than    W;    and  the  pressure    upon    the 
Jtdcrum  (P  and  W  pressing  in  opposite  directions) 

is 


(b)  That  this  proportion  between  P  and  W  holds  alto  when 
tfcejr  are  on  the  same  side  of  the  fulcrum,  may  be  thus  peoved ; 
the  efibrt  of  the  weight  Wto  torn  the  lever  abojst  C  m  measured 
by  JPx  BC)  the  effort  of  the  power  P  (acting  in  direction  PA) 
to  turn  .the  lever  about  C,  i.  e.  to  sustain  W,  is  measured  by 
PxAC'i  when  there  is  an  equilibrium  therefore,  PxACwwt 
beecpalto  JVxBC,  ot  P  :  W ; :  BC  ;  AC,  as  before. 

2  H 
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is  proportional    to    JV-P^\     III.  In  a  .lever  of 

the  third  order,  the  power  P  acts  between  the  weight 

W  and  the.  center  of 

motion  C;  and  since 

BC  is    greater   than 

AC,  P  is  greater  than 

lVy  and  the  pressure  c  B 


upwards     from      the£  ^ 

fulcrum  is  represented 
byP-W 


4.  The  nature  of  many  of  the  common  machines 
and  instruments  made  use  of  for  moving  and  sus- 
taining 


(»)  From  the  principle  of  a  lever  of  the  second  order,  we  may 
estimate  the  proportion  of  the  pressure  sustained  by  two  props 

F,f,  when  the  weight  C  B c 


J 


W  is  supported  by  a  -p 

rod  Cc  placed  upon 

them.     For  suppose  flHW 

C,  c  to  be  successively  the  centers  of  motion,  then 

Pressure  on  fulcrum/:  weight  W\ :  BC :  Cc;  for  same  reason, 

Weight  W\  Pressure  on  fulcrum  F : :  Cc  :  Be;  .'.  ex  aequo, 

Pres. on  fulcrum/:  Pressure  on  fulcrum  F  ::  BC:  B  c;  and  as  the 
whole  weight  is  sustained  by  the  two  props,  it  is  divided  between 
them  in  the  ratio  of  BC  :  Be,  the  part  sustained  by  each  prop 
being  inversely  as  the  distance  of  the  weight  from  it. 

(b)  In  this  third  order  of  levers,  although  the  lever  is  supposed 
to  move  freely  round  the  center  of  motion  C,  it  is  yet  n< 
to  consider  it  as  firmly  connected  with  the  prop  at  that  point. 
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taining  weights,  and  for  overcoming  resistances;  may 
be  explained  upon  the  principle  of  the  lever.  Thus, 
not  only  the  common  balance,  the  steelyard,  &c.  but 
all  such  instruments  as  scissars,  snuffers,  pincers,  ice. 
(where  a  power  is  applied  at  one  end  of  the  instru- 
ment for  the  purpose  of  overcoming  the  resistance 
opposed  to  it  at  the  other)  may  be  reckoned 
amongst  levers  of  t/te  Jirst  order.  The  instruments 
used  for  moving  heavy  weights,  whereof  one  end  rests 
upon  the  ground  whilst  a  power  is  applied  at  the 
other;  the  oars  of  boats,  which  maybe  considered 
as  changing  their  center  of  motion  in  the  water  after 
every  impulse  which  they  receive  from  the  rower ; 
cutting-knifes,  fixed  at  one  end,  and  made  to  act  by 
means  of  the  pressure  of  the  hand  upon  the  other ; 
doors,  whereof  the  centers  (or  rather  the  axes)  of 
motion  are  in  the  hinges ;  &c.  &c,  all  come  under 
the  denomination  of  levers  of  the  secondic)  order.  A 
ladder,  raised  up  by  means  of  a  power  applied  towards 
its  lower  end,  in  which  case  the  principal  part  of  its 
weight  is  thrown  beyond  the  point  where  the  power 
acts;  sheers  (used  for  clipping  sheep),  in  which  the 
pressure  of  the  hand  is  applied  between  the  center 
of  motion  and  the  part  where  the  resistance 
operates ;  the  human  arm,  raising  by  its  muscular 
action  a  weight  suspended  at  one  extremity  of  it, 
the  center  of  motion  being  at  the  other;  &c.  &c, 

are  instances  of  levers  of  the  third  order. 

5.  Let 

(c)  For  in  all  these  instances  it  is  evident  that  the  weight  to 
be  moved,  or  the  resistance  to  be  overcome,  is  between  the  center 
of  motion  and  the  point  where  the  power  acts. 
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5.  Let  us  next  estimate  the  relation  of  the  forces 
which  keep  a  lever  in  equilibrio,  when  its  own  weight 
is  taken  into  consideration.  In  this  case  it  is 
evident,  that  in  a  lever  of  the  Jtrst  order  the  effect 
of  the  power  and  weight  (and  in  levers  of  the  second 
and  third  orders  the  effect  of  the  weight  only)  will 
be  increased  by  the  weight  of  the  arm  upon  which 
they  respectively  act;  and  since  this  weight  may  be 
considered  as  collected  in  the  center  qf  gravity  of  the 
arm,  (Art.  4,  page  959)  this  additional  force  will  be 
measured  by  the  weight  of  the  arm  multiplied  into 
the  distance  of  Us  center  of  gravity  from  the 
fUlcrum.  Suppose  the  lever  to  be  of  a  cylindric  or 
prismatic  form,  and  that  its  weight  =  w,  then, 

In  a  lever  of  the  first  order  (Fig.  page  229),  the 

weight  of  the  arm  AC  a*  —       -,  weight  of  the  arm 

BC=  ■■  ■    R — ;  and  as  the  centers  of  gravity  of 

AC  and  BC  are  in  their  middle  points,  the  distance 
of  the  center  of  gravity  of  AC  from  the  fulcrunf 
=  \AC,  and  that  of  BC=\BC\  hence  the  effect 
of  the  power  P  is  increased  by  a  force  which  is 

measured  by       .R~  x  \AC  (  or  ^ — -j^ —  j ,  and 

w  x  BC 

the  effect  of  W  by  a  force  measured  by  — ■    ^  -  x 

iBC, 


(•)  For  AB  :  AC  : :  whole  weight  of  the  lever  (w)  :  weight  of 

w  x  AC 
the  arm  AC=*    *?    ;  and  AB  :  BC  : :  whole  weight  of  lever 

(iv)  :  weight  of  the  arm  BC=z  "  AIi    • 
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£  BC,    for  ^"jffi^  •     The  effects  of  P  and  W 

are  measured  by  P  x  AC  and  W x  2?C  respectively; 
in  the  case  of  an  equilibrium,  therefore,  we  have, 

P  x  jC+  *^-*v=  w*  bc+  i^4|^, 

Ad  Ad 

n     WxBC  ,\w  .  BC*-AC*. 


In  a  lever  of  the  second  order  (Fig.  page  231),  the 
whole  weight  of  tile  lever  operates  in  direction 
of  W;  .\ 

P  x  AC=  WxBC+wx±AC, 
or  Ps —    c     +\w. 

In  a  lever  of  the  third  order  (Fig.  page  232),  the 
whole  weight  of  the  lever  also  operates  in  con- 
junction with  W;  ,\ 

P  x  AC=  Wx  BC+w  x  \BC, 

D     W+\wxBC 
°rP AC ' 

XXXI. 

On  the  general  Properties  of  the  Lever,  and  a 

Combination  of  Levers. 

1.  Let  ACB  be  any  lever,  whose  center  of 
motion  is  C ;  and  let  two  forces  P9  p  act  in  the 
direction  P,p  upon  the  extremities  of  its   arms 

CAy 
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CA,  CB.     Produce  PA}pB,  to  M,N9  and  let  fa! 
the     perpendiculars  w 

CM,  CN;  with  the 
longer  perpendicular 
CN  and  center  C  de- 
scribe the  circular  arc 
ND,  and  join  CD. 
Let  DP  represent  the 
magnitude  of  the  force  acting  uponthe  lever  at  A  in 
direction  AP,  and  let  it  be  resolved  into  two  others, 
viz.  DE  perpendicular  and  EP  parallel  to  the  radius 
CD;  then  DE  only  is  effectual  to  produce  motion 
round  the  center  C,  the  part  EP  being  exerted 
merely  to  produce  pressure  upon  the  fulcrum  in 
direction  CD.  Supposing,  therefore,  the  lever  to 
be  perfectly  inflexible,  this  effort  of  P  to  produce 
motion  round  C  would  be  counteracted  by  a  force 
equal  to  DE,  applied  perpendicularly  at  N,  in  direc- 
tion NB.  Let  then  the  power  p  be  equal  to  that 
part  of  P  which  is  represented  by  DEy  and  (as  it  is 
indifferent  in  what  point  of  the  line  of  direction 
this  power  acts)  conceive  it  to  act  at  N.  In  this 
case  the  forces  P,p  will  be  in  equilibrio ;  i.  e. 
when  P  :  p  ::  PD  :  DE,  the  lever  will  be  kept 
in  equilibrio  about  the  center  of  motion  C;  bul 
by  similar  triangles  PD  :  DE  ::  CD  (CN)  :  CM 
.".  P  :p  ::  CN:  CM;  hence  "two  forces  actinj 
"-at  the  extremities  of  the  arms  of  any  lever  wil 
"  be  in  equilibrio,  when  they  are  to  each  othe 
"  inversely  as  the  perpendiculars  let  fall  upon  th> 
"  lines  of  direction  in  which  they  respectively  act." 

2.  Produc 
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2.-  Produce  PA,pB  till  they  meet  in  S;  join 
CS,  and  draw  CO  parallel  to  p  S9  in  which  case 
the  angle  OCS=CSN.  Now  if  CS  be  made 
radius,  CM  becomes  the  sine  of  the  L-  CS  0,  and 
CN  the  sine  of  the  S 

Z-CSNorOCS;  but 
as  SO  :  OC::  sin. 
^OCS(CN)  :sin.M 

l-CSO(CM); 
hence  Pip:: 
{CN:  CM  ::) 

ISO :  oa 

The  two 
*ides  5  0, 
OC    of 

the  triangle  SOC  represent,  therefore,  the  relative 
Magnitude  and  direction  of  the  two  forces  P9p; 
the  third  side  SC  will  consequently  represent  a  force 
equivalent  to  them  both  (Art.  6.  page  50) ;  and  as 
this  compound  force  acts  directly  towards  C,  the 
pressure  upon  the  fulcrum  will  be  represented, 
in  quantity  and  direction,  by  the  line  S  C. 
3.  If  each  arm  of  the  lever  be  straight,  but  the 

two  arms  inclined  to  each 

other  in  the  given  angle 

ACB,    let  L-CAM=a, 

L  CBN=  P,  and  rad.  =  1 ; 

then  AC:  CM::  rad.  (l) 

:  sin.  «,  .\  CM=ACx 

tin.  a,   and  BC  :  CN  ^ 

:  rad.  (l)  :  sin.  P,  .-.  CJV=s2?Cx  sin.  P;    hence 

P:p 


S38 


ON  THE  LEVER. 


P  :  p  ::  BCxsin.  /J  :  ^Cxsin.  a.  If  sin.  «= 
sin. A  then  P:p::  BC:  AC,  or  "  />,p  arc  *o  each 
other  as  the  arms  of  the  lever  upon  which  they  respec- 
tively act? 

4.  If  the  lever  be  straight,  and  the  forces  act 
parallel  to  each  other,  then  sin.  a  ~  sin.  0, 
/.   P  :    W  ::   BC  :   AC, 


as    in    Art.  2,  page  230 ;  ^ 

and  this  will  be  the  case 

whatever  be  the  position  of 

the  lever;  if  therefore  P 

and    /F  be    in    equilibrio^ 

when  the  lever  is  in  the    p 

horizontal  position  ACB,  they  will  also  be  in  equi- 

librio  when  it  is  in  any  other  position  at  CB;  i.  e. 

the  lever  thus  acted  upon  will  rest  in  any  position1** . 

5.  In  the  common  balance  or  scales,  the  arms  AC, 
CB  are  equal  to  each  other  ;  .'.  when  there  is  an 
equilibrium,  P=JV-  But  this  equilibrium  will  be 
destroyed,  if  either  P  or  W  be  removed  from  their 

parallel 


w«wa 


(a)  This  also  appears  from  Art.  1.  page  235  •,  for  product 
Pa  to  Mt  then,  when  the  lever  is  in  position  aCb,  P  -.  W 
::  CN \  CM::  (by  sim.  A')  Cb  :  Ca::  (sinoe  the  arras  of  the 
lever  are  invariable)  CB  ;  CA.  In  thus  asserting  that  the  lever 
will  rest  in  any  position,  it  is  in  course  taken  for  granted  that  the 
common  center  of  gravity  of  P,W  and  the  lever  coincides  with 
the  center  of  motion ;  for  it  is  evident,  from  the  principles  laid 
down  in  Lect.  4.  Part  I.  that  the  lever  will  only  rest  when  that 
center  is  supported. 
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parallel  position.  Suppose,  for  instance,  a  person 
placed  in  the  scale  P  was  balanced  by  the  weight  Wy 
but,  by  pushing  in  the  ob-¥ — A       J   9  ? 


lique  direction  J&F  against 
the  arm  C-^,  the  scale  was 
protruded  into  the  position 
pA;  then  draw pE  parallel 
to  PA,  and  produce  CAT1      £  •. 

to  meet  it  in  E ;  and  at  the  instant  of  the  scales 
arriving  at  the  position  pA,  it  will  act  at  the 
perpendicular  distance  CE  from  the  center  of 
motion ;  its  effect  therefore  (by  Art.  2)  to  turn 
the  lever  about  C  will  be  measured  by  P  x  CE, 
i.e.  its  effect  will  exceed  that  of  W  in  the  pro- 
portion of  CE  :  CA,  and  consequfcntly  the  scale  in 
which  the  person  is  will  preponderate,  and  the 
equilibrium  be  destroyed. 

6.  In  a  combination  of  levers  connected  with  each 
other  in   the  manner  represented  in  the  annexed 

Q 

&        t 


L    -  ■      '  i 


Figure,  there  will  be  an  equilibrium  when  P  :  W 

::  BCxDFx  EG:  ACxBFxDG.    Forsuppose 

the  equilibrium  to  exist,  and  that  the  forces  which 

act  at  B,D  are  represented  by  Q,  R  respectively,  then 

2i  P:Q 


2X  **  ^st  lit*-**. 


j, 


cQ  = 


Iw  ■  —   -•    -    i-     -^     -  -     -■  —        "    -J 


DG 


n  c-r .-  -r      ^       i.»."."»i.-     .iSx  SF%  DG  1 31). 
A*"*     ..,-_p     O-P     **-*'     Px^fl 

TT!e  -'"*  •■'3-"-  -"'     t  =  f  —  V=  "  —  ■ 


.    .    .  onF=Q+#= 


BC    *     DG   ' 


on  G=tf+ tf  =-„-£-+ 0=-^ 

We  have  here  supposed  the  forces  to  ar»  perpen- 
dicular to  the  extremities  of  the  several  jews:  if 
thev  acted  obliquely,  or  if  the  arms  of  the  'evert 
were  inclined  to  each  other,  then  for  thtse  arms 
must  be  substituted,  in  the  proportion  markrf  *  J/), 
the  perpendiculars  let  fall  from  the  Cir.^r?  of 
notion,  E.  F.  G*  upon  the  direction  in  uiv.rh  the 
forces  act.  We  now  proceed  to  illustrate  t!>e  wrc- 
going  theory  by  a  few  plain  examples. 

EXAM.  I. 

•/:  thztwrr  ,?:::?V>  of  a  <:rrti^ht  lever,  whose  tenzthu 
2  t  i*:ch*\<.  *yr  :\i:d\;  two  ufig'..**  •-■/*  5  anJ  7  p^uiiti 
-A  k\k::  fv;*:r  -,:<*:  ::«•  ':;.Vr;r:  l\  riiced  ±r*  that  these 
*ei<t.\*  >;.\:.V    \:":\vf  <\:,/%  ev.er.  fV    weight  of  tkt 

»  ■  -  I  * 

tins  is  a  i\ixx  of  tiv  lever  of  the  Jirst  order,  ift 

*hich  V*V  luSv  —S^  ^  =  5,  /'"=r,and.^fi=s04; 

and 
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nd  when  there  is  an  equilibrium,  B  (5) :  IV  (7) 
:    BC  :  AC;  .-.  12  :  7   ::  BC+AC  (AB  =  24) 

AC-  ^?  - 14 ;  hence  BC=  24  -  14  =  1 0.  inches. 

EXAM.  II. 

At  the  extremity  of  a  lever  of  the  second  order, 

tere  acts  a  power  which  is  of  itself  able  to  sustain 

nly  d  weight  of  15  pounds ;  but  when  acting  under 

iis   mechanical  advantage,  it   is  able  to  sustain  a 

weight  of  100  pounds,  placed  5.  feet  from  it;  what 

?  the  length  of  the  lever  ? 

■  « 

Referring  to  Fig.  page  231,  we  have  P  =  15,  W=* 

00,  and  AB  =  5  feet;  now  P  (15)  :  JT(lOO)  ::  BC 

JC,  .'.  P  \W-P  (or  15  :  85)   ::  BC  :  AC-BC 

AB=5);  hence  BC=5-^=jt,  and  AC=AB 

+  BC=5jf  feet. 

EXAM.  III. 

A  body,  suspended  at  the  extremities  of  a  balance 
vhose  arms  are  unequal,  weighs  (p)  pounds  at  one 
•awf,  and  {(])  pounds  at  the  other;  what  is  its  real 
height  ? 

A  balance  of  this  kind  is  called  a  false  balance, 
because  when  the  body  is  suspended  at  the  extremity 
tf  the  longer  arm,  the  weight  which  balances  it  is 
tbove,  and  when  suspended  at  the  extremity  of  the 
horter  arta,  is  below,  the  true  weight.  But  the  true 
tefght  of  the  body  is  easily  found  by  the  following 
peration;  viz.  Let  x  =  the  true  weight,  and  a  the 
in   of  the  lever  upon  which  (p)  is  suspended  to 

balance 


•    ?HZ  LEVER. 

:  ^  ..-     .iron  which  (q)  is  suspended 

r  ::  c:  :  t9  or  x  =  '—>  and  x  :  q 

b  J 

—  .  Multiply  these  two   equations 


pq  or  x=  y/pq;  i-  e.  u  the 
:-  body  is  a  mean  proportional 
-:•::  weights  thus  obtained." 


t  XAM.  IV. 

• .  ::  ■: > ;  -uclion  of  the  steelyard. 

*  .*  !o"cr  of  the  first  order,  having 

■■•*  5*(\  CD;  a  g7re;i   weight -Pis 

^  :'-v  ::»ger  arm  CD,  so  as  to  sus- 

.:••:.;.•  .V  magnitude  suspended  from 

■    ::v  /;.v»\Yr  arm  CB. 


.x.    .*v    ut'!*1.'  of  the  arms  not  to  be 

•     >  /.. -.it ion,    then   P  :  JV\\  BC  :  AC 

mm.      v  .  .*.  :r^BC=P*AC,  and  as? 

^    .:,    :;xA(\     Hence,  if  Ca,ab, 

\     .  v.  •  %  ..;:.:.'  to  each  other  (or  Cb^'lCa, 

x.  \   then    if    P  balances    (me  pound 

,,v     .    :.  it    will  balance  two  pounds  at  t, 

x   »v\t   suppose  the  steelyard  to  have 

■...  *he   excess  of  the  weight  of  the 

.  *  ..V\c  that  of  the  shorter  CB  is  such 

that 
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t J i .it  the  moveable  weight  P,  when  placed  ;it  E, 
would  keep  the  arms  in  equilibrio;  hi  which  case 
would  be  measured  by  Px  Cfc;  if  there* 
lore  ;i  weight  W  placed  at  B  be  in  equilibrio  with 
the  weight  P  placed  it  A,  we  should  have  II'  *.  BC 
=  Px  AC+  Px  CE=P.~ACVCE=P*Ai:;  tatr* 
.  sequent!)',  since  /"and  BC&re given,  fVacAE.  The 
construction  of  the  steelyard,  therefore,  would  be  the 
same  as  in  the  former  instance,  except  that  the 
graduation  must  begin  from  E,  instead  of  from  C. 

3.  In  general,  let  the  weight  of  the  arm  CD=*w, 
and    the    distance  of    its  center   of   gravid/    from 
C=g;   the   weight  of  the  arm   CB  =  w',   and    the' 
distance   of  its   center    of  gravity   from  C=gf;  let 
CB=m,  and  Ca,  Cb,  Cc,  &c.  =  d,  d\  d",  iSc.  respec- 
tively;   and  let    fV,    W,  IV",  &c  represent    the 
weights  sustained  by  P  when  placed  at  the  points 
.<r,  b,  c,  &c.  successively  ;  then  (by  Art.  5,  page  235,) 
the  following  equations  will  be  true  ;   viz. 
fp-in  +  wg'—Pd  +  ivg(A) 
rv"m  +  w''~g  =  Pd'  +wg(Bj 
tr-m  +  w'g  =  Pd"  +  u!g  (C) 
be.  ■»  &c. 
Subtract  (A)  from  (B),  (B)  from  (C),  &c.  Sec.  then 


K"  -«\ 


» =  p.  2T- 


;0r<r  -d[ab) 


iv -"'. 


it.  nt  i:  tr-iziaittrn-a  &*ii£~fss»v% 

«  *~  —  JT  =  bz:.  .    z ,s  =  r;  =  fc:. ;  zzd 

*  .**•..       —      fl».  tell-    .tea  M     .     .        *       1*.  4Hfe.»-  tVTC 

'     *•  T^ 

J   »    »    -  1  ..-h.  «...■.  w    ..  --  '  ...»      &_  .    «*'^         ... 


^;  — 


_-;.       --  "  Lit  //;  =  the  length    :»:  \:*z  .;r:;~:ir 
£-    .    ..:     .I    -<>iw   ^i\i'ii    weight    'J      -:.«  "r-  -y 

-      ...=r  .-     -•')    wn^ht  (//')    at    the    £,    r::.   ::-«rr--.y 

.:.«.:.    t l«t-    hui\vr   ;'i"in  ;     let     ?.  =  int    ."r^i; 

-----    -    .j'\    wt-ii^lii^    which    tlie     stee.'-.r:    :» 

-**:  :..":-;   ?v  ahivriiiiii,    ati«l    make    the  dn'ts^r.?. 

.   .        ic:.  each  rciual  to  -p  ;  the  weir":.:    r 

^^•TCc-irrom  the  points  r/,  /•,  r,  &c.  will  niutnnf 
*.   #--  1.  v-2w,  &c."        Thus  Mippo.se  /*=  ..;. 

....  ..:«.:  «  =  £//•.,  then  —  =  >;   if   t >;■:-:>.. 

^   .     „..  ;•  ;:£.  be.  fee.  i-  ti.kon  e«:u?.l  t,.  ^  v:.    :~.e 

.   \   ^rve  {or  a**\  ::J.r.\i\^  we:--ru    —••  - 
«        »  »      -  ■       .  •> 

»  ^v  ^     .«.     %« »  ^   -  »  ««. ...... .^    •*.*.     .     .    .."*.      JX  .  • 

t.XAM.  V. 

.  .■«■-  .'  .  •        .    -  •  -      ft 


.—  »         »         • 
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pended;  it  is  required  to  determine  the  position  of  the 
fulcrum  C9  so  that  P  may  be  in  equilibrio  with  the 
longer  arm  BC. 

Let  AB  =  a,  x  Hence,    from    the    princi- 

AC=x  )ples  laid  down  in  Art.  5, 

then  BC=a-x,      \2m—mmmmmmmmm% 

W1.  of  AC=  — , 

a  l  2 

W1    of  nr,-.w'a  —  x  )Pa£e  ^35,  wlien  there  is  an 

equilibrium,  we  have, 


wx      T        w. a  — x 


xa?  +  —  x  £#  = xi.c- x, 


n        «/#*        w  *a  —  x%\ 

or  P#  +  —    = , 

2a  2a9 

.'.  2aPx  +    wx*=*wai  —  2awx  +  wx*i 
and      2.P  +  H>.,r    =wa, 

or  #  = 


2-P  +  u; 

Cor.   If  P  =  w,  then  x^^a,  or  AC=\AB  the 
length  of  the  lever. 

EXAM.  VI. 

P  and  W  are  suspended  from  the  extremities  of 
the  arms .  of  the  tent  lever  ACB  (whose  weight 
is  not  taken  into  the  consideration) ;  it  is  required 
to  Jind  the  angle  of  inclination  (ACS),  so  that 
u/Aen  there  is  an  equilibrium,  AC  shall  be  parallel 
40  the  horizon. 

By 
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By  Art.  3,  page  237,  P  '•  *  »  BC  x  sin.  CB0 
iJCxtm.  L-PACt  but  sin.  LPAC=nd. ml, 
and  sin.  CBD  =  cos. 
Z.BCD; .:  P-.WnBC* 
cos.  BCb  :  AC x  l,  hence 


cos.  BCD= 


PxAC 


from 


which  L.BCD  (and  con- 
sequently ACBt  which  is 
equal  to  180° -BCD)  is 
known. 


AC 


Cor.  1.  If  P=  JT,  then  cos.  J5CD="^;  and 
BC=lAC,  then-gy,=  i;  .-.  cos.  BCD=j=cos. 
6o° ;  hence  ACB  =  1 20°. 

Cor.  2.  UAC-BC,  then  cos.  Zf CZ>=  ^;  and  , 

P  "' 

if  ir=iP,  then  ^=4;    •'.  cos.    5CZ)=|=cofc 

6o° ;  hence,  in  this  case  also,  the  jLACB  is  140 . 


EXAM.  VII. 

From  the  'extremities  of  the  arms  CA,  CB  of  •■. 
bent  lever,  the  weights  P,  W  are  suspended!  U,v 
required  to  determine  the  position  of  the  lever  wmf 
'these  weights  are  in  equilibrio. 

Through  C  draw  MN  parallel  to  the  horiftAi 

and  produce  PA,  W B  to  meet  it  in  M  and  N;  by 

Artl, 


t 
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Art.  1 ,  page  236,  the  lever  will  be  in  equilibrio,  when 
P  :  fV::  CN:  CM.  Join  AB,  and  draw  CD  paral- 
lel to  MP  or  NtV;  CD  will  cut  A B  in  the  same 
proportion  that  it  does  A/AT  (Euc.  6.  \o\  i.  e.  DB 
:AD  ::  CN  :  CM;  hence  DB  :AD::P:  Wi 
from  which  it  appears  that  "  if  the  line  AB,  which 

"joins  the  extremities  of  M" c 

"  the  arms  of  the  lever,  be      j 

"  divided  in  the  point  D,  in 

"  the  ratio  of  P  :  W,  and 

"  that    point    be    brought 

"  immediately    under     the 

€S  center  of  motion,  it  will  give  the  position  of  the 

"  lever  when  P  and  fVarc  in  equilibrio." 


EXAM,  vin: 

If  from  the  arms  of  a  straight  lever,  ACB,  two 
weights  i\  IV  be  suspended,  and  the  lever  be  made 
to  turn  round  its  center  of  motion  (C),  then  will  these 
two  weiglits  describe  similar  circular  arcs,  whether 
they  be  suspended  by  equal  strings  AP>  BJV,  or  by 
unequal  strings  AP,  BlV. 

1 .  Let  us  first  suppose  them  to  be  suspended  by 
equal  strings  AP,  BW,  and  let  the  lever  be  turned 
from  its  horizontal  position  ACB  to  any  other  posi- 
tion aCb;  the  weight  P  in  the  mean  time  descri- 
bing the  line  Pp,  and  the  weight  IV  to  the  line 
Ww.  Complete  the  parallelograms  A  CEP,  CEWB, 
(which  will  evidently  form  one  parallelogram 
APWB)  and  join  Ep,Ew;  then   (since  ap  =  AP 

Q,  k  =  CE) 
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=  CE)   ap  and    CE  will   be   equal   and  parallel, 

.\   (Eue.  l.  33) 

Cap  £  is  a  parol- 

Ithgram.    In  the   A 

same  manner  it 

may    lie    proved 

that    CEub    is 

a    parallelogram, 

and  that  CapE, 

CEwb  form  one 

parallelogram 

apwb.     Now  Ep      . 

=  Ca=CA=EP,      Y 

.\   P/>   is   a  c/r-        \  y 

cw/ar  arc   whose  ** 

center  is  £,  and  radius  -EP  or  C//;  for  same  reason 

JViv  is  a  circular  arc  whose  center  is  E  and  radius 

Eflr or  CB;  and  since  the  angle  JVExo  is  equal  to 

the  angle  PEp9  the  arcs  Pp,  JVw  are  concentric  and 
.<i/jz*7ar. 

2.  Suppose  now  the  string  BIV  not  to  be  equal 
to  the  string  AP ;  then  complete  the  parallelogram 
CBWDj  and  (w'  being  the  position  of  IV  when 
the  lever  is  in  position  a  Cb)  join  Dw\  In  the  same 
manner  as  before,  it  may  be  proved  that  //^describes  a 
circular  arc  IV'ui,  whose  center  is  Z>,  and  radius  D  W 
or  CB;  but  it  is  evident  that  DlV'  is  equal  to  EW 
(being  opposite  sides  of  a  parallelogram),  the  arc 
W'xv  is  therefore  equal  and  similar  to  the  arc  IVwi 
hence  "  P  and   IV  describe   similar  circular  arcs 

"  whilst 


ON  THE  LEVER.  249 

€€  whilst  the  lever  moves  from  the  position  ACB 
€C  to  the  position  a  Cb>  whether  the  strings  by  which 
€€  they  are  suspended  be  equal  or  unequal? 


XXXII. 

■ 

QUESTIONS  for  PRACTICE. 

1.  At  one  extremity  of  a  straight  lever  whose 
length  is  7  feet,  a  weight  of  10  pounds  is  suspended ; 
at  the  distance  of  2  feet  from  the  point  of  suspension 
a  fulcrum  is  placed;  What  weight  must  be  suspended 
from  the  other  extremity  of  the  lever,  to  keep  it  in 
equilibrio  ?  Ans.      Albs. 

m 

2.  A  lever  of  the  second  order  is  20  feet  long  ;  at 
what  distance  from  the  fulcrum  must  a  weight  of 
1 1  libs,  be  placed,  so  that  it  may  be  supported  by  a 
power  (able  to  sustain)  50  pounds,  acting  at  th» 
extremity  of  the  lever? 

Ans.      8  feet  and  1 1  ~  inches. 

7 

3.  A  cylindrical  straight  lever  is  10  feet  long,  and 
weighs  6lbs. ;  its  longer  arm  is  7>  and  its  shorter 
3  feet ;  at  the  extremity  of  its  shorter  arm  a  weight 
of  21  pounds  is  suspended;  What  weight  must  be 
placed  at  the  extremity  of  the  longer  arm,  to  keep  it 
in  equilibrio  ?    (See  Art.  5,  page  234.) 

Ans.      7  j  pounds. 

4,  A 
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4.  A  body  weighs  10  lbs.  Qoz.  at  one  end  of  a  false 
balance,  and  12% lbs.  at  the  other;  What  is  its  real 
weight  ?  Ans.      1  libs,  and  6oz. 

5.  A  and  B  are  of  the  same  height,  and  sustain 
upon  their  shoulders  a  weight  of  1 50lbs.  placed  on 
a  pole  8£  feet  long ;  the  weight  is  placed  3£  feet 
from  A ;  What  is  the  weight  sustained  by  each 
person  ?     See  note  (a),  page  232. 

Ans.  A  sustains  88^-lbs,  and  B  sustains  6\  —lbs. 

6.  The  longer  arm  of  a  steelyard  is  8  feet,  and  the 
slwrter  6  inches ;  and  its  apparatus  of  hooks  &c  is 
so  contrived,  that  a  weight  of  5  pounds  placed  upon 
the  longer  arm,  at  the  distance  of  one  foot  from  the 
center  of  motion,  will  balance  12  pounds  placed  at 
the  extremity  of  the  shorter  arm;  the  moveable 
weight  (of  5 lbs.)  cannot  conveniently  be  placed 
nearer  to  the  fulcrum  than  6  inches ;  What  must 
be  the  graduation  of  the  steelyard  that  it  may  weigh 
lialf  pounds,  and  what  will  be  the  greatest  and 
least  weights  that  can  be  ascertained  by  it  ? 

Ans.      The  graduation  is  \  of  an  inch ;  greatest 
W\  =  82lbs,   least  =  7  lbs. 

7.  The  arms  of  a  straight  lever  are  to  each  other 
as  3  :  2,  and  it  is  acted  upon  obliquely  by  two  forces; 
the  force  (P)  applied  at  the  extremity  of  the  longer 
arm  is  inclined  to  it  at  an  Z.  of  45°,  and  (p)  at  the 

shorter 
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shorter  in  an  Z.  of  tX)°;  What  is  the  proportion 
between  the  forces,  when  the  lever  is  in  equilibrio? 
See  Art.  3,  page  237.         Ans.        P  :  p  ::  */fi :  3. 

8.  The  arms  of  a  bent  lever  are  equal,  and  P  :  W 

: :  1  :  \/2 ;  What  must  be  the  inclination  of  the 
arms  to  each  other,  that  the  arm  from  whose  extre- 
mity P  is  suspended  may  be  parallel  to  the  horizon  ? 

Ans.      135°. 

9.  In  a  combination  of  levers  connected  together 
in  the  manner  represented  in  the  Fig.  page  239, 
the  three  shorter  arms  (BC,  DF>  EG)  are  respec- 
tively 1,2,  and  4  feet ;  the  three  longer  arms  {AC> 
J3F9DG)  are  9,  11,  and  12  feet;  the  weight  (P) 
suspended  from  A  is  3  pounds;  What  weight  will  it 
sustain  at  E?  Ans.     445%lbs. 


Lecture 
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ON  THE  WHEEL  AND  AXLE ;   AND  THE  PULLEY. 


A  he  principle  of  the  wheel  and  axle  is  so  analo- 
gous to  that  of  the  lever,  that  this  may  naturally  be 
considered  as  the  next  in  order  of  the  mechanical 

XXXIII.  ' 

On  the  Wheel  and  Axle. 

t    l«.\  order  to  explain  the  manner  in  which  the 
»ikv!  asiJ  a\le  operate  upon  each  other,  suppose  DB 
w  lv  a  .;;  .5':.-r-V   •vW-r  supported  upon  the  props 
L  h\  V/(^\  and  moxeaMe  about  the  axis  LM.    Lrt 
t*o  >i'.a'j;hi    inriev.bie  axis  -4G.  BC  be  insertel 
■»u»  t1^  ox -.mder.  in  a  dictation  pe-pendicular  to  tk 
„»-*.  tv.S   :*.:•. :.\Y J"  .v  c\:o*  ::hf  G*;d  to  the  horizon; 
\„   i-v;-v:  r\\!  FK  be  also   inserted  perpendicular 
,,     -;,    „.6  ^  but   :v.ak'.::£   .:*:;,  *r:^\:  with  the  plane 
**««*>£  \'h -w\:\\\  /u  or  .^Cr.     From  the  extremities 
*  gK   w*  SV.  ..fo  »*"  t::e  xv^-^hts  19' u   be  sus- 

v*frt      '^-   v' >  A—  :-  r3**  -30!    Wx  BCvdW 

represent 
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represent  the  affect  of  Wt  and  w  x  AG  the 
effect  of  w,  to  turn  the  roller  about  the 
axis  LM;  and 
supposing  the 
rock  AG,BC, 
and  the    roller 
£>£,  to  be  per- 
fectly rigid  and 
inflexible,  it  is 
evident  that 
these    two 

Wights  will  counteract  each  other's  effects,  in  the 
same  manner  as  if  they  were  acting  at  the  extremi- 
ties of  the  arms  of  a  straight  lever.  When  W  and 
u  therefore  are  in  equilibria,  Wx.  BC  will  be 
equal  to  ui  x  AG,  or  w  :  IF::  BC  :  AG;  ami  (fan 
will  be  the  case  whatever  be  the  length  of  the  rod 
tiC.  Sup|>c*c  that  rod  to  be  equal  to  the  radius  of 
tfte  filler,  then  the  string  BIT  will  become  a  tan- 
gait  to  the  roller,  and  the  foregoing  proportion 
becomes  w  :  if  : :  the  radius  of  the  roller  \  AG. 
Let  us  next  suppose  the  weight  W  to  be  kept  in 
equilibrio  by  a  power  P  acting  at  right  angles  to  the 
extremity  of  the  rod  PK;  then  may  P  and  fFbe 
considered  as  acting  at  the  extremities  of  the  arms 
PK,  BC  of  a  bent  lever;  and  since  they  act  at 
right  angles  to  those  arms,  (by  Art.  3,  page  237) 
/*  :  if  ::  BC  :  PK'";  and  (when  B  Warts  as  a 
gent  to  tfie  roller)  P  :  W; ;  radius  of  the  roller :  PK- 
2.  This 
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.-     ■"  :%::rr.at;ng  the  effects  produced 

■-    .:*:n  a  lever  whose  arms  are  in 

,  i.-jiU  immediateh  to  the  explanation 

*  :  -ii    which  any  weights    or  forces 

(.-•    -trier  bv  means  of  the  wheel  and  axle. 

fir    wight  »"  (which  is  suspended  bv  a 

£  jvontlthe 

fje  kept  in 

.■•,.■-    by 

«-$**     («■") 


u 

lik-  Ik 
,1  Ilk- 

:>■  ,i\i» 

.,-.  i!u- 

!\  of 

■  ti  a 
fl>  of 

audits  Y'-S',  /'/,  &c.  of  the  wheel 
■  planes  of  these  wheels  be  at  ri°kt 
<.  /.A/ of  the  machine. ;  then,  in  the 
weight  //'  may  he  considered  as 
■ight  («■)  acting  at  right  angles  to 
the  arm  AC  of  a  straig hi  lever,  and 
power  (P)  acting  at  right  angles  to 
'  the  arm  t  K  of  a  tent  lever,  the 
earl i  case  acting  at  the  distance  of 
<■  axle  from  the  center  of  motion; 
hence 
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hence,  by  Art.  1 .  w  or  P  :  W : :  radius  of  the  axle 
:  A  C  or  t  AT,  i.e.  "  the  weight  or  power  acting  at  the 
"  circumference  of  the  wheel :  weight  sustained  upon 
"  tlie  axle  : :  radius  of  the  axle  :  the  radius  of  the 
"  wheeler 

3.  If  the  power  does  not  act  at  right  angles  to  the 
radius  of  the  wheel,  but  in  some  ohlique  direction, 
as  AP  (in  the  annexed 
Figure,which  represents 
a  section  of  the  wheel 
and  axle),  then  let  fall 
CD    perpendicular    to  g 
A  P.     By  the  property 
of  the  lever yP  and  TV 
are  to  each  other  "  in- 
"  versely  as  the  perpen- 
"  diculars  let  fall  from 
"  the  center  of  motion 
*€  upon  the  directions  in 
"  which  they  respectively  act ;"  in  this  case,  there- 
fore, P  :  W\\  CB  :  CD  : :  radius  of  the  axle  :  sine  of 
the  L.  which  P  makes  vjith  the  radius  of  the  wheel, 

4.  Hitherto  we  have  not  considered  the  thickness 
iff  the  rope;  when  that  is  taken  into  the  account, 

we 

i         i      ■■;       ~>m     ■    -■'  ■  ■■  — i  i.  ■       i.  ii  i.     ..     ■  i    ■  i  ■—  ...» 

(»)  Let  i*=  radius  of  the  wheel,  r=  radius  of  the  axle,  then 
JP\W  ::r  :  R,  /.  Px  R=Wxr -,  if  W  and  r  be  given,  and 
PtndR  variable,  then  P°c^',  i.  e.  "to  sustain  a  given  weight 
"  upon  a  given  axle,  the  power  must  be  increased  as  the  radius 
er  of  the  wheel  is  diminished ;  and  vice  versa*' 
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we  must  add  the  ha(f  °f  *t  *P  the  distance  at 
which  A^and  to  respectively  actU).  Let  therefore 
2/ «  diameter  of  the  rope,  and  l?t  12  =  rad.  of  the 
wheel,  r=  rad.  of  axle;  then  if  the  thickness  of  the 
rope  be  taken  into  the  consideration,  we  have 
w  :  Ww  r  +  t :  R  +  t;  and  since  in  this  case  the 
same  quantity  (t)  is  added  to  each  term  of  the 
ratio  r  :  JRvb),  w  must  bear  a  greater  ratio  to  IP' than 
that  of  r  :  R,  or  of  the  radius  of  the  axle  to  the 
radius  of  the  wheel® . 

5.  To  find  the  pressure  upon  the  props  LH9  MQ 
(Fig.  in  p.  254),  when  two  weights  W,  w  keep  them- 
selves  in  equilibrio  about  the  wheel  NRO  and  axle 

DE, 


(*)  For  #^tt>  act  in  the  direction  of  the  axis  of  the  rope,  and 
this  axis  is  evidently  removed  from  the  circumference  of  Ike 
wheel  or  axle  by  half  the  thickness  of  the  rope. 

(b)  For  r  :  R  is  a  ratio  of  lesser  inequality,  .*.  it  is  increased  bj 
this  addition  of  the  same  quantity  to  each  of  its  terms.  (A!g. 
Sect.  53.  Lect.  8.) 

(c)  In  this  article  we  have  considered  the  ropes  which  go  round 
the  wheel  and  axle  to  be  of  the  same  thickness,  and  that  it  ooQf 
round  the  axle  but  once.  But  suppose  the  thickness  of  the  rope 
to  which  Jfis  appended  to  be  2  T,  that  of  w  to  be  2t,  and  tbtt 
the  rope  coils  round  the  axle  any  number  of  times  denoted  "by  ■» 
then  it  is  evident,  that  for  each  coil  of  the  rope  after  thejirst,  /Fwifl 
be  further  removed  from  the  circumference  of  the  axle  by  the 
whole  thickness  (27)  of  the  rope;  the  most  general  form  there- 
fore under  which  the  relation  of  w  :  /Tcan  be  exhibited,  when 
the  thickness  of  the  rope  is  taken  into  the  consideration,  «, 
w  :  W-.  r+2n-l.T:  R+t. 
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DE,  let   fl=wl.  of  the   axle,  and  A—vf\  of  the 

wheel NRO}  and  (in  the 

annexed  Figure)  let  X  L  x       G %—> 2£ 

denote  the  distance  of 

the  weight  (W)  from  L9  and  C  the  position  of  the 

wheel;   moreover,  let  G  be  the  common  center  of 

gravity  of  W  and  w ;  <d)  then  the  pressure  of  the  axle 

upon  each  prop=£a;'e>  pressure  of  the  weights  W^w 

fV+w.MG 
upon  the  prop  LH= j^ — ,  and  upon  the 

prop  MQ=  '    *,Ml'r — ;  the  pressure  of  the  wheel 

T  „    AxMC  nyin    AxLC    ,   „^ 

upon  LH= —    M   ,  upon  MQ= — TjbjT'  hence 

the    whole     pressure   upon    the    prop    LH  =  \a 

AxMC+W+w.MG        ,  #,  1Lfn 

,  and  upon  the  prop  MQ 


LM 

Ax  LC+W  +  w.LGt 

*a+  LM  '  6.  In 


(<0  The  point  X  in  this  Figure  is  supposed  to  be  that  point 
where  a  plane  passing  through  the  rope  x IV  {Fig.  in  pag.  254),  at 
right-angles  to  the  axis,  intersects  the  axis  >  and  the  point  C  is 
supposed  to  be  the  center  of  the  wheel;  so  far  therefore  as  the 
pressure  upon  the  props  LH,  ATQ  is  concerned,  it  is  evident  that 
the  weights  W,  w  may  be  considered  as  placed  at  X  and  C  re- 
spectively. Take  GX  :  GC  : :  w  :  W,  then  G  will  be  the  common 
venter  of  gravity  of  W  and  w9  and  the  pressure  of  W  and  w 
upon  the  props  will  be  the  same  as  if  a  weight  equal  to  W+  w 
was  placed  at  G.     (Art.  7.  pp.  Qg,  100.) 

(e)  For  the  weight  of  the  axle  acts  in  a  similar  manner  upon 
each  of  the  props  5  and  as  the  two  props  sustain  its  whole  weight, 

it  is  evident  that  each  prop  must  sustain  half  that  weight. 
(0  For  the  manner  of  calculating  the  respective  pressures  of  A 

and  W+w  upon  the  props  LH,MQ,  the  reader  is  referred  to 

iVote  (a),  page  232,  and  Note  (a),  page  234. 
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6.  In  the  same  manner,  we  might  compare  the 
pressure  upon  the  props  LH,  MQ,  when  the  weight 
(#0  is  sustained  by  means  of  a  power  (P)  acting  upon 
the  handles  of  the  wheel  StP~  (Fig.  in  page  254); 
except  that  in  this  case,  since  P  and  W  may  ad 
on  the  same  or  on  opposite  sides  of  the  axis  of 
motion,  and  since  P  acts  at  different  degrees  of 
obliquity  during  one  revolution  of  the  wheel, 
that  part  of  the  expression  which  involves  the  pres- 
sure of  P  and  W  will  be  variable,  and  assume  the 
form  of  mff±nP,  where  the  positive  or  negative 
sign  must  be  used  according  as  Wand  P  are  on 
opposite  sides  or  on  the  same  side  of  the  axis. 

7.  In  a  combination  of  wheels,  such  as  is  repre- 
sented in  the  annexed  Figure,  where  a  power  (P)  acts 
upon  the  winch  or 
handle  PQ,'"  which 
turns  the  wheel  A, 
which  acts  upon  the 
wheel  B,  from  which 
the  motion  is  propa- 
gated   through    the 
wheels  C  and  D  to 
the   axle  E,  about 
which  the  rope  that 
sustains  the  weight 
(W)  is  wound,  let  the  force  exerted  by  the  wheel  A 
upon 

(*)  In  this  case  the  effect  will  evidently  be  the  same  at  if 
the  power  acted  at  the  circumference  of  a  wheel  whose  radius 
isPQ. 


THE  WHEEL  AND  AXLE.  259 

upon  the  wheel  B=p,  of  B  upon  C~q;  then,  sup- 
posing P  and  W to  be  in  equilibrio,  we  have, 
P:  p  : :  rad.  of  wheel  A  (r) :  JPQ, 
b  :  q  ::  rad.  of  wheel  C  (r)  :  rad.  of  wheel  B  (R), 
q  \W\\  rad.  of  axle  (a)  :  rad.  of  wheel  D  (R); 

I 

.'.  ex  aequo, 
P:  W ::  axrxr    :   /*Q  x  Rx  R;   where  the  de- 
monstration goes  upon  the  same  principle  as  that 
Df  a  combination  of  levers,  in  Art.  6,  page  23Q. 

8.  Instead  of  the  power  being  applied  to  the 
handle  or  winch  PQ,  suppose  it  to  be  applied  at  the 
circumference  of  a  wheel  whose  radius  is  (R) ;  let 
the  radius  of  the  axle  =  r,  the  radii  of  the  small  wheels 
=  r',  r"  &c.  and  of  the  larger  ones  =  R,  R'  &c. ; 
then,  whatever  be  the  number  of  such  wheels,  the 
proportion  expressing  the  relation  between  P  and  tV, 
when  there  is  fin  equilibrium,  will  be  P  :  W  :: 
rx/x  r"  &c.  :  RxR  xK  &c.  : :  product  of  the 
radii  of  all  the  smaller  wheels  (or  axles)  :  product 
of  the  radii  of  all  the  larger  ones(b;. 

EXAM.  I. 

What  must  be  the  diameter  of  a  wheel  by  which  a 
weight  of  1  QQlbs.  suspended  by  a  rope  going  round  cm 
axle  whose  radius  is  6  inches 9  may  be  kept  in  equilibrio 
by  a  power  acting  upon  it  equivalent  to  12  lbs.  f 

Let 


(*)  If  r=r'=r"  &c.  and  fl=/T=  fl"  &c.  j  then  P :  W: :  r* :  JP» 
where  n=the  number  of  wheels  or  axles). 
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is  sustained  by  means  of  a  pulley  or  system  of  pulleys 
is  very  simple,  and  will  be  readily  understood  from 
the  following  investigation. 

1 .  In  the  single  fixt  pulley  (A),  about  which  the 
weight  (W)  is  sustained  by  the  power  (P)  acting 
on  a  string  (fVAP)  passing  along  the  groove  in  the 
circumference,  no  mechanical  ad- 
vantageis  gained;  for  si  nee  the  rope 
passes  freely  round  the  pulley,  it 
is  evident  that  the  tension  on  each 
side  of  it  must  be  the  same,  and 
consequently  that  the  power  must 
be  equal  to  the  weight  which  it  sus- 
tains. The  only  advantageous  cir- 
cumstance attending  a  pulley  of 
this  kind  is,  that  a  given  power 
may  be  made  to  sustain  or  put  in 
motion  a  given  weight  in  a  more  convenient  manner, 
by  altering  at  pleasure  the  direction  in  which  the 
power  acts.     The  pressure  upon  the  pivot  or  axis  of 
the  pulley  (A)  is  evidently  equal  to  P+W. 

2.  But  if  a  weight  {IV)  be  sustained  by  a  power  (P) 
acting  on  a  string  going  over  a  moveable  pulley 
(E)  as  well  as  the  Jixt  one  A,  then  it  is  evident  that 
this  weight  is  sustained  by  the  two  strings  AE,  DE\ 
and  as  it  is  suspended  from  the  center  of  the  puQey 
(E)9  these  ropes  must  act  at  equal  distances  from 
that  center;  consequently,  each  string  must  sustain 

half 
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the  weight  (Note,  page  232).  But 
that  whatever  is  the  ^ 
weight  sustained  by  the  string 
AE,  the  same  must  be  sus- 
tained by  the  power  (P),  which 
acts  upon  a  string  going  freely 
over  the  fixt  pulley  (A) ;  hence, 
when  there  is  an  equilibrium, 
P=±IV,otW=1P,  ..P:IV 
::  1  : 1.  With  respect  to  the 
pressure  upon  the  hook  D,  it 
is  hWot  P,  and  upon  the  axis 
of  the  pulley  {A)   it   is   equal    to  P  +  \W=lP. 

3.  The  same  principle 
pervades  the  system  of 
pulleys,  in  which  the  same 
string  goes  round  all  the  I 
pulleys,  as  in  the  annexed  | 
Figures,  For  it  is  evi- 
dent that  the  weight  (IV) 
is  supported  by  ail  the 
strings  at  the  lower  block ; 
if  therefore  the  numl-er  of 
these  strings  be  (n),  each 
string  mustsupport-fthpart 
of  the  weight.  But  when 
there  is  an  equilibrium, 
whatever  be  the  tension 
upon  each  of  these  strings 
which  support  the  weight, 

e  same  will  be  the  tension 


«*t 
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jrt  av  *rx£  V°  ^hich  the  power  (i*)  acts; 
MNt  /*?**»  «  l?=*Pt  .:P:  fTizlm* 

•tin'tf  **aumber  of  strings  at  lower  block,  or 
*<w  im  number  of  moveable  pulleys).  Thepret- 
«•    yxm  Me  hook  B  or  C  is  evidently  equal  to 


■4.  When  the  same  string  does  not  go  round  all  the 
pulleys,  but  each  pulley  has  a 
separate  string  CFE,  HDP, 
ARD,  &c.  going  round  it,  and 
fastened  to  the  hooks  A,  H,  C, 
&c.  then  the  relation  between 
P  and  W  must  be  estimated  by 
a  different  method.  Thus  (since 
the  string  CFE  goes  over  a 
single  moveable  pulley)  by  Art.  3, 

P  ;  weight  sustained  by  pulley  (F)  : 

and  weight  sustained  by  ( F) :  weigh t  sustained  by  (C)  : 

weight  suuainedby  (D)  :  weight  sustained  by  (B)i.e.ftF': 


.-.  ex  icquo,  P  :  W\:  1  :  2  x  1  x  2,  &c.  ::  1  :  2",  or 
W«  'i'i*  tit"  h  be  the  number  of  moveable  pulleys). 


v»\  If  two  blocks  ot'  pulleys  of  this  kind  (in.  which  m  md 
■  *f*M«*»«vUvrl\  the  number  ot' strings)  were  combined  together. 
.,«  ifctl  ttw  otl«vi  \K>  prmtuccd  by  the  Jirst  block  should  set  » 
-«■#  \nvii  iht'*.wM,  then  P  :  E  :;  1  :  m,  and  £  :  W:;  1  :  «; 
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In  this  system  of  pulleys,  the  pressure  upon  the  hook 
A=\fV=\x  2nP=2*TxP;  upon  the  hook  /T(  =  i 
pressure  upon  A)  =  \  x  2%~l  P  **  a*"*P;  &c.  &c.  and 
the  pressure  upon  pulley  E = 2  P. 


5.  Hitherto  we  have  considered  the  strings  asact- 
ing parallel  to.each  other ;  but  suppose  the  power  (P) 
to  act  upon  the  weight  B 
{IV)  by  a  string  going 
over  the  moveable  pul- 
ley (E)  in  an  oblique  di- 
rection, then  produce 
the  string  AF to  E9  and 
draw  DFat  right  angles 
to  DE  (D  being  the 
center  of  the  pulley). 
Let  FE  represent  the 
magnitude  of  the  power  acting  in  the  direction 
EF,  which  resolve  into  ED,  DF;  then  ED  is  that 
part  of  it  which  is  efficacious  in  supporting  the  weight 
(IV) ;  an4  since  the  string  BD  supports  the  same 
weight  which  the  string  AF  does,  the  whole  weight 
sustained  by  the  string  BFA  will  be  represented 
by  2DE ;  hence  P  :  W"  EF  :  2DE::  rad. :  2  cos. 
L.DEF  or  2  cos.  Z.  of  inclination  of  the  direction 
of  the  power  to  the  direction  of  the  weight. 


6.  Suppose  there  to  be  a  system  of  pulleys  (of  the 
same  nature  with  that  in  Art.  4.)  in  which  the  strings 
do  ndt  act  parallel  to  each  other,  but  the  string  CD 


hi:  ?triLEY. 


.  i- 


i-rvr  CB  in  an  Z.  i 
.  --."  SJ  to  AH  ^ 
us:  Seen  proved. 


;  BCm- 


^  ^.%  ^;>muu\1  at  C  ::  rad.  (1^:2  cos.  r 
»«*ig*%:  .it  /*  ::  rad.  {{)  :  2  cosMi 

.     •oj/u  .'»i  -'  t#r)  ::  rad.  (1)  :  2  cos.  7» 
&*\  &c.  &c. 


H-  V* 


'     "»  : :  I  :  '2*  x  cos.  a  x  cos.  .3  x  cos.  y 
t   4  * .  v  number  of  moveable  pulleys. 

X  \    *  rvthiT  mode  of  combining  pulleys 

t.»A^  no  have  not  yet  noticed;  viz.  when 

.     .  n.  ■*  :nto  the  leeight,  as  in  the  annexed 

\  ,-v>  *v*\  suj)posing  there  to  be  an  eq\u- 

»■»  • 

.*      v  power   (P)   to  act  upon  a  string 
%v,v  %*o  the  pulley  A,  then  it  is  evident 
^xvix.  upon   that  pulley  will  be  equal  to 
^       w   ^»m*  HA  supports  a  part  of  the  weight 

equal 
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ss  —  =  8  =  twice  the  number  of  moveable  pullep, 
.*.  number  required  is  4. 

EXAM.  II. 

In  the  system  of  pulley's  described  in  Art.  A.  find  the 
general  relation  between  P,  W,  and  n. 

W 

In  this  system,  /fr=2«P,  .'.  P=  —  ; 

W 
and  2*=  -p, 

.\  n .  log.  2  =  log.  w-  log.  P, 

log.  W-  log.  P- 

or  n=  — s-i s — # 

log.  2. 

From  which  it  appears,  that  if  any  two  of  the  three 
quantities  P,  Wy  or  n,  be  given,  the  third  may  be 
found. 

EXAM.  III. 

In  the  system  of  pulleys  described  in  Art.  6,  when 
the  strings  act  obliquely  upon  each  pulley,  the  angles 
a,  ft,  y,  &c.  are  each  of  them  60° ;  JVhat  is  the  rela- 
tion between  P  and  W? 

In  this  system,  P  :  IV  \\  1  :  2»xcos.  axcos./3xcos.y, 
8cc. ;  hence,  as  a,  /3,  y,  &c.  are  each  of  them  6o°,cos.  «, 
cos.  fty  cos.  y,  &c.  are  each  of  them  equal  to  (sin.  30 
or)  £,  and  the  number  of  these  quantities  is  n; 

:.P  \JV\\   1   :   2*  x  —  : :  l  :  ]  ;  or  P=  ^  what- 

wer  be  tlie  number  of  pulleys. 

Ex. 
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EXAM.  IV. 

Find  the  general  relation  between  P,  W,  and  n,  in 
he  system  of  pulleys  described  in  Art.  7  ;  and  theft 
2nd  the  number  of  pulleys  necessary  for  a  power  of 
libs,  to  support  a  weight  of  38 i lbs. 


W 


Here  JP=P.2«~i,  ,\P= , 

9  2»—  1 ' 

also,  2—  1  =  £  ...2-=|r+l  =  ^j 


tnce  n x log.  2=log.  WP-fog.  P,  or  *=  log  ^+^rIofr  P. 

wtr    00,        jn     *     .l  log.  384— log.  3       2.107210     „ 

XXXV. 

QUESTIONS  for  PRACTICE. 

1 .  A  power  of  3lbs.  acts  upon  a  wheel  whose 
iiameter  is  6  feet;  What  weight  will  it  keep  in 
fcquilibrio,  supposing  the  rope  which  supports  that 
Weight  to  be  wound  round  an  axle  whose  diameter 
is  5  inches?  Ans.      43ilbs. 

2.  A  power  of  5lbs.  keeps  in  equilibrio  a  weight 
of  150lbs.  by  means  of  a  wheel  whose  diameter  is 
IO  feet;  What  is  the  diameter  of  the  axle? 

Ans.     4  inches. 

3.  A  power  (P)  acting  by  means  of  rope  going 
►ver  a  wheel  whose  diameter  is  6  feet,  supports 

a  weight 
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a  weight  of  320 lbs;  the  diameter  of  the  aHe  is 
8  inches,  and  the  rope  by  which  P  and  mW  are 
suspended  is  2  inches  thick ;  What  must  be  the 
magnitude  of  Py  supposing  the  thickness  of  the  rcfe 
to  be  taken  into  consideration  ? 

Ans.      P=43.24/fa. 

4.  Four  wheels,  ^  B,  C,  D,  whose  diameters  are 
5,  4,  3,  and  2  feet  respectively,  are  put  in  motion 
py  a  power  of  10  lbs.  applied  at  the  circumference 
of  the  wheel  A;  these  wheels  act  upon  each  other 
by  means  of  three  smaller  wheels,  the  diameter 
of  each  of  which  is  8  inches ;  the  last  wheel  D 
turns  an  axle  whose  diameter  is  6  inches ;  Whit 
weight  may  be  sustained  by  a  rope  going  over  this 
axle?  Ans.     8 100 /fix. 

5.  In  the  combination  of  wheels  and  axles  de- 
scribed in  Exam. 4.  p. Q.6l,  P  :  W\\  1  :  32768 ;;,: 
What  is  the  number  of  wheels  ? 

Ans.      5  wheels. 

6.  By  means  of  a  system  of  pulleys,  of  which  6  are 
moveable,  and  the  same  string  goes  round  all  the 
pulleys,  what  power  will  be  necessary  to  sustain  • 
weight  of  1 1 2  lbs  ?  Ans.      gtlbs  * 

7.  A 


(*)  The  logarithm  of  this  number,  as  it  stands  in  the  Tablet,  :s 
4 .5154499 ;  but,  for  the  solution  of  this  question,  it  will  be  proper 
to  make  it  4.5154500.  ^  r^ 
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7.  A  weight  is  sustained  by  a  power  attached  to  a 
rope  going  over  one  moveable  Pulley  (as  in  Fig. 
page  265),  the  direction  of  the  rope  making  an  Z.of 
45°  with  a  verticle  line  passing  through  the  center 
of  the  pulley;    What   is  the  relation  between  P 

and  W*  Ans.     P  :  IV  w  1  :  JY. 


8.  A  weight  of  640 lbs.  is  sustained  by  a  power 
equivalent  to  5  lbs.  by  means  of  the  system  of 
pulleys  described  in  Art.  4,  p.  264 ;  What  is  the 
number  of  pulleys?  Ans.     7  pulleys. 

9.  What  power  will  be  necessary  to  sustain  a 
weight  of  1020  lbs.  in  a  system  of  8  pulleys,  con- 
structed according  to  the  Fig.  in  p.  267,  where  the 
strings  are  all  fastened  to  the  weight? 

Ans.      4  lbs: 


2  n  Lecture 
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Lecture  IX. 

ON  THE  INCLINED  PLANE,  THE  SCREW,  AND 

THE  WEDGE. 


M.  his  Lecture  will  comprehend  the  three  remain- 
ing mechanical  powers;  viz.  the  Inclined  Plane, 
the  Screiv,  and  the  Wedge;  beginning  with  the 
Inclined  Plane,  being  that  upon  which  the  pro- 
perties of  the  Screw  more  immediately  depend. 

XXXVI. 

On  the  Inclined  Plane. 

1.  Lot  AC  be  an  inclined  plane,  whose  lengths 
AC,  height  AH,  and  base  BC ;  and  suppose  the 
weight  W  to  be  kept  in  equilibrio  by  another 
weight  (or  power)  P  acting  freely  over  a  pulley  fi*1 
at  /).    Draw00  WR  at  right  angles  to  AC,  meeting 

Ah 


(■*)  This  Figure  is  in  course  to  be  considered  as  a  section  ot 
the  plane  passing  through  the  center  of  gravity  of  the  weight;  and 
if  the  weight  be  not  large,  that  center  of  gravity  may  be  cou- 
riered as  placed  in  the  angular  point  (W)  of  the  triangle  DIVE* 
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AB  (produced  if  necessary)  in  E ;  the  weight  W 
may  then  be  considered  as  kept  at  rest  by  three 
forces,  viz.  the  action  of  J^ 

the  power  in  the  direc- 
tion WD,  its  own  weight 
(or  gravity)  in  direction 
DE,  and  the  re-action 
of  the  plane  in  direction  mm 
EW;  /.  (by  Art.  *,  H 
page  70)  these  three  fT 
forces  are  to  each  other 
as  the  three  sides  of  the 
triangle  DWE,  in  the 
directions  of  which  they  respectively  act.  Hence' 
P  :  W  ::  WD  :  DE  ::  sin.  Z.WED  or  L-ACB^ 
:  sin.  L-DWE  ::  sine  of  the  Z. of  inclination  of  the 
plane  :  sine  of  the  Z.  which  the  direction  of  the  power 
makes  with  a  perpendicular  to  tlie  plane  at  the  point 
where  the  weight  rests  upon  it. 

2.  By  the  third  law  of  motion,  the  pressure  of 
W  upon  the  plane  must  be  equal  to  the  re-action  of 
the  plane  upon  W;  if  therefore  EW  represents  that 
re-action,  WE  will  represent  the  pressure  upon  the 
plane;  hence  P  :  pressure  upon  the  plane  ::  WD 
:  WE  ::  sin.  Z.  WED  or  L^ACB  :  sin.  LWDE; 
and  W :  pressure  upon  the  plane  ::  DE  :  WE  :  sin. 
L.DWE  :  sin.  L.DWE. 

3.  If 

(b)  Since  the  triangles  ACB,  1VAE,  are  right-angled  triangles, 
and  have  the  angle  at  A  common,  the  angle  AE1V  must  be  equal 
to  the  angle  ACB- 
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3.  If  the  power  acts  parallel  to  the  plane,  tlieu 
IVD  may  be  considered  as  coinciding  with  WA,  and 
the /www,  the  weight,  and  l\\c  pressure  will  be  respec- 
tively represented  by  the  three  sides  IV A 9  AE>  WE 
of  the  triangle  AIVE;  hence  P  :  IV ::  IV A  :  AE 
::  (by  sim.  A*)  AH  :  AC  ::  height  of  the  plane 
:  length  of  the  plane;  and  P  :  pressure  upon  the 
plane  ::  If  A  :  JVE  ::  AB  :  BC  ::  height  of  the 
plane  :  base  of  the  plane ;  also  IV :  pressure  upon  the 
plane  ::  AE  :  tVE  ::  AC :  /iC ::  /?/ig/A  of  the  plane 
:  base  of  the  plane. 

4.  If  the  power  acts  parallel  to  the  base  of  the 
plane,  (i.  e.  if  the  weight  IV  be  sustained  upon  the 
plane  by  a  force  acting  in  direction  p  IV,  and  pushing 
upward*  in  such  manner  that  p  IV  is  always  parallel 
to  the  horizon)  then  produce  p  IV  to  F;  and  when 
there  is  an  equilibrium,  the  power,  the  weight,  and 
the  :'•<<>:.•<  will  be  re>jKct:vc!y  represented  by  the 
three  sides  It  l\  Ft..  IV E  oi  the  triangle  IVFE; 
.-.  P  :  IV  ::  IVF  :  FE  ::  VH  sim.  A')  -*5  :  BC 
::   :;.-:^;::   of  the   plane   :    •'%.<<•   of  the   plane;  and 

::  ht'igh:  of  the  plane  :  .V\\i:;.  of  the  plane;  also, 
W  :  ;*'cv>.w  :.:v:  ftc  :.\;v<r  ::  FE  :  IVE  ::  BC 
:  .^("  ::  t\;»\  of  the  plane  :  **c\\:;;.  of  the  plane. 

3.  Let  .*=  L- of  inclination  of  the  plane,  /*=/- 
which  the  direction  of  the  power  makes  with  * 
perpendicular  to  the  plane  at  the  point  where  the 
^eisrht  rests  upon  it:  then,  bv  Art.  l,  P  :  IV::  sin-* 

:  sin. 
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n.  /3;   /.  P=— n — ~ .     Suppose  fPand  sin.  x 

un,0  2rr^ 

>e  given,  then  P  varies  as   .  ■  ■■ ,  and  will  conse- 
°  sin. /3 

ntly  be  the  least  when  sin.  /3  is  the  greatest, 
when  the  angle  DfVE  becomes  a  right  angle,  or 

cts  parallel  to  the  plane ;  hence  the  least  power 
be  required  to  raise  or  sustain  a  given  weight 

n   a  given   inclined  plane,  when    the  direction 

vhich  that  power  acts  is  parallel  to  the  plane. 

lin,  W=  — : — ;  if  therefore  P  and  sin.  «  be 

sin.  * 

in,  then  fVocsin.  P,  and  will  consequently  be 

itest  when  sin.  ft  is  greatest,  i.  e.  the  greatest 

rht  will  also  be  raised  or  sustained  by  a  given  power 

n  a  given  inclined  plane,  when  the  direction  in 

ch  the  power  acts  is  parallel  to  the  plane. 

i.  Let  y=LfVDE;  then,  by  Art.  2,  P  ipres- 

•  upon   the  plane  : :  sin.  «  :  sin.  7,  .".  pressure 

P  x  sin.  *y 

n  tfie  plane  = 7 — —  ;  if  P  and  sin.  *  be  given, 

sin.  ol 

n  the  pressure  upon  the  plane oc sin.  7,  and  will 

sequently  be  greatest  when  sin.  7  is  greatest, 

when  WDE  becomes  a  right  angle,  or  the 

rer  acts  parallel  to  the  base  of  the  plane <•>. 

7.  When 

)  In  this  case,  since  IV E  is  greater  than  JFJE,  it  appears  that 
pressure  is  greater  than  IV;  but  in  this  there  is  no  inconsis- 
y,  for  it  is  evident  that  when  a  weight  is  sustained  upOn  an 
ned  plane  by  means  of  a  force  acting  in  direction  p  W%  part 
le  pressure  arises  from  the  power  as  well  as  from  the  weight, 
therefore  the  whole  pressure  may  be  greater  than  the  weight 


276 


THE  INCLINED  PLANE. 


7.  When  a  weight  {IV)  is  sustained  by  another 
weight  (P)  going  over  a  fixt  pulley  at  D,  since  the 
angle  DIVE  varies  at  every  point  of  the  plane,  it  is 
evident  that 


KyJ2 


there  is  but 
one  point  of 
the  plane 
where  a 
given  power 
will  sustain 
a  given 

weight;  and  that  point  may  be  thus  deter- 
mined.    Take  BG  :  BC  ::  P  :  /Ff  and  with 
center  5  and  radius  SG  describe  a  circular 
arc  cutting  AC  in  F;  join  jBF,  and  draw 
DKL     perpendicular  to  BF,   or   to  BF 
produced ;  then  the  point  W  where  DL  cuts  jfC 
will    be    the   point   required ;    for    the   triangles 
DIVE^BFC  being  similar",  we  have  fVD:DE 
::  BF  or  BG  :  flf;  but  P  :  /r::  BG  :  BG,  .\  P 
:  /r-.:  IV D  :  Z)£;   hence,  by  Art.  1,  the  relation 
between   the   sides  of  the  triangle  JVDE  is  such 
as  to  give  the  position  of  IV  when  there  is  an  equi 
librium  between  P  and  IV. 

8.  But  when  the  power  acts  parallel  to  the  plane, 
or  parallel  to  the  base  of  the  plane,  the  ratio  of 
____ PxW 

(a)  Draw  IV  E  at  right  angles  to  AC,  as  before,  then  L.AIW 
sz£^ACB\  and  in  the  rtght-anghd  trinngles  EKL,DBL,ti* 
LKLB  is  common.  .-.  £_KBL=L_KDB;  hence  the  LCFB 
=  the  £mmDU-,tl,  and  consequently  the  triangle  CFB  is  similar  to 
»he  triangle  DIVE. 
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P  :  ffis  constant®  through  every  part  of  the  plane; 
if  therefore  a  given  power  be  in  equilibrio  with  a 
given  weight  at  any  one  point  of  a  plane,  the  same 
power  would  also  be  in  equilibrio  with  the  weight, 
when  placed  at  any  other  point  of  that  plane.  We 
now  proceed  to  give  a  few  examples,  for  the  illustra- 
tion of  this  theory. 

EXAM.  I. 

A person  is  just  able  to  sustain  by  his  strength  a  weight 
of  200  lbs.  JVtiat  weight  would  he  be  able  to  sustain 
on  an  irtclined plane  whose  elevation  is  50°,  by  means 
of  a  rope  going  round  it,  and  Jixt  to  the  top  of  the 
plane  in  tlte  manner  represented  in  the  annexed  Figure? 

In  this  case,  the  power  which  supports  the 
weight  acts  parallel  to  the  plane,  .\  by  Art.  3, 
P  :  W  ::  Ah  :  AC  ::  sin.  lACB  (50°) 
:  radius  ::  7660  :  10000, 
Px  10000        .. 

;      this  ^ 

LA. 


or     W  = 


7660    

is    the    weight     supported 

by   the   rope  PWA ;     but 

since  that  rope  is  Jixt  at  A, 

«ach  part  PW,  JVA  of  that  tf 

xope  supports  haff'c)  the  weight ;  hence,  if  the  force 

exerted 


(»»)  For  P  :  W  (in  one  case)  . :  height  of  the  plane  :  length  of 
plane;  and  in  the  other,  P  :  IV w  height  of  plane  :  base  of  plane 
(Art.  3, 4.) 

(c)  The  case  being  similar  to  that  of  a  weight  supported  by 
two  parallel  strings  gping  over  a  pulley. 
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exerted  by  the  rope  PWA=P>  the  force  acting 

%   in   the   direction  WP  =  \P;  call   that  force  (p), 

then  />  =  £P,  or  JP  =  2/>;    substitute    this  for  P, 

i       i         »r-     2/>  x  lOOOO      rc  m      rtirv  400000 
and  we  have  U  =   p  ^      -  (if  p  -  200)  -^g- 

=  5f22. 1Q//-5. ;  if  therefore  a  person  by  his  natural 
strength  is  able  to  lift  a  weight  of  200 Its,  acting 
under  the  circumstances  here  represented  he  will 
be  able  to  sustain  a  weight  of  522. 1Q Its. 

EXAM.  II. 

*  .v.  .:%  :::': 'i:\i  r."4r.:\  s- •  *«we  height  is  TO  fed, 
/>/.  .*;.:;..-;  30\  c  :•*:>%;  •;•"  3."£f.  if  sustained  if  * 
Tvwr-  ,■•*  ;.\\*.  cc:h:z  :*•*  .:  :\«<\Vv  Art  a/  the  distinct 
\'  -v\':t-:  rvrc  Mr  /r/>  •/  r:.i  p^ne  fin  the  maimer 
\?*:>fnted  in  Fig.  1 .  pc^r  270  :  //  is  required  to  fid 
.if  .iiitancr  of  It'  fr*  *n  r'.c  r.o  *~f  the  plane,  when 

■  a     •    *    »  a 

Since  JC=  20  feet.  ?.r.  I  _  .1CB  =  3Q\  AB  ( = sin. 

-V  to  radius  AC  \\\.\  ':v  c\:::a!  to  10  feet,  and 
.v.isco.i-.ent.y  BC=  N/77Tr^~ffiT=  N/30O=  17.32 
feet ;  constructing  the  Fi  ~"..rc .  therefore,  as  in  Art-  "> 
we  kfre   BG  :  BC  -.::*.:,:    -.-.  P  V2)  :  /f  (3),  •'• 

lh*  ,or  BF  =  : — ^-^  =  i ! .  34  feet:  hence,  in  the 


tr:..v.c'o  HFC  we    ::.:\c  iV=  .■.::.  BF=  11.54, 

found  to  Iv  :\>:xv::\i.\   :>  .J-  .  and  1 31". 23';  but 
the  trvir.c'o  PH'F  :<  <  :::*.•-  to  :he  triangle  BFCt 

therefore 


i 

y 
j 
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.-.  L.WED**z&iL.WDE=\%\yj',wALDWE 

=  131°.23'.  r 

• 

Again,  since  DWE  is  1 3 1  °.  23',  and  AWE  a  right  . 
Z.  (or  90°),  the  L.DWA  must  be  41°. 23';  hence,  in 
the  triangle  D  WA>  we  have  AD  =  10  feet,  Z.  W DA 
bb  I8°.37',  and  L.DWA=  41°. 23',  from  which  AW 
is  found  to  be  4 .  828  feet,  which  gives  the  distance 
of  W  from  the  top  of  the  plane  when  P  is  in  equili- 
bria with  W. 

EXAM.  III. 

A  body  is  sustained  upon  an  inclined  plane,  first  by 
a  power  acting  parallel  to  the  plane,  and  afterwards 
by  a  power  acting  parallel  to  the  base  of  the  plane. 
Compare  the  pressure  upon  the  plane  in  these  two 
different  cases. 

By  Art.  3,  when  the  power  acts  parallel  to  the  plane, 

W :  pressure  upon  the  plane  (P) : :  length  of  the  plane 

:  base  of  the  plane. 

By  Art.  4,  when  it  acts  parallel  to  the  base  of  theplane, 

Pressure  upon  the  plane  (p)  :  W  ::  length  of  the 

plane  :  base  of  the  plane. 
Hence,  ex  cequo,  p  :  P  : :  the  square  of  the  length  of 
the  plane  :  square  of  the  base  of  the  plane.     Thus, 
in  a  plane  whose  elevation  is  6o°  (and  whose  length 
is  consequently  double™  of  its  base),  it   makes  a 

difference 


C)  In  Fig.  page  273,  if  L<ACB=QV>,  then  £.&4fl=30°j 
.v  BC=\radius=\AC,  or  AC=2BC. 

2  o 
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difference  of  4  :  1  as  to  the  pressure  upon  the  plane, 
whether  a  body  be  sustained  upon  it  by  a  force 
acting  parallel  to  the  plane,  or  by  one  acting  pa- 
rallel to  the  base  of  the  plane. 

EXAM.  IV. 

Two  weights  P, IV  resting  upon  the  inclined  planes 
AC,  AD,  whose  common  height  is  AB,  keep  each 
other  in  equilibrio  by  means  of  a  string  going  over  a 
pulley  fixt  at  A.     Compare  the  two  weights. 

Since  the  string  passes  freely  over  the  pulley  at 
A,  and  the  two  weights  are  at  rest,  it  is  evident 
that  the  tension  of  the  string 
WAP  must  be  every  where 
the  same,  i.e.  whatever  power 
is  exerted  at  A  to  sustain  IV 
on  the  plane  AC,  the  same  is  c 
exerted  at  that  point  to  sustain  P  upon  the  plane 
AD;  call  that  power  (p),  then,  since  the  power  in 
each  case  may  be  considered  as  acting  parallel  to  the 
plane,  we  have,  by  Art.  3, 

p  :    W  ::AB:AC, 
and  P  :    p    ::  AD  :  AB ; 
.\  P  :  IV::  AD  :  AC  ::  plane  upon  which  P  rests 
i  plane  upon  which  IV  rests. 

EXAM.  V. 

A  body  is  supported  between  two  inclined  plan* 
of  given  elevations ;  compare  the  pressure  upon  the 
planes. 

Let 


:odlj.     Through  G  draw  GO 
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Let  NHL  represent  a  perpendicular  section  of 
the  body  passing  through  its  two  points  of  contact 
(H,  L)  with  the  planes ;  and  from  those  points 
draw  HF,  LF  at  right  angles  to  the  planes  DC, 
AC  respectively.  From  their  intersection  F,  draw 
FG  perpendicular  to  the  horizon,  and  let  it  repre- 
sent the  weight  of  the  body.  Through  G  draw  GO 
parallel  to  LF;  then  the  D 
three  sides  of  the  triangle 
GOF  will  be  in  the 
direction  of  the  three 
forces  which  keep  thebo- 
dy  at  rest  upon  the  plane 
AC,  viz.  GO  will  repre- 
sent the  re-action  of  the  : 
plane  AC,  OF  the  re-action  of  the  plane  DC,  and 
FG  the  it-eight  of  the  body ;  and  in  the  same  manner 
it  may  be  shewn  that  the  three  sides  of  the  same 
triangle  will  represent  the  three  forces  which  keep 
the  body  at  rest  upon  the  plane  DC.  Through  G 
draw  MGK  parallel  to  the  horizon  ;  then  since  the 
three  sidte  of  the  A  GOF  are  perpendicular  to  the 
three  sides  of  the  triangle  MCL{*>,  MCK  must  be 
similar  to  GOF  (see  Note,  page  71)  ;  and  since  the 
weight  of  the  body,  the  pressure  upon  the  plane 
DC,  and  the  pressure  upon  the  plane  AC,  are  re- 
spectively represented  by  the  three  sides  FG,  FO, 
OG  of  the  AGOF,  they  will  also  be  represented  by 

the 

(J  For  FG  is  perpendicular  to  MK,  FO  to  HC,  and  OG 
'being  parallel  to  FL)  is  perpendicular  to  K  C. 
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the  three  sides   M K,  MC,  CK,    of   the    triangle 
MCL.     Hence  the  pressure  upon  DC :  weight  of 
the  body  : :  (FO  :  FG  : :)  CM :  MK  : :  sin.  LMKC 
or  ACB  :  sin.  L-MCK;  and   the  weight  of  the 
body  :  the  pressure  upon  AC  : :  (FG  :  OG  ::)   JViX 
:  CK  ::  sin.  L.CMK  or  Z>C£   :   sin.  LMCK; 
/.  er  .t^mo,  the  pressure  upon  Z>G :  the  pressure 
upon  AC  ::  sin.  LACB  :  sin.   L.DCE.     Thus 
suppose  LDCE  =  6o°,  LA  CB=  30°,   then  pres- 
sure on  DC  :  pressure  on  f^C : :  sin.  3CP  :  sin.  (So* 

::  4  :  y/:j  ::  1  :  %/3r~ 

Cor.  Let  «=  LDCE,  ,J  =  LACB,  then  £J/CAr 
=  180°  —  «  +  f>;  .*•  pressure  on  DC  \  W  \\  sin.  0 
:   sin.    l  ScT  —  a  +  \   and  pressure   upon    ^/C  :  ^ 

::  sin.  »  :  >in.  l$CV-«  +  .3:  consequently  the  sum 
of  the  pressures  upon  DC,AC:  //"::  sin.  «  +  sin.jS 

:  sin.  ISO  -V";.  Thus,  if  each  of  the  planes 
bo  inclined  to  the  horizon  in  an  L  of  00%  then  «* 
V  ;*<•  /;-;  -;.-c\>  :  //"  ::  '2  sin.  6<V  :  sin.  6of-::  a  :  Ij 
».o.  the  <tr::  o/ the  pressure*  =  twice  the  weight  ofw 


XXXVII. 

On  the  Sereu\ 

Y\w  NW.\  combines  the  principle  of  the  Incline 

F'.:\e  \\  ah  tlut  of  the  /..-■: :-.    In  order  to  explain  thc 

nature  of  this  machine,  it  will  tlierefore  be  necessary 

to 
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olve  it  into  its  constituent  parts,  and  describe 
anner  in  which  these  parts  act  severally  upon 
ither. 


Let  AEB,DBCtFCG,  &c.  be  a  series  of 
id  planes,  whose  bases  EA,  BD,  CF,  &c.  and 
r  AB,DC9  FG,  &c.  are  all  equal  to  each  other; 
rt  them  be  placed  with  their 
Parallel  to  each  other,  in  the 
r  represented   in  the 


annexed  Figure ;    then   it  is 

a  evident     that     their    several 

EB,  BC,  CG9   &c.  will  be  all  equal,  and 

hey    will   fall    in    one    right    line    EBCG. 

Art.  4,  page  274,  it  appears  that  if  a  power 

arallel  to   the    base   of   any  one   of    these 

its  relation   to   the   weight   which   it   can 

will  be  that  of  the  height  of  the  plane  to 

se  of  the  plane;   and  it  moreover  appears, 

>rt.  8,  page  277,  that  it  is  immaterial  at  what 

}f  the   plane  the  power  acts;    from  which 

>ws  that  a  weight  [IV)  would  be  sustained 

wer  (F)  acting,  parallel  to  the  horizon,  at 

nto(  the  line  EBCG,  if  P  :  W  ::  height  of 

5  of  these  planes  :  its  base. 

uppose   now    the    preceding  Figure   to   be 
round  the  cylinder  AEG L  (the  circumfe- 
rence 
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rence  of  whose  base  is  just  equal  to  any  one  of  the 
lines  AE,  BD,  CF,  &c.)  so  that  the  plane  EBCG 
should  form  a  protuberant  spiral  line 
EHBKCLG  about  the  surface  of  the 
cylinder;  each  of  the  parts  EHB, 
BKC,  CLG  of  that  spiral  line  would  in 
this  case  be  similar  and  equal  to  each 
other,  and  their  height*  EB,BC,  CG,  ] 
&c.  would  be  equal  to  the  heights  AB, 
DC,FG,  &c.  of  the  several  inclined  planes  AEB, 
DBC,  FCG,  &c.  As  the  inclination  of  every  part 
of  this  spiral  line  to  the  horizon  is  the  same  as 
that  of  the  plane  EBCG,  it  is  evident  that  the 
power  necessary  to  sustain  a  weight  upon  it  will 
be  the  same  as  that  upon  the  plane  ;  viz.  P  (acting 
parallel  to  the  base  of  the  cylinder)  will  be  to  Jf 
::  (AB  :  AE,  upon  the  plane,  and  .-.  upon  the 
spiral  line  ::)  E B  :  circumference  A E  ::  distance 
between  two  threads  if  the  spiral  :  circumference  of 
the  cylinder. 


3.  By  a  spiral  line  thus  raiser!  upon  the  convex 
surface  of  a  cylinder,  is  formed  the  external  screw; 
and  if  upon  the  concave  surface  of  a  hollow  cylin- 
der of  the  same  diameter  a  groove  be  cut  to 
admit  this  protuberant  spiral,  it  will  form  what 
is  called  the  internal  screw.  Let  the  external 
and    internal    screw    be  fitted    to   each    other   in 

the 
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the  manner  represented  in  the  annexed  Figure**', 
and  let  the  external  screw  be  turned  round  by  a 
power  applied  to  the 
lever  BC  (acting  parallel  % 
to  the  base  of  the  cylin- 
der), whilst  the  internal  [ 
screw  remains  fixed;  then  [ 
it  is  evident,  from  the  yEjj! 
manner  in  which  the  two  [ 
screws  act  upon  each 
other,  that  whilst  the 
lever  BC  makes  one  re- 
volution, the  external  I 
screw  will  be  elevated  I 
or  depressed  through  one  J^ 
of  the  spaces  ab,kc,cd,  &c.  according  to  the  direc- 
tion in  which  it  is  turned.  When  the  screw  is 
depressed, 

(")  ]»  the  machine  here  represented,  the  internal  screw  is  con- 
tained in  the  |j('rforatiou  of  the  beam  AL,  which  therefore  must 
bt-  consideicd  as  the  part  where  the  action  of  the  screw  lakes 
place.  It  may  be  observed  that  the  form  of  the  spirals  in  this 
screw  is  not  the  same  as  that  of  the  spirals  upon  the  cylinder  in 
the  preceding  Figure.  ThejJoi  form  there  exhibited  was  only 
intended  u>  explain  the  principle  of  the  screw  as  immediately 
arising  from  that  of  the  inclined  plane.  The  principle  of  the 
screw  does  not  depend  so  much  upon  the  form  as  upon  the 
inclination  of  the  spirals.  The  most  common  form  is  that 
represented  in  the  annexed  Figure,  where  the  spirals  being  made 
tapering,  the  action  of  the  external  and  internal  screw  upon  each 
other  is  rendered  smooth  and  easy ;  but  the  fiat  form  is  most 
adapted  to  those  cases  where  a  very  great  pressure  is  to  be 
created. 
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depressed,  it  drives  before  it  the  board  EF,  which 
moves  in  the  grooves  DE,  KF,  by  which  means  a 
pressure  is  created  upon  any  substance  (S)  placed 
between  that  board  and  the^rf  board  KM. 

4.  Let  us  now  estimate  the  quantity  of  this 
pressure,  by  finding  the  relation  which  it  bears  to 
the  power  which  produces  it.  To  do  this,  it  will 
be  necessary,  in  the  first  place,  to  consider  the  force 
which  would  be  generated  in  the  elevation  of 
the  screw;  which  force  may  be  estimated  by  shew- 
ing separately  what  part  of  it  arises  from  the  action 
of  the  spirals  of  the  screw  upon  each  other,  and 
what  from  the  action  of  the  lever.  As  the  machine 
turns  round,  each  point  of  the  external  screw  acts 
upon  the  corresponding  one  of  the  internal  screw 
with  a  force  analogous  to  that  by  which  a  body  is 
sustained  upon  an  inclined  plane  when  the  power 
acts  parallel  to  the  base  of  the  plane ;  the  whole 
force  therefore  of  the  screw  will  be  of  the  same 
kind,  and  (by  Art.  2.)  will  bear  to  the  weight  which 
it  could  support,  the  ratio  of  "  the  distance  between 
two  spirals  :  circumference-  of  the  cylinder"  This 
would  be  the  case,  supposing  the  force  to  act  close 
to  the  surface  of  the  ct/lindvr ;  when  it  acts  therefore 
at  the  extremitv  of  the  lever  BC%  it  will  be  increased 
in  the  proportion  of  the  radius  of  the  lever  :  radius 
of  the  cylinder* 

5.    Let    r/=  the    distance    between    two    spirals 
of    the    screw,    (/  =  length    of   the    lever    (CB)> 
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/>=3.1415    &c.   then   the   circumference  (BDE) 

of  the  circle  described  by  x-"""*d -..., 

the  extremity  of  the  lever 

=  2pa.  LetiJ  =  the  power    / 

acting   at   the   extremity  ! 

of  the  lever,  p  =  the  power  *. 

acting  at  the  surface  of  the    \  . 

cylinder,  /^=the  weight       \  / 

which   is  kept   in   equi-  '*--^..?. "' 

librio  by  P,  then,  by  Art.  4, 

p  :  W\ :    d    :  circumference  AFG{*\ 

P  :p  ::CA:  CB::  circumf.  AFG  :  circumf. BDE; 


(b) 


.*.  ex  aequo,  P  :  W  ::  d  :  circumf.  BDE  (2pa), 
and    IpaP  =  Wd;     .\    P  =  - ,    /T  =  - r  .     , 

d^-t-jrr  5  and  a=  —77  ;  hence,  if  any  r//rce  of  the 
/f  2P/> 

four  quantities  /f^  P,a,d  be  given,  the  fourth  may 

be  found. 

6.  We 


(a)  ^FG  represents  a  section  of  the  cyliuder  upon  which  the 
screw  is  cut. 

(b)  From  this  proportion  it  appears  that  the  relation  of  P  :  IV 
depends  entirely  upon  the  distance  between  the  spirals  and  the 
circumference  which  the  power  describes,  whatever  be  the  thick- 
ness of  the  cylinder  upon  which  the  screw  is  cut ;  and  since  P 

=  - —  1  oc — ,  when  fir  is  given,  Poc-}  i.e.  the  power 

necessary  to  sustain  a  given  weight  varies  directly  as  the  distance 
between  the  spirals,  and  inversely  as  the  length  of  the  lever. 

2   P 
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6    We  have  thus  estimated  the  magnitude  of  the 
weight  which  might  be  sustained  by  a  given  power 
applied   to   the   elevation  of  the   screw;  but   this 
machine   is  more   often  used  for   the  purpose  of 
creating  a  pressure,   than   raising  a  weight;    and 
it  is  evident,  that  whatever   force   is   exerted  by 
the  screw  to  sustain  a  weight  when   it  is  turned 
in  one  direction,  will  also    be    exerted    to   create 
a   pressure    downwards,    when    it   is  turned  in  an 
opposite  direction.    Whether,  therefore,  the  screw 
be   applied   to   the   raising    of  a  weight,    or   the 
creating  a  pressure,   the  power   necessary  to  sus- 
tain   the    weight    or    produce    the    pressure    will 
always  bear  to  that  weight  or  pressure  the  ratio  of 
"  the  distance  between  any  two  spirals  of  the  screw 
ts  to  the  .circumference  of  the  circle  which  the  potctr 
iS  describes" 

EXAM.  I. 

A  screw,  the  distance  between  whose  spirals  is  one    n 
inch,  is  turned  horizontally  by  a  lever  whose  length  is 
f2feetf  reckoning  from  the  axis  of  the  screv);  what 
weight  could  be  sustained  (or  pressure  produced)  by  it, 
when   a  power  of  30  lbs.  acts  at   the  extremity  of    » 
the  lever? 

By  Art.  5,  W=  -*— —  =  (in  the  present  instance, 

«.  •     ,,2x3.1415x24x30      .„„•*!*. 
lor  a  =  24  inch.)  =  4523.70/fe' 

i.e.  a  power  of  30 lbs.  applied  to  a    machine  of 
this  kind  would  be  sufficient  to  sustain  a  weight, 

or 
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or  to  create  a  pressure,  equivalent  to  about  4523  lbs, 
or  somewhat  more  than  two  tons. 

EXAM.  II. 

A  person  who  could  just  lift  a  weight  of  6olhx 

found  himself  able,  by  means  of  a  lever  3  feet  long, 

acting  as  a  handle  to  a  screw,  to  sustain  a  ton  weight ; 

what  was  the  distance  between  the  spirals  ofthz  screw? 

IbaP 
By  Art. 5,  d=~p-=*  (in  the  present  case,  for 

^  t     .    2x3.1415x3x60        _,    c         •,       u 

a  =  3  feet) =  .  504  feet  =  about 

'  2240 

6  inches. 

EXAM.  III. 

In  the  annexed  Figure,  the  screw  {AH)  which  is 
turned  by  a  power  (P)  acting  upon  the  huudle  {PQ), 
turns  at  tlie  same  time  the  wheel  (C),  in  such  a  manner 
as  to  cause  it  to  draw  up  the  tveight  ( W)  by  a  rope 
wound  round  the  axle  (D);  this  is  called  the  endless 
Screiv,  and  it  is  required  to  find  the  ratio  of  P  :  W. 

Supposing  all  the  parts  of  this  machine  to  be 
nicely  adjust-  sMi   j..uww=^\ 

J  *J  MiiiiiiMiiiiMiiiiiMm;mmir..M'iivi»iiririn'Mrmiminiii.T'nTiH 

ed,  it  is  a  very 
powerful  one;  j 
inasmuch  as  it  i 
combines  the 
energy  of  the 
Screw  with  the 
multiplying 
power  of  the 
wheel  &  axle.  I 
To  estimate 

its   effect,    therefore,    let   PQ=a,    the    distance 

between 
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between  two  spirals  of  the  screw  =  rf,  radius  of  the 
wheel =  /?,  radius  of  the  axle  =  r,  />  =  3.1415,  and 
Q  =  the  force  exerted  by  the  screw  upon  the  wheel; 
then,  by  Art.  5, 

P  :  Q  ::  d:  2pa, 
and  by  Art.  2,  page  255,  Q  :  W  : :  r  :  R> 

/.  ex  cequo,  P  :  IV  ::  rfr  :  2p'aR. 
tt  fi      Wdr  i    7rr    iPbaR     .  ^   j 

Hence  P  =  — — .-„  and  /f  =  — ^ ;  let  rf=one 

2paR'  dr 

inch,  a=  1*2  inches,  r  =  4  inches,  /?  =  18  inches,  and 

«  „       t        wwr    40713.84.. 

P  =  30 Ih.  then  IV  =  — ^— /£,?.  =  4. 54  tons;  so 

4 

that,  by  means  of  this  machine,  a  power  of  30/fc 

would  be  sufficient  to  keep  in  cquilibrio  a  weight  of 

about  4§  tons. 

XXXVIII. 

On  the  Wedge. 

All  those   instruments  which  are   used  for  the 
separation   of  the  parts  of  bodies,  sueh  as   kniveSj 
axes,   coulters,  chissels,    &c  &c.    come    under  the 
general   denomination    of    the  u-tdeei    but  these 
instruments  are  made  of  such  variciy  of  shapes,  and 
forces  arc  applied  to  them  in  such  various  manners, 
that,  of  all  the  mechanical  powers,  the  wedge  is  that 
whose  properties  are  least  capable  of  being  brought 
to  a  mathematical  calculus.     In  the  particular  case 

when 
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:ri  the  wedge  is  of  the  form  of  a  triangular  prism, 
the  resistances  upon  its  sides  can  be  considered 
forces  acting  in  given  directions,  the  relation 
ween  those  resistances  and  the  power  which 
nteracts  them  may  be  estimated  in  the  following 
iner. 

.  Let  ABC  represent  a  section  of  the  wedge 
pendicular  to  the  axis  of  the  prism,  and  suppose 
sides  AC,  BC  to  be  perfectly  smooth.  Let  a 
«r  P,  whose  magnitude  and  direction  is  reprc- 
ted  by  ab,  act  upon  AB  the  back  of  the  wedge, 
!  let  it  be  counteracted  by  two  resistances  It,!? 
(rich  are  represented 
quantity  and  direc-  , 
i  by  the  lines  de,hl) 
uji  upon  the  sides 
:,  BC.  Resolve  ab  ] 
y  ac  perpendicular  j 
1    be    parallel    to 

back,  of  the  wedge,  and  let  de  '  also  be  re- 
rcd  into  df  perpendicular  and  ef  parallel  to 
:  side  AC;  and  since  the  s*ide  AC  is  perfectly 
wth,  df  only  is  effectual  to  stop  the  progress 
the  wedge;  resolve  df  again  into  dg  parallel 
i  gf  perpendicular  to  the  back  of  the  wedge, 
infg  is  the  only  part  of  the  resistance  R  which 
directly  opposed  to  that  part  of  the  power 
2.  ac)  which  acts  perpendicular  to  the  back  of  the 
dge.  Let  the  resistance  It  be  resolved  in  the 
ne  manner,  and  let  mn  be  that  part  of  it  which 
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is  directly  opposed  to  ac;  then,  supposing  every 
part  of  the  wedge  to  he  perfectly  hard  a?id  iti/iexille, 
it  is  evident  that  there  will  be  an  equilibrium 
between  P  and  R  +  K  when  ac=fg  +  mn'K 

2.  Produce  dg  to  h;  and  since,  in  the  right-angltd 
triangles,  rf/A,  CJD,  the  alternate  angles  dhf,  CJD 
are  equal,  the  angle  fdg  mu&t  be  equal  to  the 
angle  ACD  («).    Now 

dc  \E)  :  if  ::  rid.     :  sin.  Z^ief,  or  sin.  ^ 
ladfiY:   U  ::  rad.     :  si:.-  Lfdg*  or  sin.  «. 

flxsin.  /axsiP  -« 

•.   X    .  ff   ::    tt-.*  :   sId.  fi  X  sin.  *,   OT  fgsz jjjjjt; 

~      .  fi'xsin.fl'xsin.jJ 

Toe  ihe  same  reason mw=     ■      —1L       — . 

radJ*  £ 

Again,  a6  (i>)  :ac::  rad.  :  sin.  t,  .".  ac= • • 

Bat  when  there  is  an  equililrlum,  ac=fg  +  mn  ;  Hence 

Px  in.  t     Rx*h\   />x*:'.  «-r/?X  ^n.  fl'x*in.» 

= ! _= . 1 ', 

rad.  rad  « 

.>_/?  x<in.  cxMii  ol±R  xsin.  ftxsin.j? 


or 

rad  X*lii. 


.1.  Suppose  now  the  power  (P)  to  act  perpen- 
dicular to  the  back,  and  the  resistances  (R,&) 
ivrpcndicular  to  the  sides  of  the  wedge;  then 
sin.*-,  sin.  s%  sin  ./each  become  equal  to  radius  (  =  l)> 
m\k\  our  equation  becomes  P=Rx  sin. a  -f  It  x  sin.^ 

This 

^M  lull  r.i  .i«orn.ir.i;n£  ih:<  ie!.itio::  be;*een  P  and  #+' 
\*hett  iho\  aiv  in  i\;u  I:l>:  \\  .;  >houid  be  recollected  thstd* 
isvn?  v»^  v-innot  be  •:  •.*;:-£•';.;  Assumed;  rcr  there  evidently  ** 
V  a  ti-ndriH-v  to  rihmct:-~z  c:  rcrjivry  motion,  unless  the  tvo 

resist!!*** 
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This  equation  expresses  the  general  relation  between 
he'  power  and  the  resistances 
rhen  they  are  in  equilikrio,&nd  A 
ict  perpendicularly  upon  the 
>ack  and  sides  of  a  wedge, 
iut  in  the  particular  case, 
vhen  the  directions  of  Py 
R,  R  meet  in  a  point,  this 
■elation  may  be  expressed  more  simply;  for  if 
hose  directions  meet  in  D,  thep  it  is  evident 
hat  this  equilibrium  is  produced  under  the  same 
rircumstances  as  that  "of  a  body  kept  at  rest  by  three 
brccs  whose  directions  m£et  in  that  point;99  but 
by  Art.  3,  page  7 1)  those  three  forces  would  be  to 
5ach  other  as  the  three  sides  of  a  triangle  perpen- 
ticular  to  their  respective  directions;  P,R,  and 
^  will  therefore  be  to  each  other  as  the  three  sides 

of 


esistances  balance  themselves  about  that  point.     To  determine 

be  point  c  so  that  this  tendency  to 

'ibratory  motion  shall  be  prevented, 

Produce  gf,  nm   to  k  and  o,  then 

t  is   evident  that    the   resistances 

*g,mn    will    only   balance    them- 

telves  about  c  (which  may  in  this 

*se  be  considered  as  the  center  of 

notion  of  an  inverted  lever  which  is 

topported  by  a  power  or  prop  acting 

n  direction  ac)  when  fg  xck=zm  n 

Xco,  or  ck  :  co  ::  mn  :  fg.    That  no  vibratory  or  rotatory 

tootion  may  be  produced,  it  appears  therefore  that  P  most  act 

upon  the  back  of  the  wedge  in  such  a  manner,  that  the  point 

tt  which  it  acts  may  cut  ko  in  the  ratio  of  tun  :fg. 


2<tf 
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of  the  triangle  ABC;  i.e.  P  :  R  ::  AB  :  ^C; 
P:  R" ::  AB  :  fiC;  and,  consequently,  R  :  R  +  S 
::  AB  :  ^C+  BC ::  toe*  of  the  wedge  :  sum  of  th 
sides ■* . 

4.  If  the  wedge  be  isosceles,  and  two  e^uu/  resis- 
tances, acting  in  a  similar  manner  upon  the  aids 
AC.BC,  are  kept  in 
equHibrio  by  a  power 
acting  perpendicular  to 
the  back  AB,  then 
sin.  «=  sin.  fl;  R"=R; 
sin.  e'  =  sin.  i ;  and 
sin.sr— rad.;  our  equa- 
tion therefore  becomes 
_  iR  x  sin.j»  x  sin.« 
ra3>  ; 

hence  P  :  iR  ::  sin.  P  x  sin.  a  :  rad  J,2 ;  i.e.  "  the 

■'  pmver  :   sum  of  the  resistances  ::  sine  of  the  L 

*'  which 


(")  Let  LA  =  *.  /_B  =  ,l,  then  L.C-  180a-a+>i 
(Fig.  in  Art.  3,  page  293>  ;  .\  AB  :  AC  ::  sin.  180°— *+p 
:  lin.  (),  and  yJB  :  ii6'  ::  sin.  JtiO"— a  +  fi  :  sin.  a;  hence  AB 
■■  Ali+BC  ::  sin.  lbU»-a+,J  :  sin.  a+sin.,i;  from  whicu  it 
appears  that  when  die  power  and  resistances  act  perpendicular*'? 
to  the  back  and  sides  of  a  wedge,  there  is  an  analogy  between 
the  case  of  equilibrium  of  P,  II,  K,  and  that  ot"  a  body  sup- 
ported between  two  inclined  planes  ■,  for  the  sides  of  the  triangle 
AB  C  correspond  [o  the  sides  of  the  triangle  MCK  in  Cor.  1. 
Exam.  5.  page  '.'.92.  This  is  die  analogy  alluded  to  in  Note  (a), 
page  228. 
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xt  which  the  resistances  make  with  the  tide  of  the 
"  wedge  x  sine  of  ■£  the  vertical  L.  of  the  wedge 
'  *'  :  square  of  the  radius?     Moreover, 

i.  Let  the  resistances  be  perpendicular  to  the  sides, 
then  sin.  p  =  rad.  .*.  P  :  %R  ::  sin.  a  :  rod. 
i-.AD-.AC. 
ii.  If  the  resistances  act  perpendicular  to  the  back, 
then  R  becomes  parallel  to  CD,  .*./>  =  «; 
P:lR::  sm73a  :  rad>  ::  AD* :  AC*. 
*u.  Let  the  resistances  act  parallel  to  the  bach, 
then  l80°-p=C^£>=coinplement  of  ACD, 
.'.  sin.  IbCf  —  p  or  sin.  p  =  cos.  «;  hence  P  :lR 
::  sin.  *  x  cos.  «  :  rati.;1  ::  §  rad.  x  sin.  2**1 
:  rad.j'  ::£  sin.  1  a  :  rad. ::  %sin.£_ACB: radius. 

5.  Hitherto  we  have  supposed  the  sides  of  the 
wedge  to  be  perfectly 
smooth;  but  conceive  them 
to  be  of  such  a  nature 
that  the  resistances  are 
wholly  effective,'^  then  the  re- 
lation between  P  and  R  +  R' 
must  be  estimated  in  a  dif-  a  -/' 
ferent  manner;  for  in  this 
case  it  will  only  be  necessary  to  resolve  de  into  df 
parallel 

(*)  Formd.  :  cos.  a  :•  2«in.«  :  sin.2«,  .-.  sin.  axons* 
=  Jrad.  xsin.  2«.       Trigowmietry,  Prop.3.  pagey. 

(°)  i.e.;  if  (on  account  of  tlie  roughness  of  it-'  sides,  or  from 
«n»y  a(A«r  en  me)  the  wedge  has  no  tendency  to  slide  in  the  direc- 
tions AC,BC. 

1  u 
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nj   the   triangle   ,1 

■ij'tli..  ■■. 

P;R 

■ 

:.  JH  ;  JC+  Hi 

the  bark ;  let 

_    ad  in  will  be  the 
^j  e>  opposed  to  P; 

-1.    If  tj 

.^briom,  P  =  ef+  In. 

■ 

UedJ  or  Agt 

.-ICJu  ■ 

j    I  :sin.  ISO*—  «+ft 

■ 

i  r  the  same  reason /i 

acting  /■■ 

the     ll 

/=fixsin.  180f'-«T^ 

aim  a  ■ 

i  tie  resistances  act  per- 

tin.fi'  - 

■aM  „/  an;  each  equal  to 

Ml-  * 

-  sin.  i)()  -  ij  =  !t  x 

Hon  i 

itcswith  the  exprs- 

-m  the  present  case  are  the 

;:i  that  article  ;   and  it  t* 

; 

■ 

_    w-""  oti^Af  to  coincide,  for 

1  . 

—ndiculnr  to  the  siikf 
_  ^^c  no  difference  whel  I 

We  now  proceed  to  an 

^**   (ft,tf>  acting  at  ewij 

,i  perfectly  smooth  ■ 

ktt  defing  perpendicular   1 

i    a  perpendicular   (fro*    1 

^  vf^re  (o  'Ae  to<*A)  mnA«  tff'rA   1 

l.  45',  and  wi(A  M<«  «&  | 

^^mrU  the  ratio  of  P :  R+R 

Thi< 

Sf 


*  2/  /.  P=JS. 
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'TfTiis  is  a  case  of  Art.  2,  where  K=R,  sin.w=rad. 

* .  • 

^fithich  let)=sl ,.'.  P_.fi.  sin.  p  x  sin.a  +  sin./  x  sin./3; 

in.f£=sin.3a,>=    £\  4 

«- -      .    o««         .IP:  2t::V5+l  :4,&P:2#::  V7J+1  :8. 
b-/J=iin.30°=     \)  , 


EXAM.  II. 

^f  power,  acting  perpendicularly  upon  the  back  of 
4  perfectly  smooth  isosceles  wedge,  is  kept  in  equilibrio 
by  two  equal  resistances  acting  at  angles  qf6(f  upon 
the  sides  of  the  wedge ;  the  vertical  angle  of  the 
wedge  is  a  right  angle ;  what  is  the  ratio  of  P  to 
the  sum  of  the  resistances  t 

By  Art.  4,  P:  iR  ::  sin.  px  sin,  a  :  ra&l* :  in 
{he  present  instance  sin.p=sin.0O°=      -,   sin.* 

1  /J  1 

«sin.  45°=-7=  rad.=  l,  .\  P  :  2fi  ::  ^~  x   ->f- 

\/2  2     «/2 

d  1  ::  *Js  :  2^/2. 

XXXIX. 

In  estimating  the  relation  between  the  power 
aid  the  weight   in   this  and  the   two  preceding 

Lectures, 
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Lectures,  we  have  only  considered  the  case  when 
they  are  in  a  state  of  equilibrium.  To  put  the 
machine  in  motion,  the  potver  must  evidently  be 
increased °°;  in  which  case  the  velocity  of  the 
power  will  bear  to  the  velocity  of  tlte  weight  the 
same  ratio  which  the  weight  bears  to  the  power 
when  they  are  in  equilibrio;  the  velocity  of  the 
power  and  weight  being  estimated  in  the  di- 
rection in  which  they  respectively  act. 

1 .  In  the  straight  lever  (see  Fig.  page  248), 
since  the  arcs  Pp,  Ww  are  described  in  the  same 
time  by  P  and  W  respectively,  the  velocity  of  P 
:  velocity  of  W \i  Pp  :  Ww  ::  Aa  :  Bb  ::  CA  :  CA 
::  W ':  P  when  (P)  and  {TV)  are  in  equilibrio. 

2.  In  the  wheel  and  axle,  whilst  the  power  descends 
through  a  space  equal  to  the  circumference  of  the 
wheel,  the  weight  ascends  through  a  space  equal 
to  the  circumference  of  the  axle,  .'.the  velocity  of 
the  power  :  the  velocity  of  the  weight  : :  the  circum- 
ference 


(a)  In  estimating  the  increase  of  the  power  necessary  to  put 
the  machine  in  motion,  the  friction  of  its  different  parts  should 
be  taken  into  the  account.  If  p=the  sum  of  the  impediments 
arising  from  friction,  and  7>=the  power  which  would  keep 
the  weight  (JT)  in  eqnitibrin,  then  it  is  evident,  that,  before 
the  machine  can  be  put  in  motion,  the  power  actually  employed 
must  exceed  P+p. 


THE   WEDGE.  299 

ference  of  the  wheel  i  the  circumference  of  the  axle 
: :  radius  of  tlie  wheel :  radius  of  the  axle  ::  W :  P. 

3.  In  the  single fixt  pulley ,  the  power  and  weight 
move  through  equal  spaces  in  the  same  time,  .\  the 
velocity  of  the  potver  is  equal  to  the  velocity  of 
the  weight;  and  in  this  machine  P=  fF9  .\  velocity 
of  power  :  velocity  of  weight  : :  W :  P. 

4.  In  the  system  of  n  pulleys  (Fig.  page  163), 
whilst  the  power  descends  through  any  space  (x)9 
each  of  the  strings  belonging  to  the  block  of  pulleys 
to  which  the  weight  is  appended  is  shortened  by  ±x9 
.\  the  weight  ascends  through  a  space  equal  to  ±x 
in  the  same  time  that  (P)  descends  through  the 
space  x ;  hence  the  velocity  of  the  power  :  the 
velocity  of  the  weight  ::  x  :  \x  ::  n  :  1  ::  W :  P. 

5.  In  the  system  of  pulleys  (Figi  page  264), 
whilst  P  descends  through  any  space  (#),  the  pullet/ 
F  is  raised  through  a  space  =  \x ;  the  pulley  D 
through  a  space  =s  ±x±x=s  \x;  the  pulley  B 
through  a  space  =  £  x  \x=t  ±x;  &c.  &c.  hence  (if 
»=the  number  of  pulleys)  velocity  of  P  :  velocity 
pf  Ww  x  :  ±  x  x  ::  2*  :  1  ::  W ':  P. 

6.  Let  ACB  be  an  inclined  plane,  up  which  the 
weight  {W)  is  drawn  by  a  power  (P)  acting  <>ver 

a  pulley 
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ooIt  considered  the 
of  eqmLitrmm.     To  f 
awrhrrar  so  vrtuw,  the  poonfr  most  evidet 
*;    in    which    ca*e    the    t^Vrijf 
«il  bear  to  the  w*hciiy  of  the  *< 
ratio  which  the  **igii  bears  to  t1 
when  they  are  in  r^miSli  to ;   the  ve!oc:- 
power   and   weight   being   estimated    v 
re?tk»  ia  which  they  respectively  act. 

I.  In  the  ttrmzkl  fct-r  (see  Fgr 
since  the  arcs  Pp.  /Tir  are  described 
tw  he  P  and  /F  lespectiieiy,  the 
:  refer**  tflT ::  />  :  *Tir  ::  -*a  :  P 
::  JT:>  when  (P)  and  (IT>  are  in 

I.  In  :ht  vAotl  a*d  axlt.  whilst  th 

ii-ccrh  i  >ta^  ecuil  to  the  dr 

tut  2xarf?  -  *«^   iif-.vari'  *>*  *4e  w< 


tl*  miirtiinf  ir.  rvv?;u*.  :*?  /"  ut mm  r 
•»-**r.£    ww    ^vsiftr..  ani  7*— the 
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0 
Cords  .passing 


v. 


ys  fixt  at  a  given 
c  same  horizontal 

line, 


end,  and  (passing  over  a 

■i  power  or  weight  at  the 

it  this  case  evidently  belongs 

pulleys"  which  has  already 
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line,  and  suppose  a  cord  PAWBF  to  pass  over 
them,  at  the  extremities  of  which  are  sus- 
pended the  two  equal 
weights  P,  F ;  these  a 
two  weights  being  kept 
in  equilibrio  by  a  third 
weight  7f/>}.      Draw 

AE  parallel  to  CB,  and  £  P  w  p*(l 

produce  JVC  to  meet  it  in  jE,  then  the  three 
sides  CA9  AE,  EC  of  the  triangle  ACE  will 
represent  the  quantity  and  direction  of  the  three 
forces  by  which  the  weight  IV  is  kept  at  rest; 
for  these  three  forces  are,  1st,  The  tension  produced 
ty  P  in  direction  CA;  2clly,  The  tension  produced 
by  P  in  direction  CB  or  AE ;  and,  3dly,  its  own 
gravity  in  direction  EC;  and  since  F=P,JE 
or  CB  must  be  equal  to  AC.  Hence  P  or  F  :  W 
::  -YCor  (72*:  EC. 

•2.  Join  .-//> ;  then,  since  AB  is  barallel  and  C£ 

i 

iwrbenxlicuhir  to  the  horizon,  the  angles  at  Z)  are 
»7*r'!f  angles,  and  the  lines  ./#,  C.E  H.<cecf  each 
other  in  /)  \  Henee  EC=2CD.  and  P :  /P 
::  WC:  v/:C  or  -iTD;  .-.  2 /> :  IV  ::  1  AC  v.  iCb 
::  .Jf  :  ('/).  an  J  -» />:  :    //"■  ::  AO  :   CZ)*;  also, 

4P' 


i/*   In  <!v>  ,\\u\  ilux  u\b\s •'.::£  ... t:cl;>  vc  suppose  therordsto 
N»  ?*•:•••..»:..•  :...-"..    .v.iJ  -:v:\v:'y  .'.;:.•.«:>-;/, v ;  sr.d  the  pulleys  to 
bf  n*  »-.....  .is-.*1.  ^x  ,uv;>.i\:.  i;:.::  ;:*.r  center*  of  gravity  of  P9Fjf 

fcv   inn  ,\\  iv  ■•'.  '"v  •  :—.-  :■'  ..;.  r    :\s. 

•  *•         ■  .      •       ••»   4       •         ••■»»•»«     «^.  \»-  •«■    _•■    •«•    •■».▼■•»£ 
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4P*-.tr*:W*v.A&  -  CD2  (AD9) :  CD\  .\  CD* 
ff»*AD*         „       JVxAD  . 

= AP*-vry  or  cd=Jai»-wx       h  glves 

the  position  of  W  when  the  equilibrium  takes  place, 
for  P,  /F  and  -/fD  (  =  kAB)  are  Anotwi  quantities (c}. 

3.  Suppose  now  that  AB  is  not  parallel  to 
the  horizon  (but  makes  some  given  angle  with 
the  horizontal  line  BD)>  and  that  F  is  not  equal 
to  P ;  then  draw  AE 
parallel  to  CB,  and 
produce  JVC  to  meet 
it  in  E.  For  the 
flame  reason  as  be- 
fore, the  three  sides 
CA9  AE,  EC  of  the 
triangle  AEC  will  re- 
presentthequantityand  P 
direction  of  the  three  forces  P3  F,  W9  by  which 
the  equilibrium  is  effected;  and  since  the  propor- 
tion of  the  three  sides  of  this  triangle  is  known, 
its  three  angles  may  be  found.  Let  CAE=**y 
AEC  or  ECB  =  fl;  then  since  AE  is  parallel 
to  CB,  thcZ_^CJS=i80°-C^£=l80°-«.  Now 
the    l.DBC=9O0-ECB  =  Q(f-l3;    if  therefore 

I- DBA 


(c)  IfP=J^or2P=:^then4P2=»^,and4/>«-IP«=Oi 

if  W  be  greater  than  2P,  then  4Pft—  IV*  is  negative;  in  the 

.•JcHmer  case,  therefore,  the  value  of  CD  become*  infinite,  and  in 

4be  latter  impossible;  which  shews  that  if  JFbc  eg  ao/  /o  or  great* 

.tb*n  ai>,  then  aw  ffia£6rsttai  can  take  place. 


#■»  «« 
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.:  .   -JBC=(DBC-DBJ=) 

•:   the    triangle     ABC,    the 

. .  angles  ACB,ABC  are  known, 

;::ier  sides  AC,  CB  xand  conse- 

v.  v>f  C  when   there  is  an  pyw/- 

.  ...** .lined  \ 


.  <j  the  ease  of  tyo  equal b  weight* 
■.cinsclves  over  any  number  of  pul- 


* .  v*r\  where  the  .same,  take  A  a,  J*. 
:. ;!   to  one   another  on    each  side 

of 


\»-   t'-.v1   /'inner)   is  in  course  limited  to 

.   »»v»  1/    .uul  /'+/*.     This  limitation  mutf 

•v-  ».»'     *'•:  of  each  particular  case  ;  for  it  Ues> 

■  \  :>  s\  ':v  i rankle  A  EC  should  be  such  as  tn 

•     .  •  :»•'  greater  than  the  given  au^lf 

*.       •.  . .  •  ■'..£-/  the  vertical   line  A"//",  ani 

.■»  :•  ••*  ssille. 


\  \  •.• 


•  *  V  .  Hem  is  limited  to  the  case  of  two 
,  .  ,•  •.'.  *%  coid  passes  freely  over  all  the 
.  ,v   *  ...::.».*/  then  no  equilibrium  could 
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of  the  pulleys  A,  B>  C,  &c.  and  complete  the 
parallelograms  AaEa,  BbFfo&cc;  draw  the  diq- 
gonals  AE,  BF9  CG,  &c.  and  (since  the  forces  acting 
on  the  pulleys  are  represented  by  the  two  adjoining 
sides  of  each  parallelogram)  these  diagonals  will 
represent  the  pressure  upon  the  several  pulleys 
A*  B9  C,  &c.  Now  the  parallelograms  AaEa, 
BbFfl,  &c.  having  all  their  sides  equal,  their  dia- 
gonals AE,  a  a ;  BF,  bp ;  &c.  will  cut  each  other  at 
right  angles,  and  likewise  bisect  each  other  ;  hence 
AE,  BF,  CG,  &c.  are  equal  to  twice  the  cosine  of  half 
the  angles  aAa,bBp,  &c.  (to  radius  A  a  or  Bb,  &c.) 
respectively ;  if  therefore  those  angles  be  denoted 
by  ir,  v,  tt\  &c.  and  radius  =  1 ,  the  pressures 
upon  the  pulleys  A9  B,  C,  &c.  will  be  denoted  by 
2  /Fx  cos.  4  t,  2  fVx  cos.  iw3  2  W x  cos.  \w",  &c.(c) 

> 

EXAM.  I. 

In  the  Figure,  page  302,  let  AB = d,  and  P  :  fV 
: :  1  :  n  (n  being  less  than  2) ;  it  is  required  to  find 
the  position  of  JV>  when  there  is  an  equilibrium 
between  IV  and  P  +  F. 

Since 


(c)  Take,  for  instance,  the  parallelogram  about  the  pulley  A ; 
then  AE=z2An=z2$m.£mAan  =  2cos./mmaAn=2cos.$aAa 
=2 cos.  ±ir  5  but  W  i  pressure  on  pulley  A  ::  Aa  :  AE  or  2 An 
: :  rad.  (1)  :  2cos.-^ir,  ,\  pressure  on  pulley  A=s2tFxcos.17T ; 
and  so  of  the  rest. 

If  there  be  three  pulleys  A,  B,  D,  placed  in  the  form  of  an 
isosceles  triangle  whose  base  A D  is  parallel  to  the  horizon  and 
LA JBJD=120°,  theu  each  of  the  angles  at  A  and  JD  is  also  equal 


«A 
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Sine*  JBss  d.  AD=\d\  and  since  B  :  W\ :  1 :  n, 
rJr.    .-.  4P-=1^,    and   4*.-/r--i? 

^V"lFvnT---IT=7f'    and     ™ 

J 

=  — y-i-r-  ■- ;  bisect  therefore  yf  £  in  Z).  and  take 

wrf 
CD=  — ■  ,  and  it  will  give  the  position,  of  W 

when  the  equilibrium  takes  place. 

Cor.  Let  ZWF,  then  n=l,  and  CZ^-^4; 
let   r  :    /#■'  ::    1    :  J^   then   71=^/^,   and  CD 


EXAM.  II. 

/w  */*e  JVgt/rc  «/'  ^r/;  3,  page  303,  Me  ireijfte 
P,F9and  FP  are  respectively  3,4,  and  5 lbs;  tk 
distance  {AB)  between  the  pulleys  is  6 feet,  and  it  is 
inclined  to  the  horizontal  line  BD  in  an  anglt 
(DBA)  of  M  degrees;  it  is  required  to  find  the  post* 
iion  tf  FV  when  the  equilibrium  takes  place  ? 

Since   ] 


*ol20P;  hence  cos.4T(=co8.i»#=co8.-i-T")  =cos.  <5oP=sin.30P 
-;,  and  2#/rxcos.£T=2/frx^==flFr;  in  this  case  the  pressure 
ipon  each  of  the  three  pulleys  is  the  same,  and  just  equal  to 
*u*ui  of  the  weights  Wov  W\ 
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>ince  the  three  sides  CA,AE9EC  of  the  tri- 
le  A  EC  are  as  (P,  P',  W,  i.e.  as)  the  numbers 
,5  respectively,  the  angle  CAE  will  be  g(f, 
the  angle  A  EC  36°.  54';  hence  the  angle 
B  is  90°,  and  the  angle  ABC (-90°-/3-ysr) 
-36°.  54' -30°  =  23°.  6';  from  which  the  two 
;s  AC,  CB  of  the  triangle  ABC  (AB  being 
et)  are  found  to  be  2.354  and  5.518  feet  re- 
stively (*). 

EXAM.  ni. 

Vivo  equal  weights  W9  W  balance  each  other  over 
three  pulleys  A,BS  C,  placed  in  the  form  of  a 

ngle  whose  base  AC  is  parallel  to  the  horizon;  and 
angles  ABC,BCA,BAC,  are  90°,  60°,  30°  re- 

uively ;  it  is  required  to  compare  the  pressures  upon 

B,C 

iince   BAC=30°,  and   BCA=6cF>,   the   three 

les  JVAB,  ABC,  BCW 

respectively  120°,90°and 

f ;  hence,  by  Art.  4,  the 

ssure   upon  A  =  llVx 

.60%     upon    B  =  2fVx 

.45°,  and  upon   C=2fF 

»s.75°,   .*.  the  pressures 

yaA,ByC  are  as  cos.  6o°,  *v 

cos. 


l)  If  in  this  and  the  preceding  example  it  had  been  required 
uid  the  pressure  upon  the  pulleys  A  and  B,  this  might  easilj 

be 
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cos.45%  and  cos.  73%  or  as  sin.30%  sin.  45%  sin.  15*; 
but  if  rad.=  l,  sin.30°  =  £,  sin.  45°=^i,  and 
sin  15._  ^LILl^ZJLcw,   ...  (multiplying  these  num- 

bers  by  2)  it  appears  that  the  pressures  upon  A>  B9  C 
are  as  the  numbers  1,  >/2,  and  *Jl  —  ^/3  respec- 
tively. 

Cor.  If  the  absolute  pressure  upon  each  pulley 
\va*  required,  then  these  number  must  be 
multiplied  by  -2 //■*;  thus  if  /r=  10/h,  then  the 
prt-sfwe  upon   -4=  20  x  £  =  10//**;    pressure  upon 

li  ■=  20  \  -  /  -  =  1 4 .  14  Ih ;     pressure    upon     C=  20 


.1 


=  5.17  Ih. 


XLI. 

0.»i  //«r  FVevww/v  and  Tension  of  Cords,  fastened 

at  both  ends. 

I.  Suppose  the  cord  .1CB  to  be  fastened  to  the 
hooks   A  and    B.   and    let    a  weight    (//),   sus- 
pended 

'  v  o  ::V  »• : e .:  by  ir. ear  >  v :"  :  h e  c  \ p :e«- . c :: >  :  n  Art .  4 ,  page  304 ; 
* » *  ■  ^ .-..::  ;  :*.  e  ;  v .  r :  C  ■.  *  *: c  :o:  :*% '  :*  i\l .  : '::  J  .v.:zlcs  PA  C.  P'BC** 
tvk ;;,**■/..  .i:ui  t '.■.;»  f.-..-  .    :l  .<-*  A=l  P\cos.\  Wft 


*.v  »v.  »*  .•<•  it\  *  .*=:    *\s.**      r  J:  t 


1-COS.tf 


•  v    ,.  S  i      :  ~    -.  /l— ca 

I   M  .v    »:•.,.»■  ^         -      .      .      .  ;•„  ]  j.=  ^/   J 


/'     , 


i 


N    -         •*       <.«.*  r>  .»■    -• ,.-.. --.—  -*«.  nMfe  1^< 


-^  ;    ■>    '  S-c  .r.  :^.   7"'-^- --■•^•Tjr,  page 
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pended  by  the  ring  C,  slide  freely  along  it ;  it  is 
evident  that  whilst  the  weight  descends,  this  ring 
will  describe  an  4l 
ellipse  (whose  foci 
are  A  and  B),  to 
which  the  line 
JVC  will  be  a  nor- 
mal at  the  lowest 
point  C.  Produce 
JVC  to  G,  and 
through  B  draw  ED  parallel  to  GW;  draw  the 
tangent  HF  (which  will  evidently  be  a  Jiorizontal 
line),  and  AE  parallel  to  it ;  and  produce  AC  to 
meet  ED  in  D.  By  the  property  of  the  ellipse,  CG 
bisects  the  angle  ACB,  :.  the  angle  CBD  {=GCB) 
is  equal  to  the  angle  CDB  (_=  ACG) ;  hence 
CD=CB,  and  consequently  AD=  (AC+CD-) 
AC  +  CB=  the  length  of  the  cord.  To  determine 
the  lowest  point  C  therefore,  we  have  only  to  draw 
BD  perpendicular  to  the  horizon,  and  with  center 

Aand  radius  =  length  of  the  cord  to  describe  a  cir- 
cular arc  cutting  BD  in  D;  then  bisect  BD{C)  in  F, 
and  draw  FC  at  right  angles  to  BD,  and  the  point 

C  where  it  cuts  AD  will  be  the  point  required. 

2.  It  is  evident  that  the  weight  will  rest  when  it 

-  arrives  at  the  lowest  point,  and  that  the  three  forces 

which  keep  it  at  rest  will  be  represented  by  the  three 

sides 


(c)  Since  CBD  is  an  isosceles  triangle,  the  tangent  HF,  which 
18  perpendicular  to  BD,  a\so  bisects  it. 
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sides  DC,  CB9  BD  of  the  triangle  CBD;  Le.  the 
pressure  or  tension  upon  A  will  be  represented  by 
DC9  the  pressure  or  tension  upon  B  by  CB,  and  the 
weight  itself  by  B;  and  amce  CB**CD9  these 
pressures  will  be  equal;  hence  the  pressure  up* 
A  or  B  \W  ::  CD  or  CB  :  BD  ::  C7/>  :  *DF. 
For  the  purpose  of  estimating  this  pressure,  let 
(AD)  the  length  of  the  strings  I,  the  given  line  JB 
=  a,  and  the  angle  B^JE  which  it  makes  with  the 
horizontal  line  AE=*;  then  AE=a  xcos.«,  and 

DE=*/AD*-AE*=t>/i*-atxc0a.*A*;  but  by 
similar  triangles  CD  :  DF  ::  AD  :  DE9  .*.  CD 
:  2DjP  ::  ^D  :  2DE;  hence  pressure  on  A  or  B 
(Pr.)   :   IF  (::   CD  :  2D^   ::  ^D  :  2DJ5  :: 7 

:  V/<-«'x<^,  and  Pr.  =  ^^a.'x^ 


3.  Let  us  next  suppose  the  cord  ACB  to  be  kept 
stretched  by  a  power  (P)  acting  upon  it  in  some 
given  direction  PCG9  the  cord  still  passing  freely 

through 

(*)  If  a=0,  or  the  line  AB  be  horizontal ;  then  cos.  *=ni 

Wl  * 

=  1,  and  P= —     '  ■  .  ;  and  as  in  this  case  Z)F=*  DE,  DCw 

be  equal  to  -J-  AD,  :.  AC=  CD=  CB.  If  «=s0,  and  /=*,  then, 
whatever  be  the  value  of  W,  P  will  be  infinite ;  \.  e,  "  if  a  weight 
however  small  be  suspended  from  a  cord  fastened  to  two  boob 
whose  horizontal  distance  is  equal  to  the  length  of  the  cori> 
then  it  will  require  an  infinite  force  from  those  hooks  to  keep 
"  the  cord  perfectly  straight"  This  difficulty  of  keeping  a  cord  or 
chain  perfectly  straight,  even  if  acted  upon  only  by  its  own  weifkt 
(supposing  it  to  have  weight),  is  a  matter  of  common  experience. 


«r 


€€ 


€t 


s 
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through  the  ring  C:    In  this  case,  also,  the  line 

PCG  will  be  a  normal  to  the  ellipse  in  the  point 

C;  and  if  BD  be  drawn  ^ 

parallel  to   GP,  and  AC 

produced  to  meet  it  in  D> 

the  three  sides  DC,  CB}  BD 

of    the  isosceles  triangle  BCD  will 

respectively   represent   the  pressures 

upon  A  or  B  and  the  magnitude  of 

the   weight  or  power  P,   as  before. 

Hence  pressure  on   A   or   B   (Pr.) 

:  P::  CB  or  CD  :  BD. 

4.  To  estimate  this  pressure,  let  AD=  /,  AB  =  a, 
and  L.PGB  =  *;  then  AD{1)  :  AB (a) ::  sin.^BZ) 

or    sin,  PGB    (sin.*)    :   sin.  L~ADB= 7~*~> 

the  L-ADB  therefore  is  known ;  let  this  angle  =  /3, 

then    l-ACB  =  2P;    but  Pr.   :  P  ::   CB  :  jBZ> 

::  sin.  CDB  :  sin.  BCD   or  sm.  AC B  ::  sin. /J 

•     ^/3       n       Pxsin./3         Pxsin.  Z3  P 

:sin.2p,  .\Pr.  =  — : — 7ra-=T~- — a 3  = ^ 

>  sin.  2p       2sm.Pxcos.P     2cos./3 

P 

~2cos.£^CB* 

5.  But  the  case  is  quite  different,  if,  instead  of  a 
ring,  the  force  acts  by  means  of  a  knot  in  the  cord. 
For  instance,  let  the  string  PC  be  fastened  in  a 
knot  at  C,  and  let  a  force  (P)  act  in  some  given 
^-lection  PCG  to  keep .  the  cord  in  the  position 

2  s  ACB. 
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ACB.     In  this  case  it  ts 
evident  that  the  line  PG 
does  not  necessarily  bisect 
the  angle  ACB.    Draw  Si)  paral- 
lel to  PG,  and  produce  AC  to  meet 
it  in  Z),  then  since  (as  in  the  preceding  ® 
Article)  DC   represents    the   pressure 
upon    the    hook    A,  BC    the   pressure 
upon  jB,   and   BD   the   power    which 
produces  this  pressure,  we  have, 


00  ^  « 

Pr.  on  A :  P ::  DC :  BD ::  »in.  CBDorGCBorBCP  :  sln.BCD  or  ifCft 

and  . 

PiTr.onB:: BD: BC::s\i\.BCDotACB i  s\n. BDCor  ACG  or  JCP, 


.*.    ex  aequo, 
Pressure  on  A  :  Pressure  upon  B  : :  sin.  J5CP  :  sin.  ACP ; 

i.  e,  "  the  pressures  upon  the  hooks  A  and  B  are 
"  to  each  other  inversely  as  the  sines  of  the  angles 
"  which  the  direction  of  the  power  {PC)  makes 
"  with  that  part  of  the  cord  to  which  they  are  re- 
"  spectively  attached  ,w(b) 

6.  Since 


(B)  BCPtACB  and  ACP  being  respectively  the  supplements 
of  GCB.  BCD  and  ACG. 

(k)  We  have  here  supposed  the  cord  to  be  kept  stretched  by 
means  of  a  power  P,  but  the  same  would  evidently  be  true  of  t 
weight  i  IV)  suspended  by  a  knot  in  the  cord j  so  that,  (in  Fig- 
page  309)  lne  pressures  on  A  and  2?  would  not  necessarily  be 
4qiial,  but  pressure  on  A  would  be  to  pressure  on  B  : :  sin.  ffC/7 
:  ACWi  also  pressure  on  ^  :  ^  ::  sin.  BCW  :  ACB,  and 
pressure  on  JS  :  Jf: :  sin.  ACJF:  s\n.  ACB. 
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6.  Since  the  knot  is  tied  at  a  given  point'  in  the 
cord,  and  the  hooks  are  placed  at  a  given  distance 
from  each  other,  the  three  sides  AC,  CB,  AB  of 
the  triangle  ACB  are  known,  and  consequently  the 
three  angles  may  be  found.  Hence  the  angle  ACB 
is  known;  and  since  CGB  is  known (c),  the  JLBCP 
(=  CGB  +  CBG)  will  also  be  known;  from  which 

ACP(  =  36o°-ACB+  i3CP)maybefound.  Having 
thus  obtained  the  angles  ACP>  ACB,  BCP,  we 
are  enabled  to  compare  the  pressures  upon  A  and  B 
with  each  other,  and  with  the  power  (P). 


EXAM.  I. 

Let  a  weight  of  \Olbs,  sliding  freely  along  a  cord 

whose   length   is  8  feet,   be  supported  by    two  hooks 

placed  at  the  distance  of  6  feet  from  each  other ,  and 

in  a  line  making  an  angle  of  30°  with  the  horizon ; 

required  the  pressure  Uj>on  each  hook. 

This   is   a   case    of    Art.  2,    page  310,    where 
W  =  \Olbs,   I  =  8  feet,    a  =  6  feet,    «  =  30°  (and 

.\  cos.  a  =  sin.  6o°=  ^—  j  ;  hence  the  pressure  upon 

i   i      r  f                     Wl                 \             10x8 
each  hook  I    =  - — y  -..   1  =  - — y^.- 

V     Wl*-a'xcos.u(1/       '2V&4-27 
80  -.  =  6. 57 Its. 


12. It) 

Ex. 


(c)   For  PCG  is  supposed  to  be  inclined  to  AB  in*  given  angle. 
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EXAM.  II. 


A  cord  of  12  feet  in  length  is  tied  to  two  hooks 
ttkose  distance  from  each  other  is  8  feet  ;  this  cord 
basses  through  a  ring  upon  which  a  power  of  50 lbs. 
acts  in  a  direction  making  an  L-of  60°  with  a  line 
dram  from  one  hook  to  the  other;  what  is  the 
pressure  upon  each  hook  ? 

By  referring  to  Art.  4,  (Figure  in  page  311)  we 

have  AB(a)  =  8  feet,  AD  (/)  =  1 2  feet,  and  «=6tf, 

,^M  /  =  gxsin.«N\_8xsin.  60°       .      * 
.\  sin.  ADB  I  .  — -  1= — =  sin.  So* 

10'  s=  fi:     hence    the    pressure    upon    each    hook 

50  50 


(-  --) 

\  2  cos.  ft    J 


2COS.35M6'      1.6328 


EXAM.  HI. 


=  30. 62  Its. 


-  A  t\"\/  A(*B*  whose  length  is  14 feet,  is  fastened 
•v  two  L.%o\s  A  and  B  at  the  distance  of  12  feet 
rf»*n  eox'ii  other  (see  Figure  in  Art.  5,  page312j; 
.ir  =  0/»V.\  BCsx$  feet,  and  another  cord  PC  is 
\:>\\-wv;  :o  ./('/>  :\v  c?  Ana/  a*  C;  it  is  then  stretched 
V*  rf  iV.vr»-  ^/^  of  60  lbs ,  acting  in  direction  PG, 
■T.;ii\dC  **"  » •■£/«■  tf  70*  tri/A  ^jB;  compare  the 
Vr^x'o  .\!vj  /tr  hooks  with  each  other  and  with  the 


*>w  * 


Suuv   .*/{■=  i-J.   AC=q%    CB=5,   the  angle 

iCH    will   bo   e^iuil    to    114\57'f   and   ABC  to 

*i\M  ;  hetkw  since  CGB=7&\BCP  (  =  ABC 

+ 
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+  CGB)    =42°.51/  +  70,=  ll2°.5l/;    from  which 

we   have  ACP  (=36<f-ACB  +  BCP)   =  360° 

—  114°.57'+  112°.5]'  =  1 3  2M 2\     But,  by  Art.  5, 

Pressure  on  A  :  P  (66) : :  sin.  BCP      :  sin.  ACB 

::  sin.  1  J2°.5l' :  sin.  114°.5/' 
::     .9215  :  .9066, 

.\  pressure  on  A=6Q.Qlbs. 
Again, 
Pressure  on  jB  :  P  (60)  ::  sin.  ^CP     :  sin.  ACB 

: :  sin.  1 32°.  12' :  sin.  1 14°.  57' 
: :    .  7408  : . 9066, 

.\  pressure  on  B  =  4Q. 02 lbs. 

XLII. 

On  the  Construction  of  the  Funicular  Polygon 

and  the  Catenary. 

1 .  If  any  number  of  forces  P,  P*,  P",  P"',  Q, 
(Fig.  in  page  31 6)  acting  in  directions  PJIf,  P'.Af, 
P"M",P'"M'"9QM'"{'i  upon  the  cord  PM'M" 
M'"Q9  keep  each  other  in  equilibrio,  then  the 
figure  into  which  the  cord  is  bent  by  the  action 
of  these  forces  is  called  the  funicular  polygon; 
and  since  the  whole  system  is  in  equilibrio,  it  is 
evident  that  every  part  of  it  must  also  be  in 
equilibrio;  thus  P9P'  and  the  tension  of  the  Cord 
M'M"  must  be  in  equilibrio  about  the  knot  M' ; 
tension  of  the  cord  M"M!>  P",  and  tension  of  the  cord 
M"M"\  about  the  knot  M'i  and,  tension  of  thk  cord 

M" 


(•)  These  directions  are  supposed  to  lie  all  in  the  same  plane. 
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M *M",  P"',  and  Q,  about  the  knot  M".  Take  any 
point  A,  and  through  it  draw  the  lines  (or  axes) 
VX>  YZ  at  right  angles  to  each  other ;  produce 
PM\  QM'"  to  meet  VX  in  the  points  p>q;  let 
VX  cut  the  directions  P'M\  P"M'\  P"'M'"  in  the 
points  //,/>",/>'";  and  produce  M"M*,M'"M"  to 
meet  VX  in  the  points  *' a".    To  facilitate  the  con- 

IY 


struction  of  the  polygon,  let  the  angles  Pp  V^  3f/>T, 
M"])  F,M'"l)'"J\qqF(\x\  which  the  direction  of 
the  forces  P,P\P\ly'yQ  are  inclined  to  VX)  be 
respectively  denoted  by  the  letters  />>/>',/>",/>'",  fl* 
and  the  singles  M'u  V,  M" *V  (\x\  which  the  cords 
M'M\M"M''  are  inclined  to  VX)  by  the  letters 
<*' ,a ' ;  moreover,  let  the  tensions  of  the  cords  M'M"* 

M" 
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M"M'"  in  the  directions  M' M",M' M'"  be  repre- 
sented by  t',t",  in  which  case  it  is  evident  that  the 
tension  of  ihose  cords  in  the  opposite  ditectioht 
(M"  M\  M'" M")  must  be  represented  by  —  /',  —  (". 

Draw  AfJV.AfOat  right  angles  to  AX,  At 
Actively;  and  produce  F'M',Ai"M'  to  meet  AY 
the  points  C,  D.  The  effects  of  the  rweei 
,  P1,  t  (which  keep  the  knot  M'  in  equilibrio), 
i  reduced  to  the  sou  AX,  are  measured  tespae 
/  by  P  x  cos.  p,  V  x  cos.  //,  ('  x  cos. ct'1'1 ;  and 
reduced  to  the  axis  AY  by  P  x  cos.  M'EO, 

<  cos.  Af' CO,  /'  x  cos.  At  DO,  or  by  Pxsin./», 

<  sin.  jtr*,  **x  sin.  ■*,  which    are   equal  to   them1''. 
t  since   the    forces  P,  P\  f,   keep   each    other  in 

nilihrin  about  the  knot  A/',  the  JBfti  of  them,  wlien 
timated  along  the  sane  straight  line,  must  be  equal 
Mhing}  hence  we  have, 

P  X  COS.  p+  P'X  COH.  p'+  t    X  COS.  a'  =  O  "1 

1  /*'x  sin.  p+  P'  x  sin.  p'  +  t  x  sin.  «'=Oj    (**) 

these  sines  and  cosines  must  be  reckoned 

positive 


)   For  P  :   part  effective   in   direction  AX  (r)  i  -  M'p  ■  p  N 
B    (1)     :    COJ.p,     .'.   T=Pxcu~ m      P    :     Drift    efibctif* 
ection    AX    (r)    ::   M'p'    :   p'N  ::   radius   (l)   :   cm.p', 
sfxcos./i'i  ('  :  part  effitcthre  in  direction  A  X  f '/")  ;;  M'a' 
it  radius  (l)  :  ecs.a',  .•.  7=*'xeos. «';  and  in  ih'-  Mine 
P  .  f  may  be  calculated 
fcrtnoawi  ./>' 

(*)  Forces. A/'£0=*in.«Aro=iitn.Jir^»*=»ifl,pi  a»MCQ 
p'N=tm.p';    and  co*.  Jlf2>0=sin.  OAJ'O 

=«q.  Jy«,jv=sjfi.*t'. 
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positive  or  negative,  according  as  they  are  measured 
in  the  same  or  opposite  directions  upon  the  lines 
VX,  YZ ia). 

3.  By  referring  the  forces  -f(b),  F',  t"  (which 
keep  each  other  in  equHibrio  about  the  knot  At) 
to  the  axes  VX,  YZ,  and  resolving  them  in  a 
similar  manner,  we  should  have, 

—  (  x  cos.*'  +  P"  x  cos./)"  + 1"  x  cos.  «"  =  Ol 
and  —  i  x  sin.  *  +  P"  x  sin.  p"  + 1  x  sin.  a"  =  O  J  '  ' 

and  extending  the  same  process  of  reasoning  to  the 
three  forces  —  i',  P",  Q  (which  are  in  equilibrio 
about  the  last  knot  AT")  we  have, 

—  f  x  cos.  a '  +  F"  xcos.//"  +  Q  x  cos.  y  =  0  1 
and-*"  x  sin.  *+P"  x  sin./>'"  +  Q  x  sin.  9=^0  J 

4.  The  law  therefore  which  obtains  between  the 
quantities  composing  these  several  equations  is  very 
evident ;  so  that  if  there  were  any  number  of  forces 
F,  F',  F"  &c.  between  the  first  force  (P)  and  the 
last  (Q),  we  could  easily  estimate  the  relation 
between  them  and  the  tensions  upon  the  different 
parts  of  the  cord  adjoining  to  each  knot,  at  the  time 
the  equilibrium  takes  place ;  for 

Let 


(*)  In  these  equations  we  have  thought  proper  to  make  the 
signs  of  all  these  quantities  positive;  for  it  is  very  easy  to  restore  to 
each  quantity  its  proper  sign,  as  will  be  seen  when  we  come  to 
the  solution  of  an  actual  example. 

(b)  For  this  negative  sign  of  t\  sec  the  latter  part  of  Art.  1. 
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Let  the  knots  in  the  cord  be  ....  M\  M",  M"'  &c. . .  Af'<*>  « 
.  •  .  .  forces  acting  at  them  .     .     .     .    F,   P",  P"'&c. .  .  /*<•> 
....  angles  at  which  they  act .     .     .     p ,   p"9    p'"  &c. .  .   p'<») 
.  ...  tensions  of  M  'M"9  M  "AT"  &c.      t\     /",     r&c...    /'(-> 
.  .  .  .  angles  at  which  t,i"> *'"&c. act,  *,    a",    «'"&c...   *'<»)> 

then  the  equations  denoting  the  equilibrium  at  the 
several  knots  AT,  AT',  3/"  &c.  will  be  as  follow ; 

For  the  knot  M . 
The  equations  marked  {A). 

For  the  knot  M\ 
The  equations  marked  (B). 

For  the  knot  M". 

—  V'  X  COS.  a   +  P    X  COS.  />    +  *     X  COS.  a'"  =  O 

—  *  x  sin.  a  +  F  x  sm.  p  +t   x  sin, 

&c.     &c.     &c.     &c.     Sec. 

Jbr  *Ae  last  Ano*  Afi*>. 
—  t'^x)xcos.a'^l)+P&xcos.p'&+Qxc<x.q=zo'  i     ,. 

and-*'<— "xsin.*'*— '>  +  /*(■>  x  sin.  p'**  +  Qxsm.f/=0  i    l    '' 

5.  By    setting    down    these    several    equations 

in  the  form  of  J,A  +  B,  A  +  B+C,  &c 

A+B  +  C&cc.  .  .  .  +  L, (b)  we  have, 


i.«"'=o  /rc>> 


(■)  Here  n  denotes  the  number  oj  dashes  at  the  letters ;  M' 
ttanding  at  the Jirst  knot ;  M"  at  the  second;  and  so  on. 

(*)  t.  *.  Set  down  (A)  again  j  add  the  J?r$/  lines  of  A  and  J? 
together,  and  then  the  second  lines  j  add  the^rif  lines  of  /4,  2?,  C 
together,  and  then  the  second  lines  ;  &c.  &c. 

2   T 


n9f  ^*  THE  PUSSCRE 

**  .  ««t  *-»-,  *  x  *»*  8*fX  CCS.  *  =0 


"*   v*i.    -»m>  %3UL  »  *rx 


:z  >  «* 


>  .  ..**.  j —  F  x  ccs.  •  -r  P"  x  cos,p  +| "  x  cos.  a' 


sin.  «  =0    -* 


x  ^  /^^  x cos. £'-*-  V  x co*. p "  -»- F" x  cos.^''+#~x  cos.«"B'==:Ox 
'xmi.  D^-FxiiiL  pT^xsin-p'  +  F'xsiD-p^^/^xsin.^ssO  >(^+l 

ice.     &c.    Jrc.     Sec.    Sec.    frc.  J 

^xcos.p^Fxcos.p>&c.  ..P*xcos.p/ir+9xcos.7==0^ 
Px^.p+Fxsin.p+ic...P'«xsin.p'«  +  9xsin.^==o/  (^+"+*c 

6.  On  reviewing  the  equations  in  the  preceding 
article,  it  may  be  observed  that  all  their  terms, 
except  the  last,  consist  of  known  quantities  (viz.  the 
several  forces  PyF,P"yP"'&LC.  multiplied  into  the  sines 
or  cosines  of  the  given  angles  in  which  their  directions 
cut  the  line  VK).  If,  therefore,  these  known  quan- 
tities in  the  first  line  of  equation  (A)  be  denoted 
by  c,  and  in  the  second  by  s;  and  in  the  succeeding 
equations  by  c',  c",  &c.  .  .  c^,  and  s\s",  &c.  .  .  i'1-; 
then  these  equations  may  be  transformed  into  the 
following  ones ;  viz. 

c 


e  +  ^xcos..;«cn 

S  -t  t  x  sin.  a  =  0  J 

>in.  a  -0)   {     J 


s'  +  t  x  sin, 


C'"  +  t"  X  COS.  «'"  =  0\     sp. 

*"  +  *"  xsin.  a"  =0j 
&c.  &c.  &c.  &c. 

«#(F-,}  +  Qxcos.  7  =  0 


.y 


/  (•— i) 


+  Q  x  sin 


os.  7  =  01 
m.qmof(LJ' 


7.  From 
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7-  From  the  equations  marked  (D),  we  obtain, 

*'xcos.*  =  —  c,   .".  //tXC08.«']ts=C9, 

and  t'  x  sin.  a'  =  —  s,  /.  t'*  x  sin.  «'  "=$", 

Hence  — '— ;=  (tang. «  = )  - , 
cos.  a     v      6         '  c * 


ndi^xTO^VsuT^i^^^xradJ^or  1)  =c|  +  ^,  ' 

.\  t'=*Jc*  +  s*; 

and  precisely  in  the  same  manner  we  may  obtain 

the  values  of  «", * "  &c y ;  and  of  *",  /'",  *"" 

&c Q.     We  thus  determine  the  tension 

and  position  of  the  several  parts  (M'M",  M'M"\  &c.) 
of  the  cord  in  succession,  as  well  as  the  magnitude 
and  position  of  the  last  force  Q,  which  keeps  the  whole 
in  equilibrio. 

8.  The  manner  in  which  the  values  of  the 
several  quantities  t\  t'\  i"  &c,  *', «"  *'"  &c.  are  deter- 
mined, corresponds  therefore  to  the  manner  in 
which  we  may  conceive  the  equilibrium  to  take 
place,  in  tracing  the  actions  of  the  forces  P,  F9  P' 
&c.  from  one  end  of  the  cord  to  the  other.  For 
let  us  first  suppose  two  forces  P,  F  (given  both 
in  quantity  and  direction)  to  act  upon  the  knot  M, 
then  from  the  equation  (D)  we  find  the  quantity 
and  direction  of  a  third  force  t,  which  keeps  these 
two  in  equilibrio ;  /'  (or  rather  —  t)  and  F'  now 
become  two  given  forces  acting  upon  the  knot  M"9 
and  from  equation  (E)  we  determine  also  the 
quantity  and  direction  of  a  third  force  t  which  keeps 

them 
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them  in  equilibrio ;  and  so  we  proceed  till  we  arrive 
at  the  force  Q,  which  acts  at  the  other  end  of  the 
cord.  The  conclusions  here"  drawn  are  entirely 
independent  of  the  length  of  the  cord,  or  of  the 
relative  length  of  its  several  parts ;  which  is  perfectly 
consistent  with  the  nature  of  the  problem ;  for  siace 
the  effects  of  forces  acting  in  straight  lines  are  the 
same  at  whatever  points  in  those  lines  the  forces  act, 
it  is  evident  that  the  sum  total  of  the  forces  which 
thus  keep  each  other  in  equilibrio  will  altogether 
depend  upon  the  angles  at  which  their  directions  are 
inclined  to  each  other w. 

9.  Suppose  now  all  these  forces  except  the  Jirst 
and  last  to  pet  parallel  to  each  other,  and  at  right 
angles  to  the  line  A X{b)  (as  in  the  case  of  any 
number  of  weights  P\  P",  P  "  &c.  suspended  by  3 
cord  PM'M'M  Q  fastened   to   two  hooks  at  the 

points 


(a)  As  the  forces  P,  P',  P '  \c,  are  all  supposed  to  act  in  the 
same  plane,  the  directions  of  the  resulting  forces  t' ,  /",  f'"&c.  will 
lie  in  that  plane  ;  and  consequently  the  cord  itself,  after  it  is 
acted  upon  by  these  several  forces  and  tensions,  will  be  in  that 
plane.  If  these  forces  do  not  act  in  the  same  plane,  or  if  there 
be  several  forces  acting  in  different  planes  upon  the  knots 
M\  M",  M"  &c.  then  may  they  all  be  reduced  to  others  whose 
quantities  and  directions  may  be  estimated  along  the  axes 
VX,  YZ,  according  to  the  principles  laid  down  in  Sect.  12, 
page  74. 

(b)  As  the  point  A  may  be  arbitrarily  assumed,  take  it  in  such 
manner  that  AX  (drawn  at  right  angles  to  FM',  P"M",  &c.) 
may  pass  through  C  the  point  of  intersection  of  the  directions 
PM',  QM"  of  the  first  and  last  force  P  and  Q. 
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points  P,  Q  ),  then  will  cos,  p' = cos,  p" = cos.  />" 
e=  &c.  =  0,  and  sin./)' = sin.jfr" =» sin./>"  =  &c.  =  radius; 
hence  the  equations  marked  (A  +B+  C  .  .  .  L) 
in  Art.  5,  page  320,  become 

Pxcos.j&  +  Qxcos.j  =  0,     and 

P  x  sin. p  +  P'+P,+  P "  &c.  x  rad.  +  Q  x  sin.  9  =  0. 

-  Prom  the  nature  of  this  8 

problem  it  is  evident  ^ 
that  cos.p  and  cos.  q 
will  lie  in  different  di- 
rections, .\  one  will  be 
positive  and  the  other 
negative;  and  since  the 
tensions  upon  P  and  Q 
are  exerted  upwards, 
and  the  forces  P,  P', 


"W 


J5'  &c.  act  downwards,  P  and  Q  must  have  the  same 
aign,  and  P*  +  P"  +  P"'  +  &c.  a  contrary  sign ;  these 
equations  therefore  may  be  transformed  into 

P  xcos./>  =  Q  x  cos.  y  ^G^ 

ElndP  x  sin./>  +  Q  x  sin.?  =  P'  +  P''  +  P''&c.  x  rad.(#). 

From  equation  (G)  we  have  P  :  Q  : :  cos.  q  :  cos.  j& 
::  cos.  QCX  :  cos.  PC  A  ::  sin.  QCG  :  sin.  PCG 
::  sin.  QC/^:  sin.  PC W. 

Substitute  for  Q  in  equation  (H)  its  value  found 

from  equation  (G)  (  viz. —  V  and  we  have 

^       .  P  x  cos./>xsin.*7     — — -— — — - — —  , 

JPxsm.p+  £^ *  =  P'+P'  +  P"'  +  &c.xrad. 

r  cos.  q 

or 
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mPx«0.pxco*.i+Pxco*.px*in.<i=p>+.p,,_i;ji*iiic 

rad.  ■ 

i.e.  Pxsm.p  +  j*)  =  F+Jt>'  +  F  "  +  &c  x  cos.?l- 

.•.  P  :  F  +  F'  +  P"  +  &c.  : :  cos.  ^  :  sin.  />  +  j 
::  sin.  QCfF:  sin.  PCQ<¥) ;  and  in  the  same  manner 
we  might  prove  Q  :  F  +  P"  +  F"  +  t*c. ::  sin.PC/P 
:  sin.  PCQ. 

10.  On  comparing  these  relations  of  P,  Q  and 
P  +  F'  +  F"  &c.  with  what  was  shewn  in  Note  (*) 
page  312,  it  appears  that  when  any  number  of 
weights  P',  P",  P"  &c.  are  thus  suspended  from  the 
hooks  P  and  Q  by  means  of  knots  in  the  cord 
PAfJlO/"Q,  the  pressure  upon  the  hooks  P  and  Q 
is  the  same  as  if  a  weight  (IV)  equal  to  P  +  F'  +  F" 
&c.  was  suspended  from  the  knot  C  in  a  cord 
PCG,  whose  length  is  determined  by  producing 
PAf,  QW  till  they  meet  in  C;  for  according  to  the 
principles  laid  down  in  that  Note,  we  have, 

Pressure  on  P  :  pres.  on  Q  ::  sin.  QCWi  sin. PCW; 

Pressure  on 

P  :  W{F  +  P'  +  P  "'  +  &c.)  : :  sin.  QCIV :  sin.  PCG; 

and  Pres.  on 

Q  :  /P  (P  +  P"  +  P"'  +  &c.)  : :  sin.  PCfVi  sin.  PCG; 

.*.   the    pressures    thus    produced    by  the   weight 
(W)  bear  the  same  relation  to  each  other  and  to  the 

weigh 


(»)  See  Plane  Trigonometry,  page  26. 

(b)  For  PC Q=l 80-/> +  ?,  and  siu. pTq=smc  of   its  sup- 
plement 180°— p  +  7. 
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veight  (W)  as  the  forces  P,  Q  in  the  last  article ; 
he  tensions  of  the  cords  PM,QM"'  (i.e.  the 
>ressure  upon  the  hooks  P,Q)  are  consequently 
lie  same  whether  the  weights  F9  F\  F"  &c.  are 
suspended  by  knots  in  the  Cord  at  M\  M">  M"  he. 
>r  a  weight  (W)  equal  to  their  sum  be  suspended 
From  C. 

11.  It  is  evident  that  the  foregoing  demonstration 
ioes  not  at  all  depend  upon  the  number  of  the  weights 
F,  F\  F"  &c.  suspended  from  the  knots  M'  M'\ 
AT"  &c. ;  let  us  therefore  suppose  them  to  be  in- 
creased ad  infinitum,  in  which  case  the  cord  will 
assume  the  form  of  a  curve,  and  the  pressure  upon 
the  hooks  P  and  Q  will  be  the  same  as  if  a 
weight  equal  to  F  +  F*  +  F"  &c.  was  suspended  by 
i  cord  whose  length  is  PCQy  of  which  the  knot 
C  is  determined  by  producing  the  tangents  PM\ 
QM'"  till  they  meet  in  that  point  (Fig.  in  page 
323).  Or  if  we  suppose  the  cord  itself  to  have 
weight,  then  each  particle  of  it  may  be  considered 
as  a  weight  suspended  from  and  acting  at  the 
point  to  which  it  belongs,  so  that  it  will  assume  the 
form  of  a  curve  PqQ  (Fig.  in  page  326)  ;  and  its 
pressure  upon  the  hooks  P,  Q  will  be  the  same  as 
if  a  weight  (W)  equal  to  the  weight  of  the  cord  was 
suspended  from  C;  PC>  QC  being  tangents  to  the 
curve  in  the  points  P,  Q,  and  the  cord  PCQ  void  of 
gravity.  It  is  further  evident,  that  when  once  the 
equilibrium  has  taken  place,  the  tension  at  any  point  q 
in  the  curve  may  be  estimated  in  the  same  manner  as 

if 


■  nn  that  p 

i  ll  the  point  q, 

tmjreiit  qcp 

.    :nid  ' 

i .  mtaippaM  10 

ii  to  the  weight 
■  i    Pq   of  the 

bactuse  (by 

■    ■     ■ 
^m\  P  t*  Q  are  to  the 
fM*  wei 
*v«^ ::  5in.  Qt't/' 

i.  I'CQ.  ;  tlie  iewron  at  q 
W%M  (w)  of  the  part  Pq  ::  sin.  P 
Uht     frtwicn    o(    o   :  prrssurc    at    J 


>.OCJi 


the  prroun.-  »l  /' :  W:  ■  sin.  $C 

remain  JSn»(«,    ,\  / 

i  milium  what  was  said  in  Xni 

Rim  necotianr  to  keeps  corf  \ 

I  both  ends,  (hougli  acted  iipoi 

Kn 

the  rtnttref  gravity  of  the  coil 

**t*h'  ■  ■  •  ■  tnemtnted  io  C; 

operates  as  if  it  was 

bU  G  ind  C  must  lie 

'  !  tm  (Arotga  (7  (*j 
,  (JO)  at  right  axjjli 

•  -■(*  '*/  mMr  *fg"nity  oftki 
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1 2.  If  the  cord  be  of  uniform  thickness,  and  per- 
fectly  flexible,  then  it  will  not  be  difficult  to  find  the 
equation  to  the  curve  whose  form  it  will  assume. 
For  suppose  it  to  be 
suspended  from  the 
points  P  and  Q  as 
before,  and  that  the 
equilibrium  has  taken 
place ;  then,  if  A  be 

the  lowest  point,  it     v         c  A  x 

is  evident  that  the  tangent  VAX  will  be  parallel 
to  the  horizon  ^l.  Draw  AZ  at  right  angles  to  VX, 
and  consider  it  as  the  axis  of  the  curve,  to  which 
the  perpendicular  ordinates  pm  &c.  are  referred. 
Let  An=*  x,  /m=  y,  Aq  =  z,  and  draw  qn  inde- 
finitely near  to  pm,  and  qo  parallel  to  AZ,  so  that 
ive  shall  have  mn  or  qo  =  i,po=y ;  let  the  tangent 
to  the  point/*  (pC)  meet  VX  in  C,  and  draw  CG 
parallel  .to  AZ,  in  which  case  the  triangles  CGq, 
qop  will  be  similar.  Suppose  now  the  tension  at 
the  given  point  A  to  be  represented  by  the  constant 
quantity  (a) ;  and  since  the  cord  is  of  uniform 
thickness,  the  weight  of  any  part  of  it  will  be  repre- 
sented by  the  length  of  that  part;  hence  the 
weight  of  the  part  q  A  may  be  represented  by  z ; 
but  (by  Art.  11)  the  tension  at  A  (a)  :  weight  of 

; <i£ 

(c)  For  a  tangent  to  the  carte  at  any  point  between  P  and  A 
if  inclined  to  the  horizon ;  and  a  tangent  at  any  point  between 
^and  Q\salso  inclined  to  the  horizon,  but  in  an  opposite  direction) 
in  passing  therefore  through  the  lowest  point  A  it  must  become 
bmrallel  to  the  horizon. 

2   u 
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qA  (z)  ::>  sin.  qCG  :  sin.  qCA  of  sin.  qCV  or 
sin.  CqG  ::  (by  sim.A8)  sin.jb qo  :  sin. qpo  :: po 
:  qo  ::  y  :  i;  hence  a* :  £*  ::  #* :  ia,  and  a*  +  zf 

:   z4  ::  i*  +  y*   (a8)    :"  i2,  ,\i=— «  ;   fit)© 

^ _  Va'  +  z8 

which  a:  =  ^/a*  +  z*  +  Cor. ;  but  when  2  =  0,  x=0, 
/.the   correct  fluent   is   x=y/a*=z*  —  d;    hence 

/j  +  ffrs^a^+z*,  an(*  0t  +  2<w  +  **a5S0t  +  zt,  /.  xf 
=  2aa:  +  x%  and  z=  ±y/2ax  +  xt.     Again,  since 

a#  i  ax 

a  :  z  : :  y  :  x3  we  lnive  if  =  —  =    t  ■.  whose 

*  *       z       x/2q:r  +  g' 

/i                            i        i      a  +  x  +  y/^ax+P 
correct  fluent  lsy  =  +  a  x  hyp.  log. 

=  +ax  hyp. log.z  +  vg  + zt —  ;  and  since  the  or- 

a 

dinate  (y)  has  two  equal  values,  the  one  positive 
and  the  other  negative,  it  appears  that  the  cunfe 
consists  of  two  similar  branches  lying  at  equal 
distances  on  each  side  the  line  AZ.  As  this  is  the 
form  which  a  chain  consisting  of  very  small  links 
would  most  readily  assume,  this  curve  is  called  the 
Catenary,  or  Catenarian  curve ;  but  before  we  pro- 
ceed to  its  construction,  we  shall  exemplify  the 
theorem  which  relates  to  the  funicular  polygon. 

EXAM.  I. 

Suppose  four  forces  P,  P*,  P" ,  P"',  which  are  tt 
each  other  as  the  numbers  5, 4,  3,  2,  and  whose  direc- 
tions are  inclined  to  the  line  AX  (see  Fig.  in  page  31 6) 

in 


(a)  For  i+a=  Va*+%fi  and  V  2a  *+**=:*. 
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in  angles  of  30°,  40°,  50°,  and  60°  respectively,  to  act 
at  the  same  time  upon  the  cord  PM'M"M'"Q  by 
means  of  knots  tied  in  the  cord  at  the  points  M\  M", 
jftf";  it  is  required  to  find  the  magnitude  of  a  fifth 
force  (Q)  which  will  keep  them  all  in  equilibrio,  and  the 
form  of  the  cord  after  the  equilibrium  has  taken  place. 

By  referring  to  Art,  5  th,  6th,  and  7  th  of  the 
present  Section,  we  have, 

F  =5  and/)  =30?|  .*.  csPxcos.p+T^x  cos./>'=5xcos.30P+ 
P  =4  ...p'  =40P\4xco8.  40*=5x. 8660+4  x7660=7394O. 
F"=3  .../>//==5C^[j=Pxain.p-fP'x8in./>=5xsin.3a)+4x 
J**=2  . . .  p'"=:6pju!).  40°=5  X  .5000+4X  .6427=5 .0708. 

Hence  tan.  a'=~=~^^==.6857=tan.340.  *6', 

c     y .3Q4Q 

and         f '=  Vs*+(*=  8 .  g65. 


Also,  c'=c+P"xco8.p"=7.3940  +  3  X  cos.5O0  =  7.3940  + 
3  X. 6427=9. 3221. 

*'=  s  +  P"  x  sin.  p"=5 .0708  +  3  x  sin.  50>=5 .0708  + 
3  X.  7660=7.3688. 

Hence  tan.  «''=-,=  ^^r:  =  .  7904= tan.  38°.  19', 

c      9'  3221 

/":*  \V'*+c"*=  1 1 .  882. 

Lastly.^^c'+P"' x cos.  ^"=9.3221 +2 x  cos. 600=9. 3321 
+  2X. 5000=10. 3321. 

,"=5'+  P"x  sin.  />'"=  7.3688  +2  x  sin.  60»  =  7.3688  +  2  x 
.8660=9.1008. 

Hence  tan.  g=%,=~~~.  =  .88l6=tan.  41°.  44', 
1     c       10.3221 


$=V*"*  +  c"«=  13.761. 

To 


(b)  Here    c"    answers   to  c'(*-l)    in  equation   (Z/)   Art.6^ 
page  320 ;  for  (since  there  are  three  knots)  71— 1=2. 
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m 

To  find  the  angles  at  the  several  knots  JIT,  AT 
JIT",    we    have   /-PM'tf'=«'M'p=l6Cr-7+p 

=  18a°-34o.26'  +  30°=115o.34';    L-WM"*=* 
-«'=380.19^340.26-  =  30.53/,     .\    L.M'M^iT 

=  17^.7';    /.Arjfw9  =  ?-«//=4l°.44'-38°.19f 
=  3°.  25',  .\  L  M"M"Q  « 1 76°.  35'. 

EXAM.  II. 
Suppose  a  perfectly  flexible  chain  PAQ9  of  a  gwea 
faigtA  (/),  to  fe  suspended  from  two  hooks  P>  Q  pom 
in  position  ;  it  is  required  to  contract  the  catenary. 

1.  Draw  PN  parallel  to  the  horizon,  and  QiVrt 
right  angles  to  it;  p  z  n  f 
then,  as  the  points  P 
and  Q  are  given 
in  position,  PN  and 
QiV*  may  be  consi- 
dered as  given  quan- 
tities. Suppose  A 
to  be  the  lowest  point,  and  draw  AZ  parallel  to 
QN;  draw  also  QM parallel  to  PN.  Let  PAT=6, 
Qi\T or  MZ  =  c,AZ  =  x,PZ=y;  then  will  JVZ  or 
QA/=  PiNT-  PZ  =  Z<  -y,and^/=  AZ-MZ=x- 1. 

2.  Let   a=the   tension  at   the  lowest  Jjoint  A; 
then,    by  Art.  12,    PA  =  +Jlax  +  **,    and    -rfQ 

=  v  2a. a?  —  c  +  .z  —  el*1*5 ;  hence 

PA 

—    -  -  —  — 1     — 

(»)  For  since  A  is  the  lowest  point,  AZ  is  the  axis  of  the 
curve,  and  the  properties  of  the  curve  on  each  side  of  the  axis  are 

the 
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,        .     *a  +  #  +  *J'lax  +  x* 
y  =  a  x  hyp.  log. ^- , 

and  

0— y  =  ax  hyp.  log. : , 

are  three  independent  equations,  from  which  the 
values  of  the  three  unknown  quantities  a,  x  and  y 
may  be  determined ;  when  these  equations  are 
solved,  the  length  and  position  of  the  axis  AZ  will 
be  known ;  and  as  we  shall  also  know  the  value  of  af 
the  whole  curve  may  be  constructed  from  the 
general  equation  between  its  abscissa  and  ordinate 

,  .                    ,         ,        a  +  x  +  \/2ax  +  j?  , 

(viz.  y  =  ci  x  nyp.  log. ,  x  and  y 

being  no  longer  A7a  and  PZ>  but  any  abscissas  or 
ordinates  whatever.) 


3.  But  it  is  evident,  from  the  transcendental  nature 
of  these  equations,  that  the  values  of  a,  x  and  y  can 
only  be  obtained  by  a  very  tedious  process  of 
approximation ;  in  the  case  therefore  when  P  and 
Q  are  not  placed  in  the  same  horizontal  line,  the 
construction  of  the  catenary  becomqs  a  problem  of 

very 

•     •  r 

the  same,    .*.  A  Q=z  V  2axAM+A  M*  from  the  general  pro- 
perty, «  x=  yJ2ax+x\" 

(b)  This  equation  also  follows  from  the  general  property,  "that 

"  the  ordinate  MQ^ax  hyp.  log.— 
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very  difficult  solution ;  but  if  the  points  of  suspen- 
sion (P,  q)  be  in  the  same  horizontal  line,  then  the 
curve  may  be  constructed  without  much  difficulty. 
For  instance,  Let  the  distance  between  the  points  of 
suspension  (Pq*=  10  feet,  the  length  of  the  chain 
PAQq^20(eetj  then  will  PZ  =  5  feet,  and  PA 
=  10  feet ;  the  equation  therefore  to  determine  the 

value  of  a  will  be  f  y = a  x  hyp.  log. J 

»*  u       i       PA  +  Ja*TPl*        _ 

PZ  =  a  x  hyp.  log. — ,  or  5  =  a  x 

hyp.  log. ^— ,    .-.  -  =  2 .3025  ^  x  log. 

10+v/V+lOO     .  .     i       •  r       ^i 
;  from  which  a,  in  a  very  few  trials, 

is  found  to  be  equal  to  2,  3  feet"c .  Substitute  this 
value  of  a  in  the  equation  z*  =  '2ax  -f  jt*  (where  z= 
PA%  .r=  AZ\  then  or-  4.6j=  10O?from  which  we 
obtain  r  or  A Z  =  7. 00  feet.  Having  thus  determined 
the  .V^r":  and  posit:**:  of  the  axis  AZ.  the  curve  may 
Lx*  constructed  in  the  manner  described  in  Art.  2. 


V*    S^?  Art.  l.\  pace3JS 

V«  For  the  k\p**$*l\c  logarithm   of  mj  number=2.3025 
x  (v«kji  lociritim  of  the  &ui?e  ::  umber. 

Vc^  We  thus  obtiin  the  ttnsi:*  j:  :he  point  ^  in  feet;  hot  we 
*hodd  rewllevt  thi:  w^  have  ill  .ii:a^  >ub»:ituted  the  length  of 
•!.e  chain  tor  its  kv:<-u  :  ta:*  2.  S  •*>*:  :he-efore  means  that  d* 
iu.»:c.:  4;  .f  i$  cv.ua!  to  the  tc% :+  u  ct"  2.  i  reel  of  the  chain. 
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Lecture  XI. 

ON  THB. 

STRENGTH,  STRESS,  AND  PRESSURE  OF  BEAMS. 

In  estimating  the  strength  and  stress  of  beams, 
a  variety  of  circumstances  must  be  taken  into 
consideration.  Not  only  the  shape  and  position  of 
the  beam,  but  the  force  of  adhesion  of  the  particles 
of  which  it  is  composed,  must  be  brought  into  cal- 
culation. The  problem,  therefore,  when  taken 
in  its  fullest  extent,  is  one  of  considerable  diffi- 
culty ;  but  if  the  beams  are  of  regular  form  and 
uniform  texture,  it  then  becomes  capable  of  solution 
upon  mathematical  principles.  We  shall  begin 
with  the  case  of  prismatic  beams  supported  hori- 
zontally at  both  ends. 

XLIII. 

On  the  stress  of  beams  placed  horizontally 
and  supported  at  both  ends. 

1 .  Let  AB CD  represent  ^  longitudinal,  and  Ehrl 
a  lateral  section,  of  a  prismatic  beam  composed  of 
parallel  laminae  whose  lengths  are  ab,  cd>  &c.  breadths 
ghy  hly  &c.  and  the  density  and  cohesion  of  whose 
particles  are  perfectly  uniform  throughout.  Suppose 
this  beam  to  be  supported  at  its  two  ends  by  the  props 
L,  My  and  that  on  the  middle  of  it  there  is  placed 

the 
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the  weight  {W)  touching  it  in  the  point  E.     From 
the  point  E  draw  Er9  perpendicular  to  the  horizon, 
and  cutting  the  several  laminae  in  the  points  o,p,f 
&c. ;  it  is  evident  that  the  pressure  of  the  weight 
( IV)  will  have  a  tendency  to  produce  a  fracture  in 
the  beam,  begin- 
ning at  the  point 
r,  and  passing 
through  the  lami- 
nae in  succession 
till    it  arrives    at 
the  point  E^\    It 
is  further  evident 
that  the  tendency 
of   the  beam    to 
resist  fracture  will  depend  partly  upon  the  adhesion 
of  its  component  particles,  and  partly  upon  the  dis- 
tance at  which  the  force  of  adhesion  acts   from  the 
point   jE,   which  point   (as   the  fracture  proceeds) 
may  be  considered  as  the  center  of  motion  of  a  Ieverf 
at  the   extremities  of  whose  arms  Er9  Eq>  Ep  &c. 
this  force  is  applied.    Leto-  =  the  uniform  adhesive 
force  of  the  particles  of  the  beam,  then  the  adhesive 
force  of  the  particles  composing  the  line  gh  will  be 
measured  by  <rxgh,  and  the  distance  at  which  it  acts 
from  E  is  En,  .-.  the  whole  force  of  the  line  of 

particles 

(a)  It  is  almost  impossible  to  represent  distinctly  a  longitudinal 
and  a  lateral  section  of  the  beam  in  the  same  .figure;  the  reader 
therefore  must  conceive  that  the  plane  of  the  figure  Emrl  is 
placed  at  right  angles  to  the  plane  of  the  figure  A  BCD,  in  such 
manner  that  E  may  become  the  point  where  IF  touches  the  beam. 
and  the  line  Er  the  common  intersection  of  the  two  planes. 
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particles  (gh)  to  resist  fracture= vxghxEo;  for  the 
same  reason  the  force  of  the  particles  in  the  line  k  /*= 
rxhlx  Ep ;  and  in  the  line  mn=cx  mux  Eq;  &c.  &c. 
hence  the  whole  force  of  the  beam  to  resist  fracture 

=  <r  xghx  Eo  +  klx  Ep  +  mn  x  Eq  +  &cc.  =  (if  G 
be  the  center  of  gravity  of  the  figure  Ekrl)  o-x* 

gh  +  hl  +  mn  +  kc.  x  EG  =  <rxarea  of  figure  Ekrl 
xEG. 

2.  If  <r  be  given  (i.  e.  in  different  beams  of  the 
same  length  cut  out  of  the  same  species  of  matter) 
this  tendency  to  resist  fracture  will  vary  as  the 
area  of  a  lateral  section  x  the  distance  of  its 
center  of  gravity  from  the  point  where  the  weight 
acts.  In  cylinders  and  square  prisms  (and  in  all 
cases  where  the  sections  of  the  prisms  are  similar 
figures)  this  resistance  therefore  will  vary  as  the 
cubes  of  their  depths  or  homologous  sides;  and 
in  beams  whose  sections  are  of  an  oblong  form,  it 
will  vary  as  the  breadth  x  square  of  the  depth.® 
If  the    area  of  the  section  be  also  given,    then 

R  oc 

(b)  For  let  Figs.  1,2,3  represent  respectively  a  section  of  a 
cylinder,  squar 
prism,  and  right- 
mgled  paralle- fr\ 
lopipedon,   then 

in  Fig.  1,   area  _____ 

EArBxEQx. 

A&x^ABoc        -*%*  *%*•  F*£* 

A&i  in  Fig.  2,  area  ECrDxEGocCD^xiCDocCD9 ;   and  in 
Fig.  3,  area  EFrK x EGocFK x  E r  x $E r<xFK x  E r\ 

1  X 


336  THE  STRENGTH,  STRESS, 

RacEG;  i.e.  if  the  same  prismatic  beam  be  placed 
horizontally  with  its  sides  in  different  positions, 
then  its  tendency  to  resist  fracture  will  vary  as 
the  distance  of  the  center  of  gravity  of  a  lateral 
section  of  it  from  the  point  where  the  weight  acts, 
and,  will  be  greatest  when  it  is  placed  with  the 
narrower  part  of  the  prism  uppermost    . 

3i  The  foregoing  expressions  apply  only  to  beams 
of  the  same  length  whose  own  weights  are  not  taken 
into  the  consideration.  Suppose  now  £,/  to  repre- 
sent the  lengths,  and  W,  w  the  weights  of  two 
prismatic  -beams  supported  respectively  at  both 
ends;  then  W,w  may  be  considered  as  collected 
in  the  centers  of  gravity  of  the  beams,  and  acting 

at 

(*)  Let  AhCD  (Fig.  1.)  represent  a  section  of  an  oMsaj 
beam ;  then  its  tendency  to  resist  fracture  when  its  side  AC 
is  uppermost  (or  when  placed  edgeways)  :  the  tendency  when 
AS  is  upper-         jj-y,.    /  ^  & 

most  (or  when  AB  c 
placed     ,/f al- 
ways)  ..EG 
-.Eg::  US 
:\AC  ::AJi, 
AC,   G  and  g 
being  the  posi- 
tion   «f     the 
center  of  gra- 
vity when  the  Fig.    3.  JFV^  4. 
beam  is  placed  in  these  respective  positions.     In  Fig.  2,  where  tba 
section  is  a  triangle,  theae  tendencies  to  resist  fracture  are  as  (£G 
Eg  :  j)  4  EC :  i  EC::  2 ;  I.    In  Fig.  3,  where  the  section  ii  i 
Faratot*, 
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at  the  distance  %L,\l  from  the  points  of  support; 
hence  the  stress  or  tendency  to  produce  fracture 
in  each  beam  will  be  measured  by  \LxfV  and 
%lxw.  But  it  is  evident  that  the  whole  strength 
of  the  beams  will  be  directly  as  the  tendency 
to  resist  fracture,  and  inversely  as  the  tendency 
to  produce  fracture;  if  therefore  we  denote  their 
relative  strengths  by  S,s;  the  areas  of  their  sections  by 
A>  a;  and  the  depths  of  the  centers  of  gravity  of  the 
sections  by  G,g;  we  shall  have  (in  the  case  of  beams 

supporting  only  their  own  weights)  S  :  s  : :  j-j — ^ 
ax  g       Ax G     ax g  % 

#  \l*w  "  Lx  W*  lxw* 


4.  Let  D3d  represent  the  diameters  of  two 
cylindric  beams,  or  the  sides  of  two  beams  in 
the   form  of  square  prisms,  then  (by  Art.  2)  S  :  s  : : 

-= =t>  :  i ;  and  if  they  at  the  same  time  be  similar 

JjxtV   Ixw 

(in 


Parabola,  they  are  as  (EG  :  Eg  : :)  I  EC  :  \EC  ::  3  :  2.  And 
in  Fig.  4,  where  the  section  is  an  Ellipse,  they  are  as  (EG  :  Eg  : :) 
EC  i  AB  : :  axis  major  :  axis  minor. 

By  a  similar  process,  when  the  section  of  the  prism  is  a 
square  or  an  oblong,  we  might  compare  its  strength  when  its  x 
angular  point  is  uppermost  with  its  strength  when  a  side  is  upper- 
most 5  thus,  suppose  a  square  prism  to  be  placed  first  with  its 
diagonal  and  afterwards  with  its  sides  in  a  vertical  position,  then 
its  strength  in  the  former  case  :  its  strength  in  the  latter  : :  the 
diagonal :  the  side  of  the  square  : :  V7^  :  1,  for  the  depth  of  the 
center  of  gravity  in  the  former  cases  half  the  diagonal,  and  in  the 
latter = half  the  side. 
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(in  which  case  L :  /  : :  D :  <f,  and  W  \'w  : :  Ds  :  d*y* 

c  X>5    rf5       1      1        1      1     „ 

7y* :  T4 : :  75 :  >  orT  :  J*   "ence  rt  appears 

that  the  strength  of  similar  cylindric  or  (square)  pris- 
matic beams  varies  inversely  as  their  linear  dimensions; 
i.  e.  whikt  the  linear  dimensions  of  beams  of  this  form 
are  increased,  their  strength  (so  far  as  it  is  counter- 
acted by  the  increase  of  their  own  weight)  is  conti- 
nually diminished. 

5.  But  if,  besides  their  own  weights,  these 
beams  be  made  to  support  other  weights  Wyw 
placed  at  their  middle  points,  then  it  is  evident 
that  their  tendency  to  fracture  wiH  be  increased, 
and   that    in   such  a  manner  as  to  make  (in  the 

Ax G      m    ax g 

general  case)  S  :  s  : :  ~    -r     Tj7, :  ,  >,  atid  (in 

*  '•  L.W+W     l.w  +  w  v 

the  case  of  cylinders  and  square  prisms)   S  :  s  :: 

D3  d> 

7 — rrr     1M/,  '  7  ;  for  since'  these  weights  act  at 

L.JV+  W     l.w  +  iv  & 

the  same  distance  from  the  points  of  support  with 
TV,  w,  the  tendency  to  fracture  in  one  case  will  be 
measured  by  \L.W+  W\  and  in  the  other  by 
\l.w  +  w\  If  the  weights  of  the  beams  be  so  small, 
when  compared  with  the  weights  supported,  as  to 
make  it  unnecessary  to  take  them  into  the  conside- 
ration! 

(a)  For  the  weights  of  bodies  of  the  same  density  are  as  their 
solid  contents;  if  therefore  the  bodies  be  similar  solids,  their 
weights  will  be  as  the  cubes  of  their  linear  dimensions. 
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ration,  then  S  :  s  ::  j^  :  -gfr  or  ^L 


X  tt/ 

6.  Hitherto  we  have  estimated  the  strength  of 
:>eams  only  at  the  middle  points  between  the  two 
Drops.  In  order  to  ascertain  their  strength  at  any 
uher  point,  we  must  find  how  the  stress  varies  at 
different  parts  of  the  same  beam.  Let  us  first  take 
:he   case  of  a  weight  ^         V     f  £ 

[W)>  supported  at  the 
x>int  (C),  by  the  beam 
/iD,  whose  own  weight  is  not  taken  into  the  conside- 
ration.    Then  (see  Note  a,  page  23(2)  the  pressure 

W  x  CD 

ipon  the  prop  A=  — -^  w — ,  and  upon  the  prop  D 

W  x  AOt/ 

= 7K —  ;  •"•  the  stress  at  C,  as  estimated  from  the 

AD 

.    *  j      -n  u                a  u    WxCDxAC        . 
irop  A,  will  be  measured  by  -tjz ;  and 

*•      *ac       .k    *    *n-f    -nu    W'xACxCW 
itimated  from  the  prop  D9  it  will  be -j-=? ; 

AD 

jnce  the  ttwofe  $frew  at  the  point  C  = -rjz 

which 


(*)  For  the  stress  at  £,  as  estimated  from  the  prop  A,  may  be 
onsidered  as  produced  by  the  weight  — -jjr — acting  at  the 
rtremity  of  a  lever  whose  length  is  AC ;  and  the  same  for  the 
tress  as  estimated  from  the  prop  D. 
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tvhich  varies  as  A  C  x  CD,  since      .  n    is  a  girw 
quantity. 

7.  For  the  purpose  of  estimating  the  stress  of  a 
beam*  at  any  point  C  arising  from  its  own  weight, 
let  A  BCD  represent  a  section  of  the  beam  cut 
through  the  axis  of     A,    al       c 
the  prism,  and  let 
Ac~X)  cd=x9 
W=  weight  of  the  beam  ;  then  the  weight  of  the 

indefinite.,  smal.  part  cefi  of  the  prism  =^, 

and  its  pressure  Upon  the  prop   F    (=  its  weight 

Ac\      Wxxx      „  u  . 

x  -tf;  I  ^  — T7TT--     Hence  the  stress   at   c  (an- 
^jD/       AD2  K 

sing  from    the  weight   of   the    indefinitely  small 

„i\      .•      .  1  r         ^     WxcDxxx    ,  t   ! 
part  ctf/a)  estimated  from  jL>= >/n« »  "ut 

the  stress  at  r  :  stress  at  C  ::  cZ)  :   CD,  .\  the 

stress    at    C    arising    from    the    weight    of  cefd 

JVx  CD  x  xi     .          .        .    WxCDxx*       , 
= ^j* >  whose  /ft/e/?*  is <lAD% — > and 

1                jn    •*    •      W x  CD  x  AC*      ..    _ 
when    x  =  AL,   it    is    ^    .,.« ;  this  /atter 

quantity  therefore  expresses  the  stress  at  C  arising 
from  the  weight  of  the  part  AC  of  the  beam^\     For 

A      the 


(a)  For  the  stress  at  C  arising  from  the  part  AC  of  the  beam 

Jfrx  CDx  rx 

l»  equal  to  the  sum  of  all  the -^5 contained  betw 

AD 

A  and  C,  i.  *.  to  the  fluent  of .     *  "  when  x=AC. 

Ads' 
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the  same  reason,  the  stress  at  C  arising  from  the 

•  t      *   l    .       ™    tVxACxCD*     , 
weight  of  the  part  GZJ= o">n« '    nence 

.u      l  ,             ^    W*CDxAC+JVxACxCI* 
the  whole  stress  at  C— o.AH*' 

WxACxCDxAC+CD     FFxACxCD     . .  . 

*ZD* =        IAD      >  wh,ch 

varies  as  ./fC.x  CD  as  before.    Whether  therefore 

the  weight  of  the  beam  be  or  be  not  taken  into  the 

consideration,  the  stress  at  any  point  C  varies  as 

AC  x  CD. 

8.  Since  AC*  CD  is  greatest  when  AC=  CD, 
the  s/rm  will  be  greatest  at  the  middle  point 
E ;  and  the  stress  at  this  middle  point  will  be 
to  the  stress  at  any  other  point  C  : :  \AD  x  \AD 
(\AD)  :  AC*  CD.  But  the  strength  at  any  point 
of  a  prismatic  beam  will  be  inversely  as  the  stress™, 
/.  strength  at  the  middle  point  E  :  strength  at 
any  other  point  C  ::  AC*  CD  :  %AD*;  hence 
the  strength  of  the  beam  keeps  continually  in- 
creasing as  we  advance  from  •  the  middle  point 
towards  either  of  the  props ;  if  therefore  the 
greatest  weight  which  can  be  sustained  at  the 
middle  point  be  called  (w),  a  weight  which  is  greater 
than   (w)    in  the   ratio  of  £  A  If  :  AC  x  CI}  may 

be 


(b)  For  the  strength  varies  as  the  tendency  to  resist  fracture 
directly  and  stress  inversely ;  but  in  a  prismatic  beam  tl«e  tendency 
to  resist  fracture  is  the  same  at  emry  point,  /.  the  strength  varies 
inversely  as  the  stress. 


JT:  x  ::  f-/Z>  :  -*f  •  CZ>.  or  IT 


4-*0  CZT 


g.  A*  :be  Kress  ^oc  i  r^rwc^i:  heszn  is 
greue**  at  :be  ni&i^f  point,  i^d  ittrrests  fan 
the  mirage  tc-'warfa  tae  endf.  i:  i?  er>ieac  thai  far 
a  bean:  :<?  5*  «5*c*-y  itrc^  t\r:*i£%3mt  it  mart 
be  at"  a  sapen-^  form  * :  arid  if  the  skies  of  such 
a  beam  are  pcraLiel  piaxeu  it  is  doc  difficult 
to  sfaev  that  a  m.c*izi3icinml  section  cf  it  mast  be  an 
e*7&i*.  For  let  the  curve  APDyi  'whose  oiwis 
y/7);  represent  this  longitudinal  section,  and  let 
a=  the  thickness  or  trtadtk  of  the  beam;  then 
a  literal  section  of  vl 

the  beam  at  anv 
point  C  will  be  an 
oblong  whose  breadth  a. 

i*  /z,  fiie/^4  /M/.  and  the  depth  of  its  ,>-«uVr  ofgraiity 

PC 


/•  \V~  •;.  ->  ^■.■■•:-r..-e  :hr  v.  ■  _;:.:  which  might  be  rauiped 
at  y-aie  gutn  ;  :>:  C:  if  the  u-iight  were  g"ven.  and  :t  wa* 
ixci-.:tci  to  'Iricrmin-j  :'r.r  poLQt  C  where  :t  could  be  susuineA 
ii.cn  let  AL=x,AD  =  a,  23d  .-.  C'/)=g— x;  suh»:i:u:e  these 
va^e,  iV  AC.  AD.  CD.  an.i  we  have  /f"  :  a  :-.■,«■  :  ai— r?> 

.  a 

.'.   IVxar  —i=z-+'ilw,  which    equation   soKed  gives    j:=-± 

,  ~~—  ,  where  z  has  fa-o  values,  as  there  evidently  will  be 

two  points  equally  distant  fro:n  the  middle  point  where  a  given 
weight  may  be  «ubtaii:ed. 

(b)  By  Art  1.  the  tendency  to  resist  fracture  varies  as  area  of 
section  x  EG ;  .'.  tor  the  strength  to  be  the  same  throughout, 
area  of  section  x  EG  must  decrease  as  the  stress  decreases. 
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PC  or  %PM;  hence  (by  Art.  2)  the  tendency  of 
the  beam  to  resist  fracture  at  any  point  C  is  as 
a  x  PM*;   but  the  stress  at  C  is  as  AC*  CD; 

•'•  "ren*'A  at  c  is,as  A&rcbor™AC*ciy 

a  being  constant;  hence  if  PM*ocAC  x  CD,  the 
strength  will  be  the  same  at  every  point ;  but  in 
this  case  the  curve  APDM  is  an  ellipse  whose  axis 
major  is  AD,  and  axis  minor  FK  (the  depth  of 
the  beam  at  the  middle  point  E){c\ 

10.  Before  we  can  apply  the  foregoing  expressions 
to  finding  the  actual  strength  of  bars  or  beams,  it  is 
necessary  that  we  should  have  some  standard  of 
strength  to  refer  them  to.  In  Emerson  s  Mechanics, 
and  in  other  works  where  this  subject  is  treated 
more  at  large,  the  reader  will  find  tables  in  which 
the  relative  strength  of  a  variety  of  substances  is 
expressed  in  numbers.  From  these  tables  we  shall 
select  only  two  instances,  which  will  be  quite 
sufficient  for  the  purpose  of  explaining  the  manner 
in  which  problems  of  this  kind  may  be  solved. 
The  Jirst  is,   "  That  a  small  beam  of  oak,  afoot 

"  long 


(c)  A  beam  of  the  form  of  either  of  the  semi- ellipses 
APDC,  AC  DM  will  abo  be  equally  strong  throughout  5  for 
the  depth  of  the  center  of  gravity  of  the  lateral  section  in  these 
cases  will  be  \PC  or  \CM,  and  /.the  strength  will  vary  as 
PC*  or  CM*  .  c 
ACxCD      "*  *ef°r#- 

2  Y 


%hi  the  §rmr?GTH.  <nus 


-  a  weight  -f  OGO  jxcars."  Tbe  wmwrf,  ~  that  a  faar 

-  of  rr^n  at  the  same  c£^<*rr*:ccs  wooii   sostain  in 
the  same  narmrr  a  weight  at  20go  poands."    It 

ss  also  supposed  that  the  beam  of  oak  wtJgbs  iajfi 
poand,  zad  the  oar  of  iron  three  poemds. 

EXAM.  I. 

/Ffaf  weight  might  te  mttained  at  the  muddle  pool 
of  a  prismatic  team  of  oak,  whose  length  is  6jfcf, 
and  iu  end  4  inches  square. 

Let  5=  the  strength  of  the  beam  required,  1= 
the  strength  of  a  beam  whose  length  is  one  fool, 
and  square  end  one  inch;  /F=  weight  of  the  large 
beam,  w-halfz  pound;  Z  =  6,/=l;  Z)=4,(f=l; 

W  =  weight  required,  is'  =  600  Its ;  then,  by  Art  5, 

1 .  If  the  weight  of  the  teams  be  not  taken  into 

the  consideration,  S  :  s  : :  y — =57, :  - ,  ::  * — =» 

,  Lx  IV     I  x  w     Ox  Ar 

!  1 — 600 ;  kut  ^rom  ^e  conditions  of  the  problem 

*=*">  '■  WTJr=TTmor fr,=640Olbs' 

2.  If  the  weight  of  the  beams  be  taken  into  the 

D*  d5  ' 

consideration,  then  S  :  s  : :    r    m     **„  :  , 

L.IV+tV      l.w  +  w 


•• 


(a)  Since  the  beams  are  supposed  to  be  just  capable  of 
taining  the  weights  IV,  w,  thejr  strength  as  compared  with  those 
weights  must  be  the  same. 
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49         <b)  Is  64  1 


•-6.48+7F'    •   i.|T6oo'  ' '6.48+0"  t600£' 
or  ^=63575/^. 

EXAM.  IL 

Supposing  its  own  weight  not  to  be  taken  into  the 
consideration,  what  must  be  the  depth  of  a  beam  of  an 
oblong  prismatic  form,  whose  breadth  is  2  inches  and 
length  6 feet,  to  support  a  weight  of  6400 lbs.? 

IjetBz=:breadthof  the  beam  required,  and  £=breadth 
of  the  beam  whose  length  is  one  foot  and  square  end 
one  inch;  then  retaining  the  notation  of  the  preced- 
ing example,  and  referring  to  Note  (a),  p.  335,  and 

a  ♦  c  u      '  c         BxD*       ¥  2xD* 

Art.  5,    we  have  S  is  1  -y — 5™  :  -: 7  ::  - — z 

/  L  x  W    I  x  w       8  x  6400 

1g— ,    .-.  (when  &sj)  2Z>9=85.3333,  or/)~ 


l  x 
6.53  inchest. 

EXAM.  m. 

What  weight  might  be  supported  at  the  middle 
point  of  a  bar  of  iron  10  feet  long,  and  the  side  of 

whose 

(b)  The  weights  of  the  two  beams  are  to  each  other  as  their 
solid  contents;  /.  W  :  w  ($)  : :  LxD*  :  lxd%  ::  8X  16  :  1  X  1 
::90:  1,  or  ir=4Qlbs. 

(c)  The  length  of  this  beam  being  the  same  with  that  in  the 
preceding  example,  their  solid  contents  will  be  as  the  areas  of  their 
lateral  sections,  i.e.  the  beam  in  Exam.  1st :  that  in  Exam.  2d 
::  4*  :  2x6.53  ::  1(5  :  13.06;  the  oblong  beam  therefore  placed 
edgeways  is  as  strong  as  the  square  one,  although  it  contains 

only  about  $ths  of  its  substance. 


346  THE  STRENGTH,  STRESS, 

whose  square  end  is  3  inches,  supposing  its  own  weight 
to  be  taken  into  consideration  ? 

ere   ''*"  L.rr-rr'i.u~^7F'''''  lo.wo  +  ff 


10 

EXAM.  IV. 
fauf  f.W  bre>sdtk  axd  depth   of  the  strongest  ohlttf 
teem  i-iW  est  be  r-/  out  of  a  given  Cylinder. 
Let  jiCBD  represent  a  section  of  the  cylinder, 
whose  diameter  ~4B=  a  :  and  sup- 
pose -/t"  to  be  the  breadth  of  the 
beam  required.  a::'l  Br  its  depth  ;» 
let  Wl'=  j.  then  BO  =  .IB"  -  JC 

or"  ;:;:*  twir.  »:!":  virv  ^  _:/(."  v  BC 


;'".y     : 

=  .1C:     B 

t"  = 

hire: 

c'.i  — 3j!.i  =0,    and 

s   -1 

'-  -  =a\/  -;  the 
3           *    3 

're  which  can  be  cut 

III    0! 

i   g-.vn    .- 

-  :s 

thai    whose   breadth 

*■--•."•"*■  ™- 

\' 

<' 

El 

k''  He 

=■  :r    .  ^ 

.v.- 

■  \i-  -.:  IOxg:  lxl, 

.-'  We 

.he  f.'-v*-" 

;-.,, 

item 

'3*3' 
u*refc?e  whici  can  be  cut 
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EXAM.  V. 

Wluit  weight  will  a  beam  of  oak,  whose  length  is 
3  feet  and  side  of  its  square  end  3  inches,  sustained 
it  the  distance  of  3  feet  from  one  of  the  props  ? 

By  a  calculation  similar  to  that  of  Case  3 , 
Exam.  1,  it  will  be  found  that  a  beam  of  these 
dimensions  would  sustain  a  weight  of  2025  lbs.  at 
its  middle  point ;  .'.  by  Art.  8,  the  weight  which  it 
would  sustain  at  the  distance  of  3  feet  from  the 

- — - — -  =2100  lis. 
4x3x5 

EXAM.  VI. 

« 

Find  the  distance  from  one  of  the  props,  at  which 
5  tons  weight  might  be  sustained  upon  a  bar  of  iron 
whose  length  is  10  feet,  and  the  side  of  whose  square 
end  is  3  inches. 

From  Exam.  3,  it  appears  that  this  bar  would 
sustain  at  its  middle  point  565 1. 1  lbs;  .\  (see 
Note  (b),  page  341)  the  distance  from  the  prop  A 
at  which   it   would   sustain  5  tons   (or  11200  lbs) 

(a  _  aj  W-  w  _  \  10  _  lOy^l  1200-5651.1 
2~      2sfW"  J2  2^/11200 

=  5-3.52=  1.48  feet. 

XLIV. 


<>Ut  of  a  given  cylindric  one,  is  that  in  which  the  squares  of  the 
diameter  of  the  cylinder,  of  the  depth  of  the  beam,  and  of  its 
treadth,  are  to  each  other  as  the  numbers  3, 2,  1. 
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xuv. 

On  the  strength  and  stress  of  beams  supported 
at  one  end. 

1.  \jetABEF,abef  represent  the  longitudinal 
sections  of  two  prismatic  beams  fixt  horizontally 
into  the  wall  HKLM;  then  the  tendency  of  these 
beams  to  resist  fracture  at  the  ends  EF,  ef,  where 
they  are  inserted  into  the  wall,  will  be  measured  ia 
the  same  manner  as  in  the  preceding  cases  (viz.  by 
the  area  of  a  lateral  section  x  depth  of  its  center  of 
gravity),  except  that  in  this  case  the  fracture  will 
begin  at  the  upper  points  F,f,  and  end  at  the  lower 
points  £,e\  The  tendency 
to  produoe  fracture  will 
be  \he.  weight  of  the  beams  ,\" 
acting  at  the  distance  of 
their  centers  of  gravity 
from  the  ends  EF,  ef. 
Retaining  therefore  the 
notations  of  articles  3,4,5, 
pp.  337,  338,  and  putting 
S  for  the  strength  of  the  team-  ABEF,  and  i 
'  hr  the  strength  nf  the  beam  alef,  we  haveS:*:: 
AxG     axg« 

^Lx-Tr'-jnTw''  or  lf  aT]y  weishts  W>»  & 

'  placed 

(•)  Since  S ■.  s  (■ .  ,A*G      ™£\  ..  -i^G  .  £*£  »— 

expressions  accord  with  those   of  Art.  3,  page33S;    tho  nine 
conclusion*   therefore  may  be    drawn  with  respect  to  cyli*- 

drit 
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placed  at  the  other  ends  of  the  beams,  then  (since 

the  effects  of  these  weights  to  produce  fracture  will 

be  measured  by  W  x  L  and  w  x  I)  we  shall  have 

,     .     .  v  D  Ax G  a xg 

(as  in  Art.  5,  p.338)  S  :  s  ::  :  *  ,; 

moreover,  if  the  weights  W>  w  of  the  6ea/7w  be  very 
small  when  compared  with  the  weights  JV\  w>  then 

2.  Let  /iP,  k?  represent  the  weights  of  the  parts 
ABDC,  abdc  of  the  beams,  then  the  tendency  of  those 
parts  to  produce  fracture  at  C9  c  will  be  measured  by 
\W '  xAC  and  \w  x  at ;  and  the  tendency  of  the 
weights  W9 vf  by  W  x  AC  and  w  x  ac ;  .-.  if  S9 * 
represent  the  strength  of  the  beams  at  the  points 

C,c, 


dric   and    similar   prismatic  beams,    as  in  Art.  4;    viz.   that 

-D*         rf3  11 

Sis::  TTTTTyi  -, in  one  case,  and  as  7-:  7  in  the  other. 

Lxlv    Ixw  L     I 

■ 
Also,  since  in  the  same  beam  placed  with  its  sides  in  different 

,  positions,  S  :  s  : :  G  :  g,  the  same  comparison  may  be  made  as  to 

the  relative  strength  of  beams  ipiacedjlatways  or  edgeways  as  was 

made  in  Note  (a),  page  336  3  except  that  (since  in  this  case  the 

fracture  begins  at  the  upper  side  instead  of  the  lower,  and  since 

the  depths  of  the  center  of  gravity  are  measured  from  the  points 

where  the  fracture  terminates)  in  beams  whose  lateral  sections 

are  triangular  or  parabolic,  the  ratio  ofG.g  (and  consequently 

of  S  :  s)  will  be  that  of  CG  :  eg,  instead  of  EG  :  Eg.    From 

hence  it  appears,  that  when  beams  are  supported  only  at  one  end, 

such  as  are  of  triangular  or  parabolic  form  will  be  stronger  when 

their  broader  side,  that  when  their  narrower  side,  is  uppermost ; 

the  former  in  the  ratio  of  2  :  I,  the  latter  in  the  ratio  of  3  :  2.   . 
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A  x  G  a 


'  jc.ifv+iv' 


if  W>  be  »ery  «na/i  when  compared  with  W,  i 
then  S :  j 


AxG 

'  ACxW'  acxw" 


3.  Hence,  if  a  given  weig-A*  W  be  supported  at 
the  end  of  a  given  beam 
whose  weight  is  so  small 
as  not  to  be  taken  into  "*f 
the  consideration,  the 
strength  of  that  beam  .  to 
support   the    weight    W 
'  at  any  point    C  between 
A   and    F    will    vary  as 
xG 


f   AxG  \  AxG 

VAcvir,ora*)~AC' 


Let    the    beam     be 

in   the    form    of    an    isosceles    wedge    whose   flat 

sides    are     parallel     to    the    horizon,    and    whose 

given    depth  =  d,  then  J  =  EDxd,  and   (?=£</, 

.\AxG=±EDxdi<xEDz*:EC  which  <xAC*]; 

AC 
hence  the  strength  ^-77.,  or  is  constant;  a  beam 

of   this    form    therefore    will    be    equally  strong 
throughout 

(")   ED  is  drawn  parallel  to  the  base  of  the  wedge,  and  AF 

perpendicular  tail:  .".  AF  :  AC  ::  HK  :  ED=A<?X?&xAC 

.    '  At 

{HKaaiAZ  being  auulant\;  hence  EC (={ED)  vanet  J» 


»  N 
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throughout.  Or  if  the  sides  of  the  beams  be  jte* 
ralM  planet,  and  its  longitudinal  section  a  semi* 
parabola,  as  A'C'FD'i  then  let  rf«the  given 
breadth,    and    we  have  A=dx  C&,G=\C'&, 

.\   AxG^dxC'&tacC'W;    hence  5oc^^; 

but  since  A'B  is*  parabola,  A' Co* C DP;  a  beam 
therefore  of  this  form  will  also  be  equally  strong 
throughout.  *} 

4.  Suppose  the  beams  in  Art.  1 .  to  be  cylinders 
or  square  prisms,  whose  diameters  or  sides  are  D,  d, 

«  iy  d9 

then   S  :  s  : :  — ■  : - ■ :    let  w  =s  0, 

L.\W+W    l\w+w' 

then  S :  s ::  L.^fV+lV  :  fTO  in  which  «* 

5  :  *  expresses  the  relative  strength  of  two  cylindric 
beams  whose  lengths  are  Z,  / ;  diameters  D,  d ; 
weights  W,  w  ;  the  former  of  •  which  supports  the 
given  weight  W  at  the  end  of  it,  and  the  latter 
supports  only  its  own  weight. 


5.  Let  d=D,  then  S  :  s  :: 


/  i  t-, : : 


■L.ifr+JT'milxw 
Vor  w=  ~~L~)  L.W+  W :  W 


(b)  If  a  longitudinal  section  of  the  beam  be  a  whole  parabola, 
then  will  it  also  be  equally  strong  throughout ;  for  in  this  case 
G=CB,  and  .-.  A  x  GocC'I/*. 

(°)  Since  (£=Z),  the  weights  of  the  beams  must  be  as  their 

Wx/ 
fengths,  .'.  w  :  W: :  I;  L,  or  ti>=  — 

a  Z 
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case,  therefore,  £  :  s  expresses  the  relative  strength 
of  two  cylindric  beams  of  the  same  diameter,  one  of 
which  supports  the  given  weight  W  at  its  end, 
and  the  other  supports  only  its  own  weight ;  and 
if  the  beam  whose  length  is  L  breaks  when  W 
is  placed  at  the  end  of  it,  the  beam  whose  length  is 
/  will  break  with  its  own  weight;  hence  let  5=^x,  or 

-,  then  r  = sr? >  ana 


L.hw+ir    fFx/1' w 


/=L\/ 


j= —  =  the  length  of  the  beam  which 

would  break  by  its  own  weight. 

6.  Let  the  beams  be  similar  cylinders,  then  Ds :  f 

:    ^_,;    and   when   SsaSf  ^_„  =  _^_,  ... 

\  If  +  If   = — ,  or  /= Fi7 ;    if  there- 

fore  a  cylindric  beam  whose  length  is  L  breaks 
with  the  given  weight  //"  placed  at  the  end 
of  it,   a    similar    cylindric  beam  whose  length  is 

W        1 1 m  MM r ' 

^  —  -.T- will  break  with  its  own  weight. 

7.  From 

^  The  weights  ct  similar  cylinders  of  the  same  density  are 
u<  :ho  iults  of  their  uicwurs  or  4>^i:raf,  /.  w  :  IF"::  /*  :  LJ,  or 
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7.  Prom  Art.  7,  page  340  (See  also  the  Figure 
n  that  page),  it  appears  that  if  a  beam  be  sup- 
ported at  both  ends,  then  the  stress  at  any  point  C 

B  2-k ;  hence  the  stress  at  the  middle 

lAD 

JVx±AD*     i 
>oint= — o  jt\ — ^-JPxAD}  suppose  a  beam 

»f  the  same  diameter  and  only  half  the  length  to  be 
upported  at  one  end,  then  the  stress  at  the  sup- 
ported end  =  (the  weight  of  the  beam  x  distance  of 
ts  center  of  gravity  from  the  end  =s  )  £  Wx  \AD 

=  -fFxAD;  the  stress  therefore  at  the  middle 

s 

>oint  of  a  beam  supported  at  both  ends  is  equal  to 
he  stress  of  a  beam  of  the  same  diameter  and  of 
\alf  the  length  supported  only  at  one  end ;  and,  con- 
equently,  if  a  beam  of  any  length  would  break  by  its 
wn  weight  when  supported  at  both  ends,  a  beam  of 
he  same  diameter  and  of  half  that  length  would 
>reak  by  its  own  weight  when  supported  only  at 
ne  end.  The  expressions  deduced  in  Art.  5  and  6 
/ill  therefore  apply  to  beams  of  double  the  length 
/hen  supported  at  both  ends, 

EXAM,  I. 

What  must  be  the  length  of  a  beam  of  oak  one 
tch  square,  supported  at  both  ends,  which  is  just 
apable  of  bearing  its  own  weight  ? 

By  Art.  10,  page  343,  a  beam  of  oak  a  foot  long 
rid  one  inch   square,  whose  weight  is  £lb.   will 

just 


•>       * 
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>oeifas;  hence,  in  the  expression  /= 
**L   (Art.  5),    we   have   L  =  one  foot, 

/~+ 1200 

,.„».iudir=»600,.-./«V    1— £ =  >/2401 

2 

.^  idee. 

EXAM.  II. 

What  must  be  the  length  of  a  bar  of  iron  m 
tmJt  square  supported  at  one  end,  which  would  break 
by  its  awn  weight  ? 

The  length  of  a  bar  of  iron  of  this  thickness  (sup* 
ported  at  both  ends)  which  would  break  by  its  own 

f  =//V  jp — ,  where  I4 = one  foot,  W 

=  ^/l46l  =  38.* 

feet ;  the  bar  therefore  which  would  just  break  by  its 
own  weight  when  supported  at  one  end  will  be  equal 
to  Aa/f  this  length,  or  19. 1  feet.  (Art.  7,  page 353.) 

EXAM.  III. 
Since  a  tar  of  iron  an  inch  square  and  eme  foot 

long  will  support  a  weight  of  llQOlbs,  what  must  be 

the  dimensions  and  weight  of  a  similar  bar  which 

will  break   with  its  own  weight,  when  supported  at 

both  ends? 

„      4       *     ,    L.JV+lW    3  +  4380*      a    t' 
Bv  Art.  6,  /= jj? = —  =U61  feet; 

and  D  (one  inch  or  i  foot)  :  d  ::  L  (l)  :  I  (I46l), 

/ .  d  *=  12 1 . 7  5 ;  the  dimensions  therefore  of  the  beim 

are 


weii 

*        4380 


>> 


^  ForLsi,  //=3//-5,  ^'=2190/^. 
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are  1401  feet  long,  and  the  side  of  its  square 
121.75  feet;  with  respect  to  its  weight  (w),  we  have 

w  :  W  (3)  : :  l% :  L* : :  14911s :  1 ;  consequently  its 
weight  is  immense. 

EXAM.  IV. 

t  What  must  be  the  length  of  an  oak  prism  6  inches 
square,  to  break  with  its  own  weight  when  supported 
at  both  ends  ? 

We  must  first  find  the  length  and  weight  of  a 
beam  six  inches  square  which  will  just  support  some 
given  weight.  Now  a  beam  of  a  foot  long  and  an 
inch  square  just  supports  600lbs;  if  therefore 
L  =  the  length  of  the  beam  six  inches  square  which 
would  just    support  600  lbs,  and  D  its  side,  we 

should  have  (if  the  weights  of  the  beams  be  not 

D9  d9 

taken  into  consideration)  S  :  s  ::  7 — uPXmmi — ,\ 

D*     d*      6*    l 
and  if  W'=w'=6QO>  5  :  $  ::-=-:  -r  ::  —  •-; 

9  L       I       L     \ 

6s 
,\  when  S=s,  -y  =s  1,  or  Z  =  216  feet  =  the  length 

of  a  beam  6  inches  square  which  would  just  support 
600/&J.;  its  weight  (W)  :  weight  of  beam  a  foot 
long  and  one  inch  square  (§/6.)  ::  L*Lf  ilxd* :: 
216x36  :  lxlr  .*.  /T=  2l6  x  IS =3888/^.;  hence 
the  length  of  a  beam  six  inches  square  which  would 

/  W+  2 IV 
break  with  its  own  weight—  Ify  ■  ■  ■    ^     c  216 


3888+1200     „.„„,-    . 

— — =240.24  feet. 

3888 
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XLV. 


On  the  comparative  strength  of  solid  and 
hollow  beams. 

1.  htt  ABCD,abcd  represent  the  lateral  sec- 
tions of  two  cylindric  beams  of  the  same  length 
and  the  same  mate- 
rials whose  weights 
are  ff\  it*,  one  of 

'which  (ABCD)  is 
hollow,  and  the 
other  (abed)  is 
solid;  and  suppose 
the  annulus  AEBFC  to  be  concentric  with  the 
outer  surface  ABC  of  the  cylinder,  in  which 
case  the  center  of  gravity  of  the  annulus  will  be 
in  the  center  of  the  section  (G).  Let  S,s  repre- 
sent the  strength  of  the  hollow  and  solid  beams 
respectively,  then  (by  Art.  3,  page  337,  since  i=/) 

„  annulus  AE  BFCxAG      area  abexog 

A    :  s  ::  yy  :  -  , 

and  if  the  annulus  be  equal  to  the  area  abc,  then 
Sis::  AG  :  ag*  ::  AB  :  ab,  i.e.  the  relative 
strengths  of  two  cylindric  beams  of  the  same 
length  and  containing  the  same  quantity  of  matter, 
one  of  which  is  hollow  and  the  other  solid,  ire  at 
the  diameters  of  their  respective  lateral  sections. 

2.  From  hence  it  appears  that  the  strength  of* 

cylindnc 

(*l  For  since  the  lengths  ot"  the  beams  are  the  same,  vbtP 
awuliis  AEBFC=area  abc,   dien  R'=w. 
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cylindric  beam  consisting  of  a  given  quantity  of 
matter  may  be  increased  ad  libitum  by  spreading 
that  matter  into  the  form  of  an  annulus  whose 
thickness  (AD)  keeps  continually  decreasing ;  for 
as  AD  decreases,  the  diameter  (AB)  of  the  annulus 
must  increase y  whilst  the  diameter  (a  b)  of  the  solid 
beam  remains  the  same;  hence  the  ratio  of  S  :  s 
would  keep  continually  increasing,  and  would  only 
come  to  its  limit  when  the  annulus  becomes  so  thin 
as  to  lose  its  rigidity. 

3.  The  area  ABC  :  area  ahc  ::  AB9  :  ab9,  and 
the  area  DEF  :  area  abc  ::  DE9  :  ab9,  .\  area 
ABC -area  DEF  (or  the  annulus  AEBFC) :  area 
abc  : :  AB*—DE* :  ab9;  and  when  annulus  AEBFC 

=  arcvLabc,AB*-DEi=ab9orab  =  */ABl-DEt; 
hence  the  diameter  of  a  solid  cylinder  which  shall  con- 
tain the  same  quantity  of  matter  (in  a  given  length), 
with  a  hollow  one  whose  exterior  diameter  is  AB 

and  interior  diameter  DE,  is  equal  to  *J  AB9  —  DE?% 
and  the  strength  of  the  hollow  beam  :  the  strength  of 

the  solid  one  ::  (AB  :  ab  ::)  AB:  */AB*-DE\ 

4.  If  the  hollow  part  of  the  beam  and  the  annu- 
lus be  not  concentric,  but  have  their  diameters  in  the 
same  straight  line  (AB),  then  the  center  of  gravity 
of  the  annulus  will  not  be  in  the  center  (G)  of 
the  circle  ABC,  but  in  some  point  (K)  in  the 
line  A  B,  towards  the  thicker  part  of  the  annulus ; 
and  its  distance  AK  from  the  point  A  will  be  greatest 
*hen    the    two  circles  ABC,  DEF    touch  each 

other 
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other  ift  the  point  ^i    consequently,  if  the 
pactum  terminates   at    that  point,  th* 
of  the  beam  will  be  the  gnwrtit  when  the 
of  the  an- 
nulus at  A 
is  made  as 
small  as  the 
nature  of 
the  sub- 
stance  will 
admit  oi    . 

Now  in  beams  supported  at  both  ends,  the 
terminates    at    the    upper;    and   in    beams 
ported  only  at  one  end,  at  the  lower  side  of  the 
henoe  when  the  beam  is  supported  at  both  ends,  it 

will 


(■)  For  lettheareaof  thegivencircle.d.BC=a,of  DJJfe*. 
then  the  area  of  tbe  annulu$=a—b ;  htAG=r  (G  being  lie 
center  of  the  circle  ABC),  Ag=r  (g  being  ibe  center  of  tbe 
circle  DEF),  and  AK=y ;  then,  by  tbe  property  of  tbe  center  of 
gravity,  the  area  of  the  circle  ABC  X  the  distance  fit*  tenter 
of  graviiy  from  the  point  A,  must  be  equal  to  the  im  of  tht 
products  of  ill  two  parts  (viz.  (A*  annulus  and  tie  cirelt  DEF) 
multiplied  by  the  distance  of  their  centers  of  gravity  from  the  tent 


=0,orr=- 


i-*j 


;  hence  AKwiU  be  the  grmtal 
:.  when  the  circles  touch  each  otbet  in  tbt 


point,  i.e.  ar^bx+a— 

and  as  the  fluxions  of  r  and  y  have  different  signs, 
when  g  increases,  and 
when  Ag  it  the  least,.. 
paint  A. 

(b)  For  the  strength  of  the  beam  varies  as  the  area  «/  *** 
annulus  x  the  distance  of  its  center  of  gravity  from  the  paw* 
where  the- fracture  terminates ;  and  as  the  area  of  the  annolD*  > 
green,  tbe  strength  will  vary  as  A  K. 


AND  PRESSURE  OF  BEAMS.  359 

will  be  strongest  when  the  thinner  part  of  the  ahnu- 
lus  is  uppermost ;  and  when  it  is  supported  only  at 
one  end,  it  will  be  strongest  when  the  thicker  part 
is  in  that  position. 

EXAM.  I. 

What  weight  could  be  sustained  at  the  middle  point 
mcf  a  cylindrical  iron  tube  8  feet  long,  whose  diameter 
is  1%  inches,  and  thickness  \  of  an  inch;  supposing 
the  tube  to  be  supported  at  both  ends? 

By  Art.  3,  the  diameter  of  a  solid  cylinder  of  the 
same  length  and  weights  (*JAB%-DE\  Fig.  in 

page 356)  \/f- 1  =  \/j=  1.11  inches;    and  the 

•  strength  of  this  cylinder  at  its  middle  point :  strength 

of  a  bar  of  iron  one  foot  long  and  one  inch  square 

: :  I    t   *wr}' :  T^'>  where  «/'= 2190,  the  weight  of 
\L  x  W     Ixw  •  & 

the  bars  themselves  not  being  taken  into  £on- 
sideration)  Q    ^  :      •     Q  ,    .:  fT  =  370 .2  lbs. ; 

but  by  Art.  1,  the  strength  of  the  tube  :  strength  of 

the 


(c).^=area   of  a  circle  whose  diameter   is    1.11=1.11]* 
X. 7854=. 967  i  G=l~=.55,  .:j4xG=.967x.55=.531', 

L>=;8,  .'.-£ — jm—ZTpi'    Also  0  =  (area  of  a  circle  whose  di- 


*     •  .\  -««..     _i   1    .        "Xg     .7854x4^3927 
•meter  in)  .7854,  g±=i,  1=1,  -77^=    %igo       lijp' 
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the  cylinder  ::  diameter  of  the  tube  :  diameter  of  the 

cylinder  ::  |:  1.11  ::3:2.22,    .\  the   tube  would 

3  x  370.2 

sustain  at  its  middle  point  a  weight  of    —         — > 

or  about  502 /ft*. 

EXAM.  II. 

Compare  the  lateral  strengths  of  two  cylindrical 
iron  tubes  of  the  same  length,  of  the  same  diameter 
{viz.  A  inches),  and  of  the  same  bore  (viz.  3  inches); 
in  the  farmer  of  which  the  bore  is  brought  within 
{th  of  an  inch  of  the  upper  surface,  and  in  the  latter 
it  is  concentric  with  the  tube  itself;  taking  the  cast 
when  the  tubes  are  supported  at  both  ends.  ' 

Since  the  lengths,  weights,  and  areas  of  the  amuB 
of  these  tubes  are  given,  their  lateral  strengths  will 
be  as  the  distance  of  the  centers  of  gravity  of  the 
annuli  from  the  upper  surface.  In  the  tube  whose 
bore  is  concentric  with  the  tube  itself,  the  center  of 
gravity  of  the  annulus  will  be  in  the  axis  of  the  cylin- 
der, and  consequently  its  depth  will  be  two  inches; 
the  other  comes  under  the  case  of  Art.  4,  (See 
Fig.  in  page  358)  where  AB= 4  inches,  DE= 
3  inches,  AG— 2  inches,  and  AE  =  £th  of  an  inch, 
and  therefore  Ag  =  l-*  =  7  inches.  Let  />  =  .7854, 
then  the  area  of  the  circle  ^J3C=»/>x4*=l6/>; 
area  of  circle  Z>2?jF=p  x  3  *  =  9 p,  .\  area  of  the 
annulus  =i6p-Qp  =  7 p ;  substitute  these  values 
for  a,b,  and  a- b  in  the  equation  ar  =  bx+a  —  b.y 
of  Note  a,    page  358,  and  we   have   l6pr  =  gpx 

+  7ph 
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+  7^,or3,(^JC)  =  l^l£f =(forr=2,x=  -} 

139  7  V  8/ 

-j-q  ;  hence  the  strength  of  the  farmer  tube  :  that 

of  the  latter  (;:  AK :  -rfG)  ::-^:2  ::  139  *  H2- 

XLVI. 

O/i  the  strength  and  stress  of  beams  placed 

obliquely. 

1  .  By  Art.  3,  page  274,  if  a  body  be  sustained  upon 
an  inclined  plane  by  a  force  acting  parallel  to  the 
plane,  the  weight :  the 
pressure  upon  the  plane 
::  length  of  the  plane 
i9 base  of  the  plane;  if 
therefore  a  weight  W'be, 
supported  at  the  middle 
point  of  a  rectangular^ 
beamADj  in  the  manner 
represented  in  the  annexed  Figure,  then  W  :  stress 
upon  the  beam  : :  AD  :  AB  : :  radius  :  cosine  of 
Z.  BAD;  and  as  the  weight  of  the  beam  may  also 
be  considered  as  a  weight  acting  at  the  middle  point, 
the   stress  arising  from   this  cause  will  also    be 
diminished  in  the  same  ratio ;    i.  e.  if  JV=  weight 
of  the  beam,  then  W :  stress  arising  from  its  own 
weight ::  radius :  cos.  L.  BAD;  hence  W+  W :  whole 
stress  arising  from  fV  +  W  ::  radius  :  cos.  BAD 
or  cosine  of  the  JL  of  elevation  of  the  beam  above 
the  horizon;  let  L  of  elevation =« and  radius  =  l, 

then 
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then    JP+  W  :  stress   upon    the  inclined   beam 
AD  : :  1  :  cos.  a,  .*.  the  stress  =  W+  W.  cos.  a. 

%,  Hence  in  beams  of  different  lengths  the  stress 

will  wrv  as  L  x  /F+  W  x  cos. «.    But  when  a  reel- 

« 

gPMTkJirr  beam  is  inclined  to  the  horizon,  the  area 
H  £  vertical  section  is  increased  in  the  ratio  of 
*mL  :  cos*  • ;  and  the  depth  of  the  center  of  gravity 
e*  ihis  area  is  also  increased  in  the  same  ratio; 
*%  the  ftrw^ky  to  resist  fracture  is  increased  in 
ihe  rata"  of  rad.1  (l)  :  cos. J9;  let  then  S,s 
rvprexnt  the  strengths;  B,b  the  breadths;  D,d 
the  depths:  ff\w  the  weights;  JVyiv' \he  weights 
supported  at  their  middle  points;  L,  I  the  lengths; 
anda.a'the  angles  of  elevation;  of  two  rectangular 

BxD*x  =U- 
beams,  and  we  shall  have  S  :  s  ::  — ^_         cos.  «■ 

L./r+ir.m.* 

txd*x=LTi               BD'  bd* 

cos.* '  •• 


:  ,       ■    , ;     Z.//r+  Jt'.cos.a\y '  Liu  +  w?'.cos.«V ; 

l.u+tv  cos. «  ■ 

and  the  strength  of  a  given  beam  to  support  a 
given  weight  w  ill  vary  ini  crsely  as  the  cube  of  the 
cosine  of  its  filiation. 

3.  This  expresses  the  relation  of  S  :  s  at  the 
*).»«&>  point  of  beams  inclined  to  the  horizon  in  the 
£.»*,*  ;  but  since  the  pressure  arising  from  the 
weight  is  diminished  in  the  same  ratio  at  every 
pd \\*  o(  a  plane  inclined  to  the  horizon  in  a  given 
Angle  (when  the  weight  is  .sustained  upon  the  plane 

by 
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by  a  power  acting  parallel  to  the  plane),  the  strength 
at  any  other  point  C  may  be  found  by  applying  the 
proportion  of  Art,  8,  page  34 1,  to  the  value  of  S 
thus  found,  viz.  S  (or  strength  at  the  middle  point  E 
of  the  beam)  :  strength  at  the  point  C::ACx  CD 
:  \AD\ 

EXAM.  I. 

What  is  the  greatest  weight  which  may  be  rolled 
down  an  oak  plank  20  feet  longy  18  inches  broad, 
3  inches  thick,  and  inclined  to  the  horizon  in  an  L- 
of  6o°,  without  breaking  it ;  the  weight  of  the  plank 
not  being  taken  into  the  consideration  ? 

To  find  the  weight  which  this  plank  would  sustain 
ait  its  middle  point  when  placed  horizontally,    we 

BxD*     fexrf'(a)        18x9        lxl« 
have  A  :  s  ::  ^  w  :     ^^    ::  2Qx  ^  :  j^g^, 

.  • .  W  ss  4860  lbs ;  but  the  strength  of  a  plane  inclined 
to  the  horizon  in  an  /L  of  60°  :  its  strength  when 
placed  hoHzontally  ;:  rad.f  :  cos.  6o°|3,  .\  the  inclined 
plank  would  sustain  8  fF'or  38880/fo = about  1 7  £  tons 
at  its  middle  point  j  consequently  as  the  stress  at  ' 
this  point  is  the  greatest,  a  weight  of  17  £  tons  might 
be  rolled  down  without  breaking  it. 

EXAM.  II. 

Two  iron  bars,  one  of  which  is  ten  feet  long  and 
3  inches  square,  the  other  A  feet  long  and  one  inch 
square,  are  supported  at  both  ends;  the  former  is 

inclined 

(»)  Here  b,  d,  I,  &c.  represent  the  same  quantities  as  in 
ISxam.  2.  page  345. 
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inclined  to  the  horizon  in  an  L-  of  6cP,  and  sup- 
ports  a  weight  of  3000 lbs;  the  latter  is  inclined 
to  the  horizon  in  an  Z-  of  30°,  and  supports  a 
weight  of  500 lbs ;    Which  is  most  likely  to  break  f 

IT         <7  (  D\  .  d>  \ 

Cre  *  \L.IV+W'.cos.*\>'  l.w+rf.coB.J\*Vj 

^mmmm —— __»  r  ^  ■  '  •  ■  ■  ■  ■  »^»— -^  i     i 

10.270  +  3000.cos.60°|s     '       4.12  +  500.COS.  3ff? 

"  S*?55  :  76i73::8,77:''  •'•*'»*<"* 
than  sy  and  consequently  the  ten-foot  bar  is  least 
likely  to  break. 

XLVII. 

On  the  pressure  and  thrust  of  beams  placed 

obliquely. 

We  shall  conclude  this  Lecture  with  a  few  obser- 
vations upon  the  pressure  and  thrust  of  beams  placed 
obliquely. 

l.  In  Exam.  5,  page  281,  it  was  shewn  that  if  a 
body  be  supported  between  two  inclined  planes,  and 

2  lines  HF,  LF  be  drawn  from  the  points  of 
contact  at  right  angles  to  the  plane  meeting  in  a 
point  (F),  and  from  that  point  another  line  (FG) 
be  drawn  at  right  angles  to  the  horizon,  then  the 

3  lines  FN,  FG,  FL  will  be  in  the  direction  of  the 
3  forces  which  keep  the  body  at  rest.  Now  since 
FG  represents  the  direction  in  which  the  weight  of 

the 

(a)  Since  the  weight  of  a  bar  of  iron  one  foot  long  and  an  inch 
square  is  3  lbs,  the  weight  of  one  four  feet  long  and  an  inch  square 
■will  be  IVlbs,  .'.w=\2;  and   W\w  (12)   ::  LxD*  .  lX*\ 
■:  10x9:4x1,  .'.  17=270 lbs. 
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■ 

xxdy  acts,  it  must  pass  through  its  center  ofgra- 
the  point  F  might  therefore  be  determined  by 
ing  ZFat  right  angles  to  the  plane  AC,  and 
ler  line  G  F  passing  through  the  center  of  gra- 
at  right  angles  to  the  horizon ;  and  if  FH  be 
d,  and  DC  drawn  at  right  angles  to  FHy  it 
d  give  the  position  of  the  other  plane  (Fig. 
281). 

.  Suppose  now    the  beam  AD  laden   with 

weight  W  to  lean  obliquely  upon  the  wall 

;    let  the  weight 

:>  placed  upon  the 

i  that  its  center  of 

ity  may  lie  in  the 

i    vertical     plane 

the  center  of  gra- 
of  the  beam,  and 
?  be  the  common 
*r  °f  gravity  of  the  weight  and  beam.     Draw 

at  right  angles  to  EB,  and  through  G  draw 
at  right  angles  to  the  horizon  ;  join  FA,  and 
i  AC  at  right  angles  to  FA;  then  AC  will  be 
position  of  a  plane  which  will  just  prevent  the 
n  from  sliding,  and  consequently  keep  it  at  rest 
ic  given  position  AD.  The  three  forces  ihere- 
which  keep  the  beam  at  rest,  are,  l .  The  re- 
m  of  the  wall  in  direction  DF  or  HA;  2.  Its 
weight  and  that  of  W  in  direction  FH;  and 
"he  re-action  of  the  plane  AC  m  direction  A F; 
e  three  forces  may  consequently  be  represented 

by 
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,by  the  three  sides  of  the  triangle  FAH;  and  in  esti- 
mating theeffectproducedby  the  pressure  of  thebeam, 
we  may  say  that  AH  represents  the  pressure  upon 
the  wall  at  D ;  and  FA  the  pressure  or  thrust  at  J. 

3.  Suppose  the  beam  to  be  prismatic,  and  to  press 
only  with  its 
own  weight ;  then 
draw  the  axis  a  c, 
and  bisect  it  in 
G;  G  is  the  cen- 
ter of  gravity. 
Produce  ca  and 
BA  till  they 
meet  in  b;  then 
if  the  depth  of  the  beam  be  inconsiderable  when  com- 
pared with  its  length,  and  its  inclination  to  the  hori- 
zon be  not  less  than  about  30°,  the  sides  Ab,  baoi 
the  triangle  Aba  will  bear  a  very  small  ratio  to  aG3 
AH,  and  may  therefore  be  neglected  in  the,following 
computation  without  producing  any  material  error  ^. 

Let 

(a)  For  let  DAB  or  fl£^=30°,  then  ^£=2-*a=depth  of 

the  beam  (d) ;  and  al=zJLx  cos.  6o°= — --  .  Suppose  the  beam 

to  be  20  feet  long  and  3  inches  deep,  then  Ab=*3  inches,  and 

3  V"3 

ab  =  — —  =  2.59  inchesj    a G  =10 feet  =120 inches j    AH= 

(cos.Gcto  radius  aG  nearly^)  i^L-3= 103. 92  inches;  .'.ab 

:   aG:i  2.5Q  :  120  or  ab=- — *2,59=  about—  thaG;  and 

120  46 

Ah.  AH::*:  103 .92,  .-.  Ab=  ^~^=  about  ^th  AH.  A* 

the 
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Let  Z=the  length  of  the  beam,  **=its  angle  if 
inclination  to  the  horizon,  and  W= weight  of  the 
beam  ;  then  AD(L)  :  DB  or  FH  ::  radius  (l)  : 
sin.*,  .\  FH=Lxsin.a;  also  AG  (  =  *G=§L) 
:  bH  (or  ^//)  ::  radius  (l)  :  cos.  a,  .\  AH= 
±L  x  cos.«;     hence  AF  =  t/lHFTAH*  = 

X  x  ^/sin.  «]*  +  £cos.  a|f.  Now  the  pressure  at  D 
(P)  :  weight  (JV)  ::  AH  :  FH  ::  %L  x  cos.  a  : 
r  D       W  X  COS.  a  W  .     . 

x-  x  sin. «,    .-.  />  =  . =  — ;    and  the 

2  sin. «        2  tan. « 

Mrw*  g/  ^  (T)  :   the  weigfa  (/^)  ::  j?^  :  .F#:: 
£  .  \/  sin.  «]*  +  j-  cos.  a]  *  :  L  x  sin.  a,     .\  T  =» 


W*J  sin,  g[*  +  ^  cos.  «T 
sin.  a 

W 

4.  Since  JP=— ;  if  tan.  «=£,  thenP=  /T; 

2  tan.  *  z 

if  a  =  90%  then  tan.  a  is  infinite,  and  P  =  0.  Now 
the  angle  whose  tangent  =  §  is  2&.  34';  hence, 
when  the  beam  is  inclined  to  the  wall  in  angle  of 
26°.  34',  the  pressure  against  the  wall  is  equal  to  its 
weight;  and  whilst  the  angle  of  inclination  in- 
creases from  26°.  34'  to  00°,  this  pressure  varies 
through  all   degrees  of  magnitude  from  W  to  0. 

Again, 


the  angle  of  inclination  increases,  the  triangle  Aba  keeps  con- 
tinually diminishing,  therefore  the  error  arising  from  this  mode 
of  computation  will  also  be  diminished ;  but  as  the  inclination 
decreases,  the  sides  Ah,  ba  of  the  triangle  Ah  a  continually  in- 
crease, .'.  the  error  would  be  very  great  when  the  angle  of 
inclination  is  small. 

3  B 
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Again,  when  tan.«  =  £,  — —  =i,  .*.  cos.  *=2  3in.i; 

V  sin. «  y         sin. « 

=  Hrypl\  let  «  =  90°,  then  sin.  «=  l,  and  cos.  «=<^ 
.-.  T—IV,  Whilst  the  inclination  of  the  bom 
therefore  increases  from  26°.  34'  to  QO°,  the  thnat 
at  A  varies  through  all  degrees  of  magnitude  from 

w+fi  to  iv™ 

5.  This  theorem  would  evidently  apply  to  i 
beam  laden  with  a  given  weight  (/f)  at  its  middb 
point ;  for  in  this  case  FH  would  pass  through  the 
center  of  gravity  both  of  the  weight  and  beam, 
and  consequently  might  represent  the  whole  weight 
W\  W  \  the  pressure  against  thewall(P)  of  a  beam 

thus  laden  would  therefore  be  equal  to-—— ,  and 

1  2  tan.  a 

the  thrust  at  the  bottom  (T)  tiJIE^L^E^S, 


"  Suppose,  for  instance,  a  ladder  of  uniform  rliick- 
"  ness,  whose  weight  is  50  pounds,  to  be  placed 
"  against  a  wall  at  an  inclination  of  60°  to  the 
"  horizon;  that  a  person  weighing  12  stone  ascends 

"up 


{»)  We  have  here  applied  our  calculation  to  an  angle  » 
,  leu  Chan  30* ;  the  error  therefore  arising  from  it  will  be  «ome- 
wbat  greater  than  what  is  estimated  in  the  preceding  Note; 
but  at  the  same  time  it  may  be  observed,  that  if  they  he  uery  loaf 
and  very  thin,  this  mode  of  computation  will  approximate  vwj 
nearly  to  the  truth  for  beams  inclined  at  much  swialUr  angles. 
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up  it  with  a  burden  of  100 lbs;  and  that  it  is  re- 
quired to  ascertain  the  pressure  against  the  wall 
"  and  the  thrust  at  the  bottom,  when  he  arrives  at 
"  the  middle  stave;  in  this  case  /f=50,  JF'=268, 

"  a  =  6o°,   .\  P  =  -^L= about  golbs.;  and  T= 

"\J  3 

„  318x^/73x2 

"  ^       — =  about  330/fa. 


Some  very  excellent  practical  reflections  upon 
the  subject  of  several  parts  of  this  Lecture  will  be 
found  in  Section  12,  13,  14,  15,  ]6,  of  Chap.  3, 
Book  II,  of  Maclaurin's  Account  of  Sir  Isaac  New- 
icrCs  Philosophical  Discoveries. 


END  OF  PART  II. 
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Lecture  XII. 

ON  THE  MOTION  OF  BODIES  UPON  INCLINED  PLANES. 

JIn  the  Second  Lecture,  we  investigated  the  relation 
which  takes  place  between  the  space  described,  the 
velocity  acquired,  and  the  time  of  its  motion,  when 
B  body  ascends  or  descends  perpendicularly  near 
the  Earth's  surface.  The  object  of  this  Lecture  is, 
to  ascertain  that  relation  when  the  bodies  ascend  or 
descend  upon  planes  inclined  to  the  horizon. 
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XLVIII. 

On  the  mode  of  ascertaining  the  space  described, 
the  velocity  acquired,  and  the  time  of  its^  motion, 
when  a  body  ascends  or  descends  upon  an  inclined 
plane. 

I.  In  Lecture  9,  Sect,  xxxvi,  it  was  shewn,  that  if 
a  weight  (IV)  be  sustained  upon  an   inclined  plaw 
AC  by  another  weight  (}V)  acting   upon  it  in  1 
direction  parallel  to  the  plane \  then 
W  :  W.\  AB  :  AC.     Suppose 
now  the  string  IV A  W  to  be  cut 
in  two,   then  it  is  evident  that  the 
weight   JV   would  descend  down 
the  plane  with  a  force  which  bears    £ 
to  its  own  weight  the  ratio  of  AB  :  AC ;  and  since 
(by  Art.  8.  page  276,  Part  I.)  this  force  is  constant 
through  every  partof  theplane,  the  body  thus  descend- 
ing may  be  considered  as  acted  upon  in  every  point  of 
its  descent  by  a   constant  force,  which  bears  to  the 
force  of  gravity  (see  page  21,  Part  I.)  the  given  ratio 
of  the  height  of  the  plane  (H)  to   the  length  oftk 
plane  (L) ;  call  this  force  F,  and  let  the  force  of  gra- 
vity be  represented  by  unity,  then  F  :  1  : :  H:  L,  and 

F=  -?  a) ;    "  i.  e.  the    force   which  accelerates  the 

Jut 

"  motion 


(a)    Since  F:  1::  AB:  AC  ::  sin.  of    £_ACB  :   rad.    /.  F 

sin.  of  [_ACB        .,*„„.*         ,    .  L 

= , — oc  sin.  /LACB   (for  rad.  is  constant);   the 

force  which  accelerates  a  body  down  an  inclined  plane,  therefore, 
varies  as  the  sine  of  the  angle  of  the  planes  elevation. 
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*  motion  of  a  body  down  an  inclined  plane  is  such 
€€  a  part  of  the  force  of  gravity,  as  may  be  repra- 

xs  sen  ted  by  the  fraction  -7  \  this  force  therefore  dif- 

u  fers  not  from  the  force  of  gravity  in  hind,  but  in 
€S  degree;  the  effects  produced  by  it' must  conse- 
"  quently  be  analogous  to  the  effects  produced  by 
['  gravity." 

<l.  In  order  to  estimate  these  effects,  we  have  only 
to  consider,  that  if  a  body  be  acted  upon  by  different 
constant  forces  for  the  same  time,  the  velocity  gene- 
rated will  evidently  be  proportional  to  the  intensity 
of  those  forces  ;  and  that  if  it  be  acted  upon  by  the 
same  force  for  different  times,  the  velocity  will  be 
proportional  to  the  time  for  which  the  forces' act ; 
from  which  it  follows,  that  if  a  body  be  acted  upon 
by  different  constant  forces  for  different  times,  the 
whole  velocity  generated  will  be  as  the  force  and 
time  conjointly.  Suppose  now  that  the  force  of 
gravity  is  represented  by  unity,  that  m=:l6~  feet, 
and  that  /^=  the  velocity  acquired  in  the  time  T 
whilst  a  body  describes  the  space  S  acted  upon  by 
some  other  constant  force  F,  then,  from  what  has 
just  been  shewn,  V:  the  velocity  acquired  by  gravity 
in  l"(2m*»)  ::  FxT  1  lxl,  .\  V=lmFT,  and 

T=  - — ^    Again,   since  FocFx  T,  Tx  V  must 
2mr 

vary 


(b)  Art,  1,  page  33,  Part  I. 
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rary  as  Fx  7";  but  5«Tx  T,  .-.  SacFxT; 
hence  5  :  the  space  described  by  gravity  in  l"  (m) 
»:  FxT  :  1  x  1%  /.  5  =  mFr,  and  T=y/  * 

Lastly,  since  FacFxT,  Vs  most  vary  as  Fx  Tx^ 
or  as  Fx  5,  .*.  F8 :  square  of  the  velocity  acquired 
by  gravity  in  l"  (4m9)  : :  Fx  S  :  1  x  space  described 
by  gravity  in  l"  ::  Fx  5  :  1  x  m;  hence  f^=4  mFS, 
F-^lJ^FS,  and  5=  ; — g,. 

3.  Let  us  now  apply  these  expressions  to  the  case 
before  us,  i.e.  let  a  body  descend  down  an  inclined 
plane  whose  height  is  \H)  and  length  (£) ;  then 
F=  j- ;  and  if  the  body  descends  from  re  st, 

Space  (S)  described  in  the  time  T=~x  mT*.  and  T=a/^ 
Velocity  (F)  acquired  in  time  T=~ximT,  and  T=*f£jl 

V'  acquired  thro-jpa«  (S)=a* /—xntS,    and  5=^-^. 


(')  The  space  described  by  a  body  acted  upon  by  a  amstmt 
force  (i.  e.  by  a  force  which  generate*  equal  increments  of  Telocity 
in  equal  times)  will  always  be  represented  by  a  right-angled  tri- 
angle, one  of  whose  sides  represents  the  time,  the  other  the 
velocity  acquired;  consequently  the  ipact  will  always  be  propor- 
tional to  the  time  and  velocity  conjointly. 
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4.  Since  5=  ^-xfi? T%  and  /£  Z,m  are  £iVen,  the 

space  described  varies  as  the  square  of  the  time  when 
a  body  falls  from  rest  down  an  inclined  plane,  as  wejl 
p&  when  it  descends  freely  by  the  jbree  of  gravity  ; 
the  spaces  described  from  rest  in  equal  successive 
portions  of  time  will  therefore  be  as  the  odd  numbers 
**  3>  5,  7,  &c. ;  and  if  the  body  be  projected  upwards 
with  the  velocity  acquired  in  falling  through  any 
jspace  upon  the  plane,  it  will  ascend  to  the  point 
from  which  it  fell,  the  spaces  described  in  equal 
successive  portions  of  time  being  as  the  numbers 
1*395,7,  &c.  taken  in  the  inverted  order.  If,  more- 
over, at  any  point  of  its  descent,  it  moves  forward 
with  the  velocity  acquired  continued  uniformly,  it 
will  describe  twice  the  space  in  the  same  time  as 
that  in  which  it  has  fallen  to  acquire  the  velocity  ; 
and  if  it  be  projected  downwards  or  upwards 
with  velocity  (V)>  and  moves  for  the  time  (T), 
the  spue  described  in  that  time  will  be  equal   to 

TxT+Jxai T\    All  this  follows  from  the  law  of 

acceleration  and  retardation  of  bodies  moving  upon 
inclined  planes  being  the  same  as  that  which  regulates 
the  motion  of  bodies  descending  or  ascending  freely 
by  the  force  of  gravity .  (See  Art.  7 .  •  1 1 ,  pages  27 . .  32, 
"  Parti.) 


1 

5.  The  expressions  contained  in  Art.  3.  apply  to 
the  case  of  a  body  descending  from  rest  through 
any  part  of  an  inclined  plane  #hose  height  is  (H) 

and 
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and  length  (L).  If  the  body  falls  through  the 
whole  length,  then  5=  i,  .'.  the  velocity  acquired 
in    falling  down  the  whole  length   of    the    plant 

(  -  2\/j  xmS)-  1s/mH=  (by  Art.  1,  page  33, 

Part  1.1    the   velocity  acquired  by  descending  JreeJj 

through  the  l«ightH;  T(  =  \/i^)  =-,=; 

but  the  time  of  fallingyree/y  down  H=\f  —,  /.  t]i* 
time  of  describing  the  whole  length  of  the  plane  :  the 

time   of  falling  freely   down    its    height  ::      /■— 

yJmH 

:  V  —  : :  L  :  H : :  length  of  the  plane  :  height  of 

the  plane. 

L  ,   „ 

6.  Since  T  =     , — jj,    P'=^mH,   and  m  if 

a  given  quantity,  T  varies  as  -=  ,  and  V  as  J~H\ 

V H  I 

i.e.  the  time  of  describing  any  inclined  plane  varies 
as  its  length  directly,  and  the  square  root  of  iU 
height  inversely  ;  and  the  velocity  acquired  varies  » 
the  square  root  of  the  height,  whatever  be  the  length 
of  the  plane**'. 

Ei. 

(*)  The  expressions  deduced  in  this  Section  are  only  irue  when 
the  body  slides  down  a  perfectly  smooth  plane ;  for  in  this  case 
it  is  evident  that  every  particle  of  the  body  is  equally  acceleratei, 
■nd  therefore  whatever  a  proved  of  any  one  point  of  it  will  apply 

equally 
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0 

EXAM.  L 

How  far  will  a  body  descend  from  rest  in  4",  upon  an 
iclined  plane  whose  length  is  400  feet  and  height  300 
bet? 

Iere£  =  400^        c    H        _     300  'i 

T=4"    J      =  103  feet. 

EXAM.  II. 

How  longtvould  a  body  be  in  falling  down  100 
•set  of  a  plane,  whose  length  is  ISO  feet  and  height 
<ifeetf 

lere  £,=  150  )        _    A  /LxS     .  /l50x  100 


.-■T-y^-ym 


H=6o    V  ••  *-v    mH      V  l6rLx6o 
5=  100  J       =3. q  seconds. 

EXAM.  III. 

The  length  of  an  inclined  plane  is  6ofeet,  and  its 
legation  30°;  What  velocity  would  a  body  acquire  in 
tilling  from  rest  down  it  for  2". 

Here 

k=  sin.  30°  to  rad.  L  =  30  V  ^  a 

'«2  J  x32jx2  =  32ifeetiil]//. 

Ex, 

squally  to  all ;  but  if  the  body  in  its  fall  has  a  rotatory  motion 
communicated  to  it,  then  it  is  evident  that  all  the  points  of  it 
Fill  not  be  equally  accelerated,  and  the  force  of  acceleration  of 
ts  center  of  gravity  must  be  estimated  according  to  the  principles 
lereafter  to  be  explained  in  the  14th  Lecture. 
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■ 

EXAM.  IV. 
Tkt  height  of  plate  :  length  of  a  plane  ::  7  :  15tj 
horn  long  tnmld  a  body  he  inJalKng  down  it,  to  acqut 
m  velocity  ofVSfJeet  per  second? 

u^ff.7      .   T    ^xT    15x«) 


EXAM.  V. 
H :  L  ::  5  :  14 ;    What,  space  wmst*a  body  fit 
through,  to  acquire  a  velocity  of  lO  feet  per  secmdt 

H     5 
L' 


.  s_LxF*     14x100  _ 


EXAM.  VI. 

Hi  L  ::  25  :QO;  /Pin/  velocity  would  a  tody  ac- 
quire in  falling  down  70  feet  ? 


=v/^ 


4m«S 


v 


25  x  64^x70 


90 


-  =  35.3feetinl. 


EXAM.  VII. 

The  length  of  an  inclined  plane  is  1 00  feet ,  an<J  & 
elevation  60° ;  Aau;  /ong  trou/if  a  body  be  in  JqM*S 
down  it 9  and  what  velocity  would  it  acquire  at  the  end 
of  its  fall? 

h 

Here  L  (100)   :   H  ::  rad.   :  sin.  60*  ::  1   :  ^, 

* 


.-.  H- ^-  =  50V3;   by  Art.  5,  T. 


100 
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100  

/==^=======^= 2-6 seconds;  also  V**lJmH~ 

=  2\/l6i^x50^==  74 ,4  feet  in  l". 

EXAM.  VIIL 

^  foefy  w  projected  up  an  inclined  plane,  whose 
length  is  10  lune^  t't*  height,  with  (^velocity  of  §0  feet 
in  l" ;  in  what  time  will  its  velocity  be  destroyed? 

The  time  in  which  a  body  would  fall  down ,  an 

inclined  plane  of  this  elevation  to  acquire  a  velocity 

c^r    .                    i     fLxF  \lOx30         ., 
of  30  feet  per  second=( =-=  1— -z — -=0.3^ . 

EXAM.  IX. 

A  body  is  projected  up  an  inclined  plane,  whose  height 
is  \th  of  its  length,  with  a  velocity  of  50 ft.  per  second; 
Find  its  place,  and  velocity  after  6"  are  elapsed* 

This. is  a  case  of  Art. 4,  where  ^"=50,7=6, 

—  =  £,    .\  the  space  described  in  6"  (  =  Tx  V— 
J.J 

j-x  mT* J  =6  x50-gxi6£x  36  =  300-96£  - 
203  §  feet  from  the  bottom  of  the  plane. 

The  velocity  generated  or  destroyed  upon  a  plane 

of  this  elevation  in  6"  (  =  —  x  2mT J  =g  x  32} 

x  6  =  32 \  feet  in  l";    hence  the  velocity  of  the 
vol.  ii.  c  body 
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body  after  it  has  ascended  up  the  plane  for  6"  will 
be  50-32J  or  17-f  feet  in  l". 

EXAM.  X. 

Ttvo  bodies,  projected  along  two  planes  inclined  la 
tlte  horizon  in  L.'  of  Ah"  and  30",  describe  spaces  re- 
spectively as  ts/2  :  *J3  before  all  their  velocity  is 
destroyed ;  Required  the  ratio  of  the  velocities  with 
which  the  todies  were  projected  up  the  planes. 

Let  S,  s  represent  the  spaces  described  by  the 
bodies  on  the  planes  ;  V,  v  the  velocities  with  which 
they  are  projected  up  the  planes;  Fifths  acceleratki 
forces  down  the  two  planes.  Now  the  velocities  with 
which  the  bodies  are  projected  upwards  will  evi- 
dently be  such  as  they  would  respectively  acquire 
in  falling  down  spaces  which  are  to  each  other  as 
*s/2  :  ,s/3  with  the  accelerative  forces  down  planes 
whose  elevations  arc  -15"  and  30°;  and  byArt.2, 
F*ocFx  Si 

Now  by  Note  a,  page  2, 

Fif ::  sin. 45°  i  sin. 30°::— jL:     £; 
By  the  hypothesis, 

S:s:: ::    ^/a  :  ^/iT; 

.-.  FxSif*si:li£»/3:i     1  :  »fl\ 

Hence  F* :  w*    .     .     .     ::       1 1  */s, 

and^:v     .     .     .      .:*/%>.#%. 

Ex, 


nAD  : 
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EXAM.  XI. 
A  body  falls  from  rest  down  the  inclined  plane  AC; 
Compare  the  times   of  describing   the  first   and  last 
halves  of  it. 

Bisect  A  C  in  D,  and  draw  DE  parallel  to  CB  ; 
by  Art.  6,  the  time  down  AC  :  the 
AC        AD 
A~b''^J=AE 

,,  .*       AC         AD 

::(byS,m.A)    :Jrc:V1B 

■  :  ^/A~C  :  V  AD"    ::  yfi :  1;  hence  the  time 
down  AC-the  time  down  AD  (i.e.  the  time  down 
DC)  :  the  //me  down  AD  ::  v^2—  *'*  *■ 
EXAM.  XII. 

To  mark  out  upon  the  plane  AC  apart  ED  which 
shall  be  equal  to  the  height  AB,  and  which  a  body 
(falling  down  AC)  would  describe  in  the  same  time 
as  one  failing  freely  through  AB. 

By    Note    to   last    Exam/11' 
TAD  .  rp4E  . .  J  AD 

J  AE::  JT+xis/ 


Let  AC=  a 
ABorED  =  b 
AE  =  x, 
then  AD  =  b  +  x] 


therefore 


(,)  From  this  it  appears  that  the  times  down  different  ports  of 
the  same  inclined  plane  (when  the  body  falls  from  rest  from  the 
top  of  the  plane)  are  to  each  other  as  the  square  roots  of  the  lengths 
of  those  parts. 

(b)  TJD  means  the  time  down  AD,  and  so  of  the  rest. 
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>f  Alt*,  r*  :  1*»  ::  a  :  #  ::  ^« :  y^; 


.*.  ex  «qoo,  I"**  :  T^»  :j  Vt+x—  vF :  — 
Bat  IKsFU,  .-.  tfJ+J-V^rpi 


_AC-ABt? 


\    4«  4^C 


QUESTIONS  *o*  PRACTICE. 
1.  TneAmgtft  of  an  inclined  plane  is  400 feet, 
and  the  AttgAf  250;  a  body  falls  from  rest  from  the 
topofthepbne;  What  apace  (S)  will  it  have  filka 
through  m  4*;  what  one  (T)  wffl  i£  be  in  Ming 
through  200  fret ;  and  what  t«&c%  (F)  wffl  it 
hav*  acquired,  when  it  has  arrived  within  40)  feet  of 
the  bottom  of  the  plane? 

Answer.      .$  =  lOO.>  feet ;    7*=  4 . 4  seconds ; 
r"=6V>.i  feet  in  i". 

■3.  A  KvJv  his  been  tailing  for  5'  down  an  inclined 
plane  wriio»  leii^th  :>  3  tises  its  bes^fat:  Wlatt^/o- 
^\^  l/~t  vil!  :t  hire  joined  at  the  end  of  its  6D? 

An*.     /~=  53  !^  feet  in  1  "\ 

&>  The  rinm/n  of  a  p&oe  r*  30* ;  a  body  in 
fi&ii^j:  inx»  the  top  to  the  K*tcea  of  it,  acquires  i 
tt.^  c«\W  Kxt  ia  I*;  Whtf  is  tix  kagik(L)ot 
the  Wa«<* 

.W    Lmr::$  tee*.  4.  Two 
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4.  Two  inclined  planes  have  a  common  height  of 
feet ;  the  elevation  of  one  of  them  is  60°,  of  the 
other  30°;  With  what  velocity  (V)  must  a  body  be 
projected  from  the  bottom  of  the  former,  that  it  may 
lo.st  rise  to -the  top  of  the  latter  ?    and  what  will  be 

e  whole  time  (T)  of  its  ascending  and  descending 

rough  the  two  planes  }** 

Ans.     ^=56.6  feet  in  l";  T=  5. 15  seconds. 

5.  How  long  will  a  body  be  in  falling  down  the 
t  half  of  a  plane,  whose  height  is  30  feet,  and  e/e- 
tion  45°?  Ans.     .563  seconds. 

6.  The  length  of  a  plane  is  1 50  feet,  and  elevation 
;  mark  out  upon  it  a  part  Vtjual  to  the  height 

^^liich  a  body  in  falling  down  it  describes,  whilst 
Another  body  would  descend  freely  through  the 
height. 

Ans.      It  begins  to  describe  this  part,  when  it  has 
^fizllen  through  Q.37 fret  from  ike  top  of  the  plane. 

L. 

On  the  motion  of  bodies  down  different 
systems  of  Inclined  Planes.  t 

It  has  already  been  shewn,  that  when  a  body 
descends  down  an  inclined  plane  whose  length  is  L 

and  height  H,  the  velocity  acquired  varies  as  y/7j, 

and 

(«)  The  planes  are  placed  as  in  Fig.  p.  230,  Part  II. ;  a  body 
*  projected  from  D  with  a  Telocity  jus&Mffident  to  carry  it  to 
A,  and  then  falls  from  rest  down  the  plane  AC. 


H 


** 

** 
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L 
jiaaiptum  as 


let  us 


*/H9 
ions  to   finding   the 

0ftf  *lf  one  and  velocity  of  bodies 
O&Bttri  pptems  of  inclined  planes. 


ix  JC,  AD,  AE,  &c.  be  a  system  of  ii 

J"  .  ^^»  ftk»  mm*  AMori/  ATI*   iVnan   cii 


_^tht  same  height  A  B;  then  since  the 
/^jofrired  by  bodies 
j£iomn  these  planes 

\ljAB^  and  the  Jn»et 


x> 


-/£ 


&c.  (i.  e,asAC,  ADy  AEy 


%  evident  that  bodies  falling  down  a  system 
ptf  of  tliis  kind  would  acquire  at  tbe  end 
(Jrfiill  the  sane  velocity^,  and  that  the  times 
script  ion  would  be  as  their  respective  lengths. 

4.  Let  the  diameter  AB  of  the  circle  ACB^ 
>pr*uUcuU:r  to  the  horizjr: ;  draw  the  chords  AC, 
1KAF.  &c. ;  C£,  Z>J3? 
SL  &o. ;  draw  also  (  Y,  Z)rf, 
\  Jcc.  parallel  /t>  Me  Aon- 
t;  ilien  the  teU\'ities  ac- 
irwl  by  bodies  falling  down 
^■*w  svstem  of  chords   E? 

as  ^'M\  \tAJ,  s/Ae9 

.   and  down  the  latter  as 


*\ 


A»J  by  A«t.  5.  plge  5,  this  Telocity 


vh  a  bs\N  *cuU  acquire  by 


equl  to  the  fdo«9 
thro^h  the  bright 
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"cB,   *fdB,  sfeBy  &c.  but  ^c  =  ^g    >  4d= 

D*   *  a     n      CB%  jt,     DB*    ft  u 

Tnjocc.;  and  c/>  =  -jp-,djD  =  -j-p,  &c.  ;  hence 

Ac,  *J  Ad,  rj  Ae,  &c.  vary  as  AC,  AD,  AE,  &c. 

\dy/^Wiy/dB,  sjTB,  &c.  vary  as  CB,  DB,  EB, 
z.  {AB  being  constant)  ;  the  velocities  therefore 
quired  by  bodies  falling  down  these  two  different 
stems  of  chords  are  respectively  as  the  lengths  of 
e  chords  in  each  system  <c>. 

3.  The  times  of  describing  AC,  AD,  AE,  &c. 

id  CB,  DB,  EB,  &c.  are  as    ,— -•     ■ , — .,  — p=f 

V  Ac   v  Ad  A/Ae 

A    CB    ■  DB       EB      ft       W  •    u     r 
:. ;  and  — 7=-,  ■  ,  ■       — ; —  ,  &c»;  but  each  of 

*J7B'  y/dB'  JT& 

ese    quantities  is  equal  to  y/AB{d);   the  limes' 

therefore 


(b)  For  (Euc.  8.  6.)  Ac:  AC::  AC:  AB,   or  ^cs4lP 
I  so  of  the  rest. 

(c)  Hence  the  velocity  acquired  in  falling  down  any  one  of 
?se  chords  (AC  for  instance)  :  velocity  acquired  in  falling  down 

:  diameter  ::AC'AB.  To  find  therefore  the  length  of  a  chord 
C)  down  which  a-  body  ought  to  fall  to  acquire  ~th  part  of  the 
ocity  which  it  would  acquire  in  falling  down  the  diameter,  we 
re  only  to  take  AC=~AB ;  thus  if  it  be  required  to  find  the 
wd  down  which  a  body  must  fall  to  acquire  half  the  velocity 
vn  AB,  thcn^C=i^jB=radius=chord6(y)5  &c.  &c.  &c. 

(*)  For  since  Ac:  AC::  AC  :'AB;^~=AB,  .'.  $J? 
/ji&i  and  so  of  the  rest. 
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thei         !  of  falling  down  the  chords  of  a  circle  who* 

diarm     r  is  placed  perpendicular  to  the  Itort'zon  are  a! 

each  other  and  to  the  time  of  falling  down 

eter. 

jpose  now  that  a  body  falls  down  a  tfttea 
5  AB,  B  C,  CD,  &c.  inclined  to 


horizon,  and 
DC,  CB  to  meet 
£;  through  BC  ft 
Bb,  Cc  parallel  to  AF,  and  let  fall  F G 
right  angles  to  the  horizon.  By  Art.  1,  the  velo- 
city down  AB=  velocity  down  EB=  velocity  down 
Fb ;  .".  the  velocity  down  AB  +  B  C=  velocity  dowa 
£iJ  +  5C(orjEC)=velocitydownFC=veIocitydow! 
Fc;  and  reasoning  in  the  same  manner,  the  velocity 
down  AB+BC+  CD=  velocity  down  /"/)* velo- 
city down  FG  ;  °  i.  e.  the  whole  velocity  acquired 
"  by  a  body  falling  down  a  system  of  planes  of  this 
"  kind  (supposing  no  velocity  lost  at  the  points 
"  B,  C,  &c.)  is  equal  to  the  velocity  which  a  body 
"  would  acquire  in  falling  freely  through  their  joint 
■  height  FG" 

5.  By  Art.  1,  page  180,  Vol.  I.  the  velocity  lott 
in  passing  from  the  plane  AB  to  the  plane  BC :  velocity 
acquired  in  falling  down  AB  ::  versed  sine  ej 
UABE  :  radius;  if  therefore  the  angle  ABE=0 

(and 
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(and  consequently  its  versed  sine^O),  then  the  velocity 
lost  in  passing  from  one  plane  to  the  other  will  also  be 
equal  to  nothing.  Suppose  now  the  number  of  the 
planes  AB,  BC,  CD>  &c.  to  be  increased  and  their 
lengths  and  inclinations  to  each  other  to  be  dimi- 
nished ad  infinitum,  then  any  two  planes  AB,  BC 
will  become  two  contiguous  points  in  a  curve,  and 
•  consequently  may  be  considered  as  coinciding  with 
a  tangent  to  that  part  ff  the  curve;  the  angles 
ABE,  E  CF>  Sec.  will  therefore  become  equal  to  0> 
and  the  velocities  lost  at  the 
points  By  C,  &c.  will  also  be 
equal  to  O (a) ;  hence, "  if  a  body 
falls  down  a  perfectly  smooth 
curvilinear  plane  AD,  the 
velocity  acquired  will  be  equal  JF—     :  -0 

to  the  velocity  acquired  in  falling  down  its  perpen- 
dicular height  AG" 


<c 


€€ 


€< 


CC 


€t 


6.  Let  AC,  ac  be   two  planes  similarly  inclined 
to    the   horizon,    then   AC  :ac  ::  AB  :  ab,    and 

sj AC\%>J ac  ::  *J AB  :  y/ab. 

Now  the  time  down  AC  :  the 

.  AC         ac 

time  down  ac  :: 


*/AB'  sTab 

AC        ac         rJc- 


or 


(*)  To  this  it  may  possibly  be  objected,  that  although  the 
angles  ABC,  ECF,kc.  (and  consequently   their  versed  sines) 

'  TOL.  II.  D  b«con* 
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or  -J  AB  '•  ->fabi  and  the  velocity  acquired  in 
falling  down  AC :  the  velocity  down  ac  ::  y/AB 
•  */ab*  or  v/  AC :  y/ac;  hence  the  times  and 
velocities  of  bodies  falling  down  planes  similarly 
inclined  to  the  horizon  are  to  each  other  both  as  the 
square  roots  of  tlte  lengths  and  as  the  square  roots 
of  the  heights  of  the  planes. 

7-  Let  there  be  two  systems  of  planes  AB,BCt 
CD,  &c.  ab,  be,  cd,  &c.  similar,  and  similarly  situ- 
ated with  respect  to 
the  horizon,  and 
complete  the  figures  fJy.S 
as  in  Art. 
page  16;  then, 
supposing 


no  velocity^ 

to  be  lost  in  passing  from  one  plane  to  the  other, 
and  using  the  notation. of  Exam.  12,  page  II,  we 
have,  by  Art.  6,  71" 


. 


become  equal  to  nothing,  yet  since  the  radii  wirh  which  thty 
are  compared  become  also  equal  to  nothing,  the  ratio  of  theii 
verted  sines  to  their  radii  (and  therefore  of  the  velocity  lost  t« 
the  velocity  down  the  planes)  will  remain  Jtnile ;  but  it  should 
be  recollected  that  the  versed  sine  of  an  arc  :  its  chord  :  I  chord 
-  diameter,  and,  in  very  small  angles,  the  versed  sine  of  an  »rc 
:  arc  : :  arc  :  diameter  ;  if  therefore  the  arc  vanishes  with  respect 
to  the  diameter  or  radius,  the  versed  sine  vanishes  with  respect  to 
the  arc  t  heme,  in  very  small  angles,  the  versed  sine  will  vanish 
with  respect  to  the  radius,  although  the  radius  itself  be  indefinite!/ 
small  i  consequently  the  velocity  lost  will  vanish  with  respect  W 
ihe  velocity  down  the  planes. 


r 
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•  TJB  :  T*b ::  JAB  :  y/Tb  (X), 

TEC  :  Te ::  N/£C  :  J7T::  JaB :  N/^>> 

Tebx  T*b  :.s/~EB:  y/ebwyfAB:  sfab; 
Hence,  ^__ 

TEC-TEB  (or  rBC):7Vc-re*(orT*c)::</^fi:N/oI(y). 
In  the  same  manner  it  may  be  st\ewn,  that 

From  the  proportions  marked  (JT),  ( Y)9  (Z),  there- 
fore we  have 

iiJAB+BC+CDiy/ab+bc+cd 
"  i.e.  the  times  of  descent  down  similar  systems  of 
"  inclined  planes  are  as   the  square  roots  of  the 
"  lengths  of  the  planes  Sc)n 

8.  If  the  number  of  the  planes  AB,  B  C,  CD,  &c. 
ab,  be,  cd,  &c.  be  increased  and  their  lengths  and 
inclinations  to  each  other  be  diminished  ad  infinitum, 
then  the  polygons  AB  CD,  abed,  become  similar 


curves, 


(*)  For  by  sim.  A',  EB  :  eb  ::  AB  :  ab ;  and  from  similar 
planes,  BC :  be  ::  AB  :  ah;  ,\  EB+BC (or  EC)  :  eb+bc  (ec) 
::  AB  :  ab :  and  V£C  :  Vec  : :  >f^AB  :  Vo£.  In  the  same 
manner  it  may  be  shewn  that  FD  :  fd  ::  AB  :  a£,  or  VjPD 

(b)  For  since  ^B  :  ab  ::  BC  :  *c  :c  CD :  cd,  AB+BC 
+CD  :  ab+bc+cd  ::  AB  :  ab ;  or  \GT6  ;  Vdl  :: 
VAR+BC+CD:  Vab  +  bc+cd. 

(c)  The  t/e£x%  down  AB+BC+CD  :  velocity  down  a*+ 
Jc+cJjjV^G    :     y/Jg::  ^TD  :    Vfd  ::    *AB  :    ^^*  :: 
if  AB+BC+CD  :  Vab+bc+cd;  the  velocities  as  well  as  the 
rim**  are  therefore  as  the  square  roots  of  the  lengths  of  the  planes. 
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curve*,  in  falling  ddwn  which  no  velocity  is  lost; 
hcnoe  the  timer  of  descending  through  similar  corns 
similarly  situated  with  respect  to  the  horizon  m 
as  the  square  root*  of  the  lengths  of  those  curves**. 

A  few  Question*  relating  to  the  Descent  4 
Bodies  upon  Inclined  Planes,  demonstrated 

6B01C£TRICAI*LT. 

We  shall  conclude  this  Lecture  with  the  solutios 
of  a  few  problems  relating  to  the  times  of  descent  of 
bodies  upon  inclined  planes  bearing  certain  given  re- 
lations to  each  other;  they  are  matters  of  curiosity 
rather  than  of  practical  utility,  but  may  serve  to 
shew  the  manner  in  which  the  principles  of  Geometry 
can  be  applied  to*  tftro  branch  of  our  subject. 

1.  Let  JC  k  4W  inclined  plane  whose  length  is 
AC  and  perpendicular  height  AB;  draw  CE  at 
right  angles  to  JC,  and  produce 
AB  to  meet  it  in  E ;  upon  AB,  AE 
describe  the  semicircles  ADB,  ACE, 
and  join/XB,  CE.  By  Art.  3,  page  1 5, 
the  times  of  falling  down  the  chords 
AD, AC  are  equal  to  the  times  of 
falling  down  the  diameters  AB,  AE 
respectively ;  hence  the  intersection 
(f»  of  the  semicircle  ADB  with  the 

?\  8«NH*e  the  curvet  to  be  circular  arcs ;  then,  since  siradir 
^\^ter  «v*  are  to  each  other  as  the  radii  of  the  circles  to  wbicb 
<*<*  HAn^U  Ido  times  of  descending  through  theae  arcs  will  bs 
*<**<*  *ftift  at  #«>  jftart  root*  of  their  radii. 


• 


UPON  INCLINED  PLANES. 


21 


plane  AC,  determines  the  part  (AD)  which  a  body 

:  describes  whilst  another  body  would  fall  freely  through 

i  the  height  AB{b) ;  and  the  intersection  (E)  of  the 

perpendicular  CE  with  AB  produced,  determines 

the  space  (AE)  through  which  a  body  would  fall 

freely  whilst  another  body  describes  the  whole  length 

fqf  the  plane  AC *\ 

2.  If  it  were  required  to  determine  the  point  Df 
$€  so  that  the  time  of  falling  from  a  given  point  P 
u  to  the  plane  shall  be  equal  to  the  * 
f€  time  of  falling  through  the  height 
"AB,"  then  through  P  draw  PE 
parallel  and  equal  to  AB,  upon  PE 
describe  a  semicircle  cutting  AC  in  c 
D,  and  join  PD;  PD  will  be  the  line  required. 
For  the  time  down  the  chord  PD  =  time  down  the 
diameter  P  2?  =  time  down  AB  (for  PE  is  equal 
to  AB). 

3.  To  find  the  point  P,  such  that  "  the  time 
"  of  falling  from    it  to  the   given  point  jB   shall 

"be 


(b)  Since  the  time  down  Z)i?==  the  time  down^B,  the  inter- 
section of  the  semicircle  ADB  with  the  plane  AC  determines  also 
that  point  of  the  plane  from  which  a  body  must  fall  to  the  given 
point  B  in  the  same  time  as  a  body  would  fell  freely  through  the 
height  of  the  plane. 

(c)  Since   AD B,  ACE  are   right  angles,  (by  Euc.6.8.) 

Afr    A& 
Ad1  AB 

\  AC1  : :  cube  of  the  height  :  cube  of  the  length. 


ad=-Jq>  0nd  4E=  -jg  j  .%  AD  : 


AB* 
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"  be  equal  to  the  time  of  falling  down  AC  the 
"  length  of  the  plane,"  draw  CD  at 
right  angles  to  B  C,  and  AD  at  right 
angles  to  CA;  let  them  meet  in  D, 
and  upon  CD  describe  a  semicircle 
which  will  pass  through  A;  through 
D  draw  DE  parallel  to  CB,  and  pro- 
duce BA  to  meet  it  in  E;  upon  BE 
describe  a  semicircle  cutting  AC  in  P ; 
P  is  the  point  required.  For  the  time 
down  PB  =  the  time  down  EB  =  the  time  don 
DC*  -  the  time  down  A  C. 

4.  To  determine  the  point  F  upon  the  planed 
to  "  that  the  time  of  falling 

from  a  given  point  P  to  it 

shall  be  equal  to  the  time 

through  AC?  describe  the 
semicircle  DAC  as  in  the 
preceding  article,  and  join 
DP:  complete  the  paralle- 
logram DCPE.  and  uponP.fi 
describe  a  semicircle  cutting 
AC  in  F;  F  is  the  point 
required.      For    the    time 
down  PF=\he  time  down 
PE  =  the  time  down  DC  (since  PE  is  equal  to  DQ 

=»  the  time  down  AC. 

5.JC, 


c< 


« 


i 


i"  DCBE**p**lM*gTam.  ,.Z)C=EB,«,d  consequent* 
ii»  ttn*  *>wa  £&=tbe  time  down  DC. 
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5.  AC,  AD  are  two  inclined  planes  having  the 
■ommon  altitude  AB;  draw  CE  at  right  angles  to 
7B,  mdAE  at  right  angles 
o  CA ;  let  them  meet  in  E, 
ind  describe  a  circle  (whose 
Uameter  is  CE)  cutting^*/) 
o  P ;  then  P  is  the  point  of 
he  plane  AD  from  which  a 
wdy  will  fall  to  the  given  j^ 
loint  C  in  the  same  time  that  another  body  falls  down 
he  plane  AC.  For  join  PC,  then  the  time  down 
DC=the  time  down  EC—  the  time  down  AC. 

G.  Let  it  be  required  to  determine  upon  the  plane 
dCa  point  P,  such  that  the  time  of 
ailing  from  P  to  B  shall  be  equal 
d  some  given  time  T.  Dr&w. BD 
t  right  angles  to  BC  and  equal  to 
»T4  (  =  space  described  by  gra- 
Ity  in  the  time  T);  upon  BD 
escribe  a  semicircle  cutting  AC^ 
n  P;  P  is  the  point  required.  For  the  time  dowH 
Pit=  time  down  DB=  T. 

7.  AB,  CD  are  two  lines  at  right  angles  to  the 
lorizon  placed  at  a  gi- 
en  distance  (BD)  from 
ach  other;  join  AC,  and 
et  BD,AC,  when  pro- 
need,  meet  in  the  point 
5;  then  if  F  be  taken, 
uch  a  point  that  EF*=AExEC,  and  AF,CF 

be 
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be  joined,  the  time  down  AF  shall  be  equal  to  i 
time  down  CF.  For  since  EF>=AExEC, 
circle  may  be  described  which  shall  pass  through  t 
points  A,C,  and  touch  BD  in  F  (Euc.  3,  37);  dr 
FG  at  right  angles  to  BD,  and  it  will  be  the  6 
meter;  and  the  time  down  AF=the  time  dot 
GF=  the  time  down  CF. 

8.  A  body  falls  down  AB,  and  then  describa 
BD  {  =  lAB)  in  the  same  time  with  the  vel 
acquired  continued  uniformly  ;  it 
is  required  to  find  a  point  E  in  the 
line  BD,  such  that  the  time  down  D 
the  plane  AE  shall  be  equal  to  the 
whole  time  of  the  body's  motion 
yj-um ^through  B  to  D.  Produce 
AB  to  C,  making  BC=zAB; 
upon  _^6'  describe  a  semicircle 
cutting  BD  in  25;  £  is  the  point 
required*.  For  join  AE,  then  the 
lime  down  AE  =  the  time  down  AC=the  time 
down  4AB=twicc  the  time  down  A3=zthe  time  of 
descending  through  AB  + the  time  of  describing 
lAB  (or  BD)  with  the  velocity  in  B  continued 
uniformly  w." 

9.  IID  is  a  qnadrantal  arc,  whose  center  is  C,  ami 
CH  perpendicular  to  the  horizon  ;  AC  is  a  blaat 
.  gi**» 

(')  AE*=ABxAC=ABx4AB=4AB\  .:  AE=1AS, 
»r  v*E  :  AB  ( :  :  rad.  :  sin.  /_  ABB)  :  :  2  ;  1 ;  hence  £  AEB=3<f 
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given  in  position;  through  H  draw  HF  parallel 
to  CD,  and  through  E  draw  EF  parallel  to  CH; 
with  radius  EF  describe  the  circular  arc  FG;  then 

'  if  a  body  falls  through  HC,  Hir^— 1^ —  >1A 

and  is  projected  along  the 
plane  CA  with  the  velo- 

.  .  N 

city  acquired;  it  will  de- 
scribe upon  the  plane  a 
space  (CG)  equal  toHC^ 
EF,  in  the  same  time  that    cT^  D 

it  has  been  falling  freely  through  HC.  Upon  HC 
jdescribe  a  semicircle  cutting  AC  in  M;  join  HM, 
and  complete  the  parallelogram  HFEN;  then  EM 
=  NH{h)  =  EF  =  EG;  .:CG  =  (CE  +  £G  =  ) 
CE  +  EM.  Now  MC  is  the  space  through  which 
a  body  would  fall  down  the  plane  whilst  another  body 
descends  freely  through  H C ;  and  2  HC  or  2CE  is 
the  space  which  a  body  would  describe  upon  the 
plane  in  the  same  time  with  the  velocity  acquired 
(in  falling  through  HC)  continued  uniformly ;  a  body 
therefore  projected  up  the  plane  with  the  velocity 
acquired  through  HC  would  have  a  progressive 
tendency,  which  is  measured  by  iCE,  and  a  retro- 
grade one,  which  is  measured  by  MC ;  hence  the 
whole  space  which  it  would  describe  upon  the  plane 
wo&ld  be  2CE-MC  or  CE+EM>C)=CG  = 

HC+EF. 

10.  Sup- 


(b)  EM=NH,  for  they  are  versed  sines  of  the  same  arc  HE. 
•(<=)  2CE-MC=CE+CM+ME-MC=CE+EM.    , 
VOL.  II.  E 
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BC,CA  m  B,D™;  then  since  no  other  line  but 
BD  can  be  drawn  from  B  to  the  plane  AC,  which 
does  not  cut  the  circle  EDB,  DB  will  be  the  line 
of  quickest  descent  from  AC  to  B. 

12.  To  find  the  line  of  quickest  descent  from  a 
given  point  P  to  the  plane  A  C,  draw  PG  parallel 
to  CB,  and  PH  parallel  p, 
to  AB;  take  GD=GP, 
and  join  PD;  PD  *is 
the  line  required.  For 
draw  DE  at  right  angles 
to  PD,  and  upon  PD 
describe  the  semicircle 
PDE,  which  (for  the 
same  reason  as  in  the  preceding  article)  will  touch 
AC,PG  in  D,  P ;  and  as  no  other  line  but 
PD  can  be  drawn  from  P  to  the  plane  A  C,  which 
does  not  cut  the  circle,  PD  will  be  the  line  of 
quickest  descent  from  P  to  AC. 

m 

13.  Let  it  next  be  required  to  find  the  line  of 
quickest  descent  from  a  given  point  P  to  the  circle 
A  CB.  Take  0  the  center  of  the  circle  A  CB,  draw 
the  diameter  AB  perpendicular  to  the  horizon, 

and 


(b)  CB  touches  the  circle  in  B,  because  BA  is  at  right  angles 
to  BC,  and  CD  is  equal  to  CB;  but  if  two  equal  lines  be  drawn 
from  a  given  point  to  meet  a  given  circle,  and  one  of  thero  touch 
the  circle,  it  may  easily  be  proved  that  the  other  touches  it  also. 


me  si 
with  i 
GHi 
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and  PE  parallel  to  AB;  join  PB,  and  let  it  oat 
the  circle  in  C ;  join  OC,  and  produce  it  till  it  cut, 
PE  in  Q  ;  then  the  triangles  Pj^ 
PQC,  COB  will  be  similar, 
and8ince0C=0B,QCwillbe 
equal  to  QP;  a  circle  (PCK)  ' 
therefore  described  with  cen- 
ter Q  and  radius  QC  will 
pass  through  P,  and  since.  K- 
OQ  joins  the  centers  of  the 
two  circles  ACB,  PCK,  it 
will  pass  through  the  point  of  contact ;  hence,  as  the 
circle  PC K  touches  the  circle  ACB  in  the  point 
C,  it  can  touch  it  in  no  other  point ;  and  since  no 
other  line  but  PC  can  be  drawn  from  P  to  the 
circle  ACB,  which  does  not  aa  the  circle  PCK. 
PC,  will  be  the  line  of  quickest  descent  from  P  to 
the  circle  ACB. 

14.  Lastly,  suppose  two  sides  of  a  triangle  (one 
of  which  is  parallel  to  the  horizon)  were  given,  and 
it  was  required  to  determine  the  third  side,  so  that 
the    time    of    falling  E[- 
down   it  should  be  a 
minimum.  Let  BC  re- 
present the  longer  of  DK 
the  two  given  sides, 
and  take  BG  equal  to 
the  shorter   of  them  ; 

with  center  B  and  radius  BG  describe  the  semicirde 
GHO;  draw  BH  at  right  angles  to  CB,  and  join 

CH 


CHi 


INCLINED  PLANES.  29 

'  where  CH  cuts  the  semicircle 

the  position   of  the  shorter  side 

be-down  the  third  side  AC  shall  be 

Idraw  CE  at  right  angles  to  CB, 

p  meet  it  in  Z);  then  (as  in  the  pre- 

knay  be  shewn  that  if  with  center 

■cle  {CAE)  be  described,  it 

circle  GHO  in  the  point  A^;  and 

|ie  but  CA  can  be  drawn  from 

:  GHO,  which  does  not  cut  the 

down  AC  will  be  the  least 

the  two  given  sides  is  in    the 

Ithis  case  the  length  of  the  side 

isily  determined  ;   for  by  the  pro- 

CA*CH=CQ  x  CG  ;  now  CH 

.^y/CH'+BA1;  C0=CB+BO 

H:G=CB-BG=CB-BA;  hence 

fBA1  =CB  +  BAx  CB-BA  = 

CB*-BAq 


CA= 


*fCB*  +  BA* ' 
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Lecture  XIII. 

ON  THE  ASCENT  AND  DESCENT  OF  BODIES  CO* 
KBCTED  TOGETHER  BY  A  CORD  GOING  0?B 
A  FIXED  PULLEY. 


X  he  subject  of  this  Lecture  may  be  divided  job 
two  parts.  I.  When  the  bodies  thus  connect 
ascend  or  descend  in  a  direction  perpendicular  tstk 
knizon.  II.  When  one  or  both  of  the  bock* 
ascend  or  descend  upon  inclined  blames. 

A  M 

LII. 

On  the  perpendicular  ascent  or  descent  of 

IkhUcs  otrr  a  fixed  Pulley. 

] .  It  has  already  been  observed,  in  the  First 
Lecture,  that  the  momentum  of  a.  body  is  proportional 
to  its  velocity  and  quantity  of  matter ;  the  velocity 
therefore  varies  as  the  momentum  directly  and 
the  quantity  of  matter  inversely.  Now  the  farce 
which  generates  momentum  in  a  body  is  called  the 
moving  force,  and  the  force  which  generates  velo- 
city is  called  the  acceleraiive  forced ;  if  there- 
fore, 


(•)  The  accelerative  force  of  a  body  will  therefore  be  measured 
by  the  velocity  generated  in  a  given  time. 


OVER  A  FIXED  PULLEY. 
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fore,  for  the  momentum  and  velocity  of  a  body  in 
motion,  we  substitute  the  causes  which  produce  them, 
it  may  be  said,  that  the  accelerative  force  is  as  the 
moving  force  directly,  and.  the  quantity  of  matter 
moved  inversely;  or  in  general,  if  M^  moving 
force  of  a  body,  Q  =  its  quantity  of  matter,  and 
i^the  accelerative  force,    then  MocFx  Q,    and 

2.  Let  us  apply  these  expressions  to  the  case 

of  two  weights  W,  W  (ofwhich  W  is  the  greater), 

acting  upon  each   other  by  means  of  a  perfectly 

flexible  cord  (WAW)  passing  over  a  small 

fixed  pulley  {A) ;  supposing  the  weight  of 

the  cord  to  be  inconsiderable  with  respect 

to  IV,  W\  and  that  the  pulley  moves  quite 

freely  round  its  axis.     It  is  evident,  that 

the  motion  will  .take  place  in  the  direction 

of  the   greater  body   (W),  and   that  the 

moving  force  is  proportional  to  the  difference 

of  the  weights  ( W—  W) ;   the  quantity  of 

matter  moved  is  W+  W ;    hence  the  accelerative 

M 
force  of  W  (which  varies  hs  rr-  by  Art.  1 .)  will  be 

IV -W'     .      ^ 

proportional  to  -^ — j^? ;  i.  e.  the  accelerative  force 

of  fV,  when  it  moves  in  connection  with  W  :  its  ac- 
celerative  force  when  it  moves  freely  : :  -™= — j** 


ft 


fw 


"W 
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If—  Jf 

.  _;    — — »":1'>    supposing    therefore  that  I 

the  force  of  gravity  is  represented  by  unity,  the  force 
which  accelerates  /f' will  be  measured  by  the  fradm 

^ — ==?, ;  and  since  W,  Ir    are  constant  quantities. 

this  force  will  be  a  constant  force,  producing  M| 
effects  to  those  which  the  force  of  gravity  pro- 
duces *.  .    . 

3.  Haviia; 


(a)  When  IP  moves  freely,  ihe  moving  forte  is  tit  own  Wtifbt 
the  quantity  of  matter  moved  is  s/io  its  own  weight ;  .*.  Ik 
acceleratiue force  will  be  measured  by  jyOT  unity. 

(b)  Indeed,  by  means  of  two  weights  connected  together  in  ito 
manner  by  a  cord  going  over  a  filed  pulley,  we  might  make  tie 
law  of  acceleration  of  the  force  of  gravity  visible  to  an  oh»ve 

W—  IV      4-J% 


letW=4oi.  7f  =3—  02.;  then-; 


—      -;    the  force  which  accelerates  /f  i 
tyo+tgo     193  ' 


9^ 

-— dpart  of  the  force  of  gravity,  and  as  a  body  in  the  first  Kcond 
of  its  tall  describes  16,;  feet,  or  193  inches,  by  the  force  of  gravity, 
Win  die  first  second  ol"  its  descent  will  describe  a  space  cqnil  to 
(w5x  Iffi,  or)  3  incheif  j  for  1  he  same  reason,  in  six  .leoondi  it 


•  We   BSiiime  tf — 3ti«.   far  the  purpose  of  getting  S^JL     _,i 

a  fraction  as  shall   give  the  qM«  described   by  *T  in  l"  a  «0bufc  ituakr 
'/  inchet. 

*  For  by  Art.  2,  pige  4,  S  =  mFr'=(siDee  m=1$3  inches,  F=~ 
»Ddr=i)  iosxr«X>=»  inches. 
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193 


3.  Having  thus  calculated  the  accelerative  force 

with 

m 

x  193  x  36  or  108  inches  =  9  feet;  and  in  the  successive 


/S 


27 


fl 


=  91k  0Z. 


seconds,  beginning  from  the  first,  it  would  describe  (spaces  which 

are  as  the  odd  numbers  1,  3,  5,  7,  9>  n>  or)  3>  9>  15,  21*27,  33 

inches.  Suppose  now  a  white  rod  BC     B 

to  be  marked  in  the  points  a,  b,  c,  d,  e,  a  J£ 

in  such  manner  that  Ba,ab,  be,  cd, 

de,  eC,  are  respectively  3,  Q,  1 5, 21 ,    »   " 

27,33  inches;  andlet  it  be  so  placed 

with  respect  to  the  weights  going 

over  the  pulleys,  that  the  eye  of  the 

observer  may  command   both    the     c\\ 

weight  and  the  'rod  whilst  W  de-      (1 
_  scends  from  rest  through  9  feet,  be- 
ginning at  the  fixed  pulley  A.    At        2f 
"  the  end  of  theirs/  second  he  would 

observe  k  pass  the  point  a ;  at  the 

end  of  the  second,  the  point  b ;  and  & 

so  on,  until  it  arrived  at  the  point  C 

at   the  end  of  the  sixth   second; 

thus  describing  spaces  which  are  as 

the  squares  of  the  times,  and  de- 
scending   in  a  manner  '  altogether 

analogous  to  that  of  a  body  falling 
-  freely  by  the  force  of  gravity . 

We  have  said  thus  much  just  for 
the  purpose  of  explaining  the  prin- 
ciple upon  which  the  law  of  ac- 
celeration of  the  force  of  gravity  9$ 
may  be  made  evident  to  an  observer; 
but  for  a  full  description  of  the 
apparatus  necessary  /or  exhibiting 
all  the  phenomena  attending  it,  and  | 
for  a  variety  of  luminous  experiments  upon  the  subject,  the  reader 
it  referred  to  the  7th  Section  of  Mr.  A  (wood's  Treatise  on  the 
Rectilinear  and  Rotatory  Motion  of  Bodies. 

VOL.  11.  f 
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with  which  the  weight  IV  descends;  the  space  de- 
scribed by  it  in  a  given  time,  the  velocity  acquired  at 
any  point  of  its  descent,  and  the  lime  of  descending 
from  any  given  altitude,  may  be  ascertained  from 
the  principles  laid  down  in  Art.  1.  page  3  ;  of 
which  the  following  are  examples. 


EXAM.  I. 
A  weight  of  4  lbs  is  attached  to  a  weight  of  one  li. 
by  means  of  a  cord  going  over  a  fixed  pulley ;  Has 
far  will  tfte  heavier  weight  descend  in  3"  ? 

!_      IV -W      4-1       3      , 
by  Art.  2,  page  3. 
S(«mFTi)  =fxi6ixg=I86.78fi 

EXAM.  II. 

Two  weights  of  one  pound  each  are  suspended  by 
a  cord  going  over  a  fixed  pulley  ;  an  ounce  weight  is 
added  to  one  of  them  ;  How  long  will  it  be  in  descend- 
ing through  12  feet?  and  what  velocity  will  it  hart 
acquired  at  the  end  of  its  descent  t 

Here  W=l7oz.  J  ■"■  *-&  "°*  T  (-VS) 

»"=ia    I      / — j»— 

(  =  \/ _ =  4.g6  seconds: 

r=2<»FT=32i  x3^x  4.96=4.83  feet  in  1". 

Exi-v 


V 
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EXAM.  III. 

From  the  top  of  a  tower  50  feet  high,  a  stone 
weighing  2  lbs  is  let  fall  from  rest ;  at  the  same 
instant  a  weight  of  6  lbs,  having  another  weight  of 
5  lbs  attached  to  it  by  a  cord  going  over  a  Jived  pulley, 
is  let  fall  from  the  same  point ;  Compare  the  times 
of  descent  of  the  stone  and  the  weight,  and  the  mo- 
menta  with  which  they  respectively  strike  the  earth* 

By  Art.  2,  page  3,  S^mFT*,    .-.  T*=~oc^ 

and  if  S  be  given,  then  T*oc-~,  and  T^c— t==  ;  now  if 

the  force  of  gravity  =  l,  then  the  accelerative  force 

6  —  5JL      1 
of   the  weight  =g       |  =  — ;    hence  the  time  of 

jt 

descent  of  the  weight  :  time  of  descent  of  the  stone 
: :  force  of  gravity  :  accelerative  force  of  the  weight 

1  •      /        •  l  \f  23  !  1  • 
/23       w 


Again,  V-=.  2*JmFS,  and  when  S  is  given  F^t^fW; 
.\  velocity  acquired  by  the  weight  :  velocity  acquired 

by  the  stone  : :  -^=  :  1  : :  1  :  ^"23  ;  hence  (since 

the  momentum  ocQ  x  V<xJV-k  V}  the  momentum  of 
the  weight  :  momentum  of  the  stone  : :  6  x  1  :  2  x 

23  : :  3  :  a/23. 


EXAM.  IV. 

Two  equal  weights  are  connected  together  as  in  the 
preceding  examples ;  what  weight  must  be  added  to 

one 
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one  of  them,  to  make  it  acquire,  in  falling  for  6",  a 
velocity  of  48  feet  per  second ;  and  through  what 
space  wilt  it  have  fallen  in  that  time  ? 

Let  IV  =  either  of  the  equal  weights,  and  x  =  the 
weight  required ;  then  the  accelerative force  of  ff'+x 

C  -  1Z±?-lF\  __  _^_- 

\~~  W+x+WJ-lW  +  x 

V    . 
Now    F=1mFT,    .'.  F=^m~j^>    in    the  pre- 
sent   instance,    F=48,    T~6,    and    F=      *     ; 

hence  —77? = =  — ,    from    which    mx  =  8W 

llV  +  x     12m     m 

&JV        SJV         0  „, 

+  4X,   OTX  = = -£-r =  ~T7r'r  . 

'  m-4      10ft~  4      1-" 

Since  therefore  the  weight  to  be  added  to  ff'is 


x— —  x  36=  117. 6  feet   for    the   space  descended 

through  in  six  seconds  by  a  body  falling  under  these 
circumstances.    '  . 

EXAM.  V. 

If  the  weight  W}  instead  of  descending  from  rest, 
has  a  velocity  of  (a)  feet  in  a  second  communicated  to 
it  at  the  beginning  of  its  fall,  it  is  required  to  ascertain 
the  velocity  {V)  which  it  will  have  acquired  afier  T 
aree' 
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Since  a  velocity  of  (a)  feet  in  l"  is  communicated 
to  W,  its  momentum  (for  Moc  Q  x  F)  will  be 
increased  by  Wa;  but .  this  momentum  or  moving 
force  is  applied  to  the  mass  W+  W\  the  velocity 

(Af\ 
for  fr°cQj 

Wa 
will  be  jp — jp?.    Now  the  velocity  generated  by  the 

accelerative  force  in  the    time    T    (  «  2  m  FT) 

JjTlV'.lmT     .  .     .        A       „, 

=       w^r     y^r/ — ;    hence   the    velocity  after   T% 

'When  the  weight  W  is  impelled  downwards  with  a 

i     •♦      rM/   ♦•     ,"  •    Wa+W^W'.lmT 
Telocity  of  (a)  feet  in  1  ,  is r— — =^ . 

Cor.  The  space  described  under  the  same  cir~ 

cumstances  is  also  readily  ascertained;  for  the  space 

Wa 

described  in  T"  with  the  uniform  velocity  -w     wp> IS 

WaT                                                               W+W 
— 7 — =57,;  and  the  space  described  in  T"with   the 
W  +  W  

W-W.mT* 

velocity  of  acceleration  ( =  m  FT9)  ss  — rp — -=p — ; 

♦k      j.  i    *      a        u~a     fr<*T+W=W'.mT* 
.*.  the  whole  space  described  = Jv^Tw^ ' 


LI1I. 

On  the  motion  of  two  bodies  over  a  Pulley,  when 
one,  or  both,  of  them  descends  or  ascends  upon 
an  inclined  plane. 


K- 


i.  If 
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1.  If  two  bodies  {IV,  JV)  are  connected  together 
by  a  cord  going  over  a  fixt  pulley  . 
{A),  and  one  of  them  (JV)  de- 
scends   upon    an    inclined    plane 
(AC),  then  the  moving  force  of  IV 
descendingy>ee/y  down  the  plane= 

JV  y.  /T" 

j (//being  the  height,  and  u 

L  the  length  of  the  plane) ;  hence  the  moving  font 

of  JV  when   connected  with   IV  =■ — ^ W* 

JVH-W'L  WH-Wl 
j ;  and  Xne  accelerative  force  =  ~- — j—-^.. 

2.  If  //■"  draws  TV  up  the  plane,  the  moving  forrc 
with  which  JV  descends  =  JV y—  = j i 

and  the  accelerative force  =    _ -  ;   it  W  =  », 

then  the  accelerative  force  of  JV'  =  - 


-H 


3.  Let  both  bodies  move  upon  inclined  planes. 
having  the  common 
height  AD{H),  and 
let  7-fbe  the  descend- 
ing body;  let  AB 
-  L,AC=L';  then  j 
the  moving  force  of  IV,  descending  freely  down  the 

plane 

(")  For  by  An.  |,  page  2,  the  accelerative  farce  of  W-doW 
the  plane  AC=-y;  and  by  Art.  1  of  this  Sectiou,  Afocfx  ^, 
.".  the  moving  force  of  Wdown  the  plane=  — y- — .  , 
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plane  AB=—j--;   and  the  moving  force  of  TV' 
descending/ree/y  down  the  plane  AC=*  ■   ,,    ;  hence 

the  moving  force  of  TV,  when  connected  with  TV 

WH    TV'H    TVL'-TV'L.H 
=  —j yr-  =  "^ YT7 ;   •"•  t"e  a<xelera-    . 


tive  force  of  /^down  the  plane  AB  = . 

V  LL'.TV+W 

\{W=TV,  then  this  forces       ^  f  1, 
*  *lLL 

EXAM.  I. 

A  weight  oflOibs  (TV),  placed  upon  an  inclined 
plane  whose  height  is  \d  of  its  lengthy  is  connected 
with  anotfter  weight  (  TV')  of  3  lbs,  hanging  perpen- 
dicularly  (as  in  Fig.  Art.  l);  How  far  will  TV  descend 
in  8"? 

Here 

(b)  Let  ^ABD=a,  £_ACD=(i;   then  L:  H::  rad.  (1) 

/£  '// 

:    sin.flt,  and  U  :   H  : :   rad.  (l)  :  sin.  /3,    .*.— =sin.  a,  and  — 

Lt  U 

:=sin./3>  hence  the  moving  force  oi  W  down  the  plane  AB=zJF 
X  sin.  a,  and  the  moving  force  of  W  down  the  plane  AC=z  IV 
X  sin.  /3  j  consequently  the  accelerative  force  of  JF  (when  con- 

.j     -*u  rx^\  j         iu      i         ^d     ^xsin. «— /F'xsin./J 
nected  with  Jfj  down  the  plane  AB= iir^lV* » 

and  \?W=IV9  then  this  force==8in  **7S1        -,  but  the  expres- 

sions  in  the  text  are  by  far  the  most  convenient  for  estimating  the 
motion  of  bodies  thus  connected  together  upon  inclined  planes,  if 
their  heights  and  lengths  be  given  in  whole  numbers. 
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by  Art.  1,  the  accelerative  force  of  I 
fVH-  fVL 


'L\     lOx  1—3x3 
V' J        3.TO  +  3 


hence    5    (  =  mF T*)  =  163  * 
=  26.38  feet. 

EXAM.  II. 

In  wftat  time  will  a  weight  hanging  perpendicularly, 
draw  an  equal  weight  up  an  inclined  plane  trim 
length   is  12  feet,   and   lieight  \Ofeet?      (See  Fig.  in 

Art.  1.) 

This  is  a  case  of  Art.  2,  where  W '**  IV;  .:  the  I 
accelerative   force  of  the    weight  hanging  perpm-  I 

dicularly   ^  =  -£g  J  =  l^~  =  i ;  hence  T= 

AT        / — |2~~ 
V  — »*>    :«■"    ,-=2.9  seconds  =  the    time  in 

which  IV  would  draw  IV  up  the  whole  length  of 
the  plane. 

EXAM.  III. 

A  weight  of  5  lbs  draws  a  weight  ofGlbs  up  an 

inclined  plane  whose  elevation  is  30°;  what  velocity 

will  the  descending  body  lave  acquired,  after  it  has 

-been  falling  for  6"?     (Fig.  in  Art.  I.) 

Here  Mfe.)       .  .     Art        p==  (WL-WH    \ 

'r=5     /5L-3L  \L.tV+fV     J 

H=sin.30»=|L  (       n£     =-jt;  hence  V=(2mFT=) 

32*-  x— x  6  =  35-^-  feet  in  l"=  velocity  of  W  after 
it  has  descended  for  6". 

Exam. 
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EXAM,  IV. 

Given  the  height  of  an  inclined  plane,  to  find  its 

length,  so  that  a  given  weight  descending  vertically 
shall  draw  another  given  weight  up  it  in  the  least  time 
possible. 

Let  H  =  the  -height,  x  =  length  of  the  plane ;  then, 
fcy  Art.  2,  the  accelerative  force  of  W  (Fig.  in 

Art-1-)  =  x.w+w*  whlch  varm  as  ~~z — • 

s     s 

Now    T^sz^jpocy,    .\  T"   through   the  space  x0* 

X  X* 

oc  j=,oc  w*x  _  yy  ,  which  is  to  be  a  minimum ;  hence 

Wx-WH       W     WH.  '       ,.  .     t 
-£ or  "J  — ^T  =*  maximum ;  from  which  We 

•      JT*  ,  2#7fi     ^  %WH     .... 

nave  —  j«-  +  — js — =  0,  or  x=*—jpT  =  length  of  the 

plane. 

Cor.  Hence  the  length  of  such  a  plane  :  its  A**£Al 
::  2JT:  W.  If  /F=  /T,  then  the  length  :  Ae^A* 
: :  2  :  1  ;  from  which  it  follows  that  the  elevation  of 
a  plane,  up  which  a  given  weight  would  draw  an 
equal  weight  in  the  least  time  possible,  is  30°. 

EXAM.  V. 

In  the  Fig.  of  Art.  3,  page  38,  the  common  height 
{AD)  of  the  two  planes  is  QOfeet;  AB^ZOfeet; 
AC—  40fee{;  supposing  the  weights  to  be  equal,  fiow 
long  will  Wbe  in  descending  down  the  plane  AB. 

This 

-I    -        ■  I  T 1 " ■ ■ 1 ' 

(t>)  It  is  evident  that  the  weight  W  must  descend  through  a 
space  equal  to  AC  (or  x)  whilst  it  draws  the  weight  Wup  the  whole 
length,  of  the  plane. 

vol.  ir.  Cr* 
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This    is   a   case  of  Art.  3,  where    W'=W\    .'. 

the  ai-eelerative  force  of  IV  down    the    plane  AB 

L'-  L.H\        4Q  -  30.20 

ILL'    )   "  2x30x40  " 


(L'-L.M\ 
""       2/./.'    J 


hence  T= 


"•■^  T  ifij;  x  -^=4.7  seconds  =  fAe  whole  time 
of  descent  of  IV  down  the  plane  AB. 

EXAM.  VI. 

In  the  Figure  just  now  adverted  to,  suppose  tht 
weights  !i\  IV  to  be  equal  to  each  other,  and  that  tht 
inclination  of  the  plane  A  B  is  6o"3  and  of  the  plant 
AC  50°  ;  what  proportion  does  the  force  which  ac- 
celerates IV  down  the  plane  AB  bear  to  the  force  of 
gravity  ? 

By  Note  {h),  p.  30,  this  force=  (  — 

sin.  6o"—  sin.  50"  _  .866o  —.7660 

2  ~~  2  s 

=  ~thpaftof  the  force  of  gravity. 


sin.fl    \ 


th< 


EXAM.  VII. 
fn  the  Fig.  of  Art.  3,  page  38,  given  the  height 
and  length  of  the  plane  A  B,  to  find  the  length  of 
the  plane  AC,  so. that  a  given  weight  (fV)  may  dram 
another  given  weight  ( fV)  up  the  plane  A  C,  in  the 
least  time  possible. 

LetAD=H,AB=L,AC=x;  then,  by  Art. 3, 
the  accelerative  force  of  IV  down  the  plane  AB 
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_  /WL'-JV'L.H     \  fVx-WL.H 

"  V  LL\W+PV'=)    Lx.WTW''  which 

Wx-WL        XT       ^    5  '         _ 

rcn«  as  .     Now  T'oc—,    ,\   Tg  of 

describing  the  space  x  in  direction  of  the  plane  AB 
(for  it  is  evident  that  W  must  descend  through  a 
space  equal  to  AC  whilst  it  draws  W  up  that  plane) 

CC  /_E^  ___  Wt  '    which    is    to    be    a    minimum ; 
Wx-WL       W    WL  Wi 


.  or s-  =s  a  maximum,  or  — 

XT  X  X*  X{ 


,« 


2W'Lx     ^     c  ',  .  ,  2W'L 

4-    —3 —  =s  0.;  from  which  # s=  — y~- . 

Cor.  Hence  AC  (x)  :  ^5  (L)  ::  2/T :  /F». 
If  W=  Wy  then  ^  C  :  AB  ::  2  :  1 ;  .\  for  the 
weight  /F  to  draw  an  equal  weight  up  the  plane  A  C 
in  the  least  time  possible,  the  length  of  AC  must 
be  double  the  length  oiAB.' 

LIV. 
QUESTIONS  for  PRACTICE. 

1.  A  weight  (W)  of  7  lbs  is  attached  to  another 
weight  ( W*)  of  5^1bs,  by  meaqs  of  a  cord  going  over 
a  fixed  pulley ;  How  far  will  W  descend  from  rest 
in  5";  and  what  velocity  will  it  have  acquired  at  the 
end  of  its  fall  ? 

Answer,  S=48£  feet ;    V=  19*  feet  in  l". 

2.  An 

. . . _ .  _ __ .  _± .  _____ _  __        _...  ___ 

(*)  Since  sin.  B  :  sin.  C  : :  AC  :  AB  (: :  %W  :  W),  sin.  C  = 

■y^'  B  .  UW^Ur,  then  sin.. C=| sin.  _5.   If  5=90°,  then 

sin.  C=£  sin.  90°=$  radiussssin.  30°,  which  coincides  with  what 
was  said  in  the  corollary  to  Exam.  4. 
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2.  An  empty  bucket  (weighing  61bs),  and  a  full 
one  (weighing  25  lbs),  are  connected  together  by 
a  cord  going  over  a  pulley  fixed  at  the  top  of  a  well 
1 66"  feet  deep;  the  length  of  the  cord  is  so  adjusted, 
that  when  the  full  bucket  begins  to  descend  from 
the  top,  the  empty  one  begins  to  ascend  from  the 
bottom ;  How  long  will  the  full  bucket  be  in 
drawing  up  the  empty  one  to  the  top  of  the  well? 

Answ.  4  . 1  seconds. 

3.  Two  equal  weights  (IF)  are  suspended  over 
a  fixed  pulley  ;  what  weight  must  be  added  to  one 
of  them,  that  it  may  be  made  to  descend  through 
50  feet  in  6"?  100 

Answ.     — --  IV. 
52g 

A.  A  weight  of  5 lbs  draws  up  one  of  -libs,  over 
a  fixed  pulley  ;  at  the  instant  of  letting  go  the 
weight  of  5  lbs,  a  velocity  of  3  feet  in  1 "  is  communi- 
cated to  it;  How  far  will  it  descend  in  5";  and 
what  velocity  will  it  have  acquired  at  the  end  of 
that  time  ?  See  Exam.  5,  page  36,  and  Corollary. 
Answ.     S  =  5*3 ,5  feet;  A"=lQ5|feet  in  \". 

5.  A  weight  (W)  of  lolbs,  hanging  perpendi- 
cularly, draws  a  weight  (W)  of  15 lbs  up  an  inclined 
plane  whose  elevation  is  30°;  How  far  will  W 
descend  in  5";  and  what  velocity  will  it  have  ac- 
quired at  the  end  of  its  fall  ? 

Answ.    5=40£  feet ;  V=  l6£  feet,  in  l". 
6.  There 
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6.  There  are  two  planes  havifig  a  common  height 
(as  in  Fig.  Art.  3,  page  38) ;  the  length  of  one 
plane  is  three  times,  and  of  the  other  twice  the 
height ;  How  long  will  a  weight  of  4  lbs  (descend- 
ing down  the  shorter  plane)  be  in  drawing  a  weight 
of  5  lbs  twenty  feet  up  the  longer  plane  ? 

Answ.     5.7  seconds. 

7.  In  the  Fig.  of  Art.  3,  page  38,  the  elevation 
of  the  plane^U  is  30°;  What  must  be  the  elevation 
of  the  plane  AC,  that  a  weight  of  7 lbs,  moving 
down  AB,  may  draw  a  weight  of  8  lbs  up  the  plane 
AC  in  the  least  time  possible?  See  Note  (a),  page  43. 

Answ.     12°.  38'. 

8.  A  weight  of  2  lbs  (IV),  descending  upon  a 
plane  whose  elevation  is  45°,  draws  another  weight 
\W')  of  one  lb.  up  a  plane  whose  elevation  is  30?; 
What  proportion  does  the  force  which  accelerates  IV 

bear  to  the  force  of  gravity  ?    Answ.     2*/2—  1 : 6. 
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Lecture  XIV. 

ON  THE  ROTATORY  MOTION  OF  BODIES 
ABOUT  A  FIXED  AXIS. 


f  bom  the  manner  in  which  the  two  bodies  wert 
supposed  to  act  upon  each  other  in  the  preceding 
Lecture,  it  appears  that  their  motions  were  per- 
formed in  the  direction  of  a  straight  line  pacing 
through  their  centers  of  gravity;  in  which  case  itis 
evident,  that  each  particleof  the  whole  mass,  thus  put 
in  motion,  was  equally-accelerated (l!.  The  expression 
there  adopted  for   the  accelerattve  force  of  -the  de- 

,.        .     i      /^  -  the  moving  farce        \   . 

scenomtt  body   (  viz. , "-^ ,  |  i* 

\         quantity  of  matter  moved/ 

only  true  when  each  particle  of  the  mass  moves  with 

the 


(*)  By  attentively  considering  the  manner  it)  which  two  bodies 
connected  together  by  a  cord  going  over  a  fixed  pulley,  perform 
their  motioni ;  it  is  evident,  not  only  that  the  two  todies,  but  lb* 
each  particle  of  the  two  bodies,  move  with  the  same  velocity,  vii. 
the  velocity  with  which  their  respective  centers  of  gravity  more. 


ABOUT  A  FIXED  AXIS.  47 

the  same  velocity  *' ;  if  therefore  one  of  the  bodies  be 
impelled  by  some  force  which  shall  produce  a  rotatory 
motion  about  a  fixed  axis  (in  which  case  each  particle 
of  that  body  will  move  with  a  velocity  proportional  to 
its  distance  from  the  axis™),  this  expression  for  the 
acceler&tive  force  cannot  be  applied,  till  it  has 
undergone  an  alteration,  the  nature  of  which  we 
now  proceed  to  explain. 

LV. 

On  the  method  of  estimating  the  Accelerative 
Force  with  ivhieh  a  body  descends  perpen- 
dicularly, when  resisted  by  the  inertia 
arising  front  the  Rotatory  Motion  of  a  body, 
or  system  of  bodies,  about  a  fixed  axis. 

l .  In  the  annexed  Figure,  A  represents  a  pulley 
or  small  ivheel  whose  plane  is  perpendicular  to  the 
horizontal  axis  BC;  p,  p\  p" ,  />'",   are  smalt  equal 

particles 


(b)  This  expression  is  derived  from  the  general  principle/ 
that  "  the  quantity  of  motion  in  a  body  varies  as  the  quantity  of 
matter  into  its  velocity,1*  which  is  evidently  founded  upon  the 
supposition  that  each  particle  of  that  quantity  of  matter  is  endued 
with  the  same  velocity. 

(c)  For  each  particle  will  describe  the  circumference  of  a  circle 
whose  radius  is  the  distance  of  that  particle  from  the  axis ;  and  at 
the  angular  velocity  of  all  the  particles  is  the  same,  their  linear 
velocity  will  be  as  the  circumferences  (i.  e.  as  the  radii)  of  the 
circles  which  they  respectively  describe. 
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particles  of  matter  lying  in  a  plane  paralM  tt>  tk> 

plane  of  the  it-keel,  and  connected  with  each  other 

and  with  the  am  by  the  inflexible    rods  pp",pY 

void  of  gravity,    the  distances 

Sp,  Sp',  Sp",  Sp'"  from  the  axis     ,     \a 

being  all  equal  to  each  other  and    B    *)u 

to    the   radius   of  the  wheel  A. 

Suppose    now  'that    a    rotatory 

motion  be  communicated  to  the  ** 

particles  p,  p',  p",  p'"  by  the  descent  of  the  weigh  P 

attached  to  a  cord  going  round  the  wheel  A'  ;  then 

since  the  weight  of  the  particles  p,  p"  placed  at  lh( 

extremities  of  the  rod  p  p",  and  of  the  particles/)',  p 

placed  at  the  extremities  of  the  rod  /»'/*'",  coii«p- 

acl "  each  other,   the  weights  of  the  particles  will 


(*)    It  a  proper  to  stale  here,  that,  throughout  this  Lecture,  tin    i 
itiright  of  the  wheel  A  and  of  the  cord  A  P,  and  the  frictm 
of  the  axii  upon  the  points  of  support  at  B,  C,  are  suppo*.-J  to   I 
lie  so  small  as  to  render  it  unnecessary  for  them  to  be  taken  into 
consideration, 

(b)  It  is  evident  that  the  weight  of  any  particle  (p),  at  it 
descends  in  the  course  of  its  rotation,  will  tend  to  increase  tie 
moving  force  of  P,  and  that  the  weight  of  the  eppaiut 
particle  (/>")  as  it  ascends  will  tend  to  diminish  it  iu  the  lami 
degree;  the  fame  may  be  said  of  the  particles  p',  p" ;  indeed 
we  shall,  in  every  instance,  suppose  the  rotatory  matter  to  be 
so  disposed,  that  equal  quantities  of  it  may  lie  at  equal  mni 
opposite  distances  from  the  axis  of  motion.  If  this  be  not  the 
case,  the  moving  force  of  P  will  not  be  constant,  but  subject  ta 
continual  variations,  from  the  irregular  action  of  the  different  pan* 
of  tho  revolving  system. 
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ot  at  all  affect  the  moving  force  of  P,  and  the  only 
fleet  produced  by  them  will  be  to  increase  the 
inertia^'  of  the  system.  Moreover,  since  these 
particles  are  all  placed  at  a  distance  from  the  axis 
equal  to  the  radius  of  the  wheel,  they  must  all  move 
with  the  same  velocity  as  any  point  A  in  the  circum- 
ference of  the  wheel,  i.e.  with  the  velocity  of  Pw  ; 
here  then  is  a  case  of  rotatory  motion  combined 
with  the  descent  of  P,  in  which  each  particle  of  the 
whole  mass  moved  is  equally  accelerated;  the  accele- 
rative  force  of  P  therefore  may  be  estimated,  as  in 
former  instances,  "  by  dividing  the  moving  force  by 
the  quantity  of  matter ;"  now  the  moving  force  is  P, 
and  the  quantity  of  matter  moved  P+p  +/>'  +/>"  +pw; 
let  p+p' +p" +p'"  =  u,  then  the  force  which  accele- 
rates P  in  its  descent  =  p~T~u  ,  the  force  of  gravity 
being  represented  by  unity. 


(cj  The  inertia  oLa  body  or  system  of  bodies,  as  distinguished 
from  their  gravity,  has  been  defined  to  be  "  that  property',  which 
"  all  bodies  possess  of  resisting  the  action  of  any  force  applied 
"  to  move  them,  whatever  be  the  direction  in  which  that  force 
"  acts;  '  and  it  i-t  found,  by  experience,  to  be  proportional  lo 
the  quantity  of  matter  contained  in  the  bodies.  {See  Note  lit. 
Vol.  I.)  In  the  present  instance,  the  gravity  of  the  particles 
p.  p\  p",  P'"  >*  counteracted  by  their  position  with  respect  to 
each  other  in  the  revolving  system -,  but  their  inertia,  or  "  dis- 
position to  resist  the  force  of  P  as  it  descends  over  the  wheel  A," 
still  remains. 

(<•)  Since  every  point  of  the  cord  AP  comes  successively  in 
contact  with  the  wheel   as  P   descends,  it  is  evident  that  the 
velocity  of  P  must  be  the  same  as  the  velocity  of  the  wheel. 
VOL.  II.  H 


50  ROTATION  OF  BODIES 

2.  Let  the  equal  parUc\esp,p'7p"Jp"';  o,  o\  o",o"; 

q,  q1,  q",  q'"j  &e,  8tc. ;  (placed  in  planes  respectively 
'  parallel  to  the  plane  of  the  wheel  A)  be  connected 
with  each  other  and  with  the  axis  BC,  in  the  same 
manner  as  the  particles  p,  p',  p"t  p'"  in  the  preceding 
Fignre ;  but  let  the 
distances  Sp,  So,  Sq, 
&c.  at  which  they  are 
placed  from  theaxis,be 
not  equal  to  the  radius 
of  the  wheel  A;  then 
it  is  evident  that  the 
velocities  of  these  par- 
ticles will  not  be  equal  to  the  velocity  of  P,  ami, 
consequently,  that  their  inertia  (as  opposed  to  the 
descent  of  P)  cannot  be  measured  by  the  quantities 
of  mutter  contained  in  them.  Before  we  can  ascer- 
tain what  their  inertia  is  with  respect  to  P,  we  must 
find  what  quantity  of  matter,  placed  at  the  distance 
of  the  radius  of  the  wheel  (A)  from  the  axis  of 
'  motion,  will  have  the  same  inertia  as  the  particles 

P>  p'*  P">  P" '■'  °>  °'t  °">  °"'  ?>  9*  ?">  4"»  ^c-  *tc* 
placed  at  the  distances  Sp,  So,  Sq,  &c.  Let 
P+p'+P"+p'"=u;  o  +  o'+o"+o'"=u;  q+q'+q"-rqm 
=  «",  &c'.;  and  let  the  radius  of  the  wheel  =rt  then 
it  will  be  found  that  a  quantity  of  the  matter  equal 

to   — j-*- ,  placed  at  the  distance  (r)  from  the  aiWf 

will  have  the  same  inertia  as   (u)  placed  at  the 
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distance  Sp^-,  that 


'  x  So* 


placed  at  the  distance 


(r),  will  have  the  same   inertia  as  («')   placed  at  the 
distance  So;  &c,  &c.  so  that  the  jum  of  the  inertia  of 

all 


(*)   Let  M=the  momentum,  or  moving  force  of  a  body,  Q= 
its  quantity  of  mailer,  and  V  (lie  velodly  with  which  it 'moves, 


=Q 


M 
then  M<xQx  P,  and  tyx—;  suppose  there 

fore  that  a  particle  of  matter  (p),  placed 

the  distance  Sp  from  the  axis  passing  at  right 

angles  through  S,  be  put  in  motion  round  S 

by  the  given  weight  P,  and  that  the  effect  of 

P  acting  at  A=M,  at  p=m ;   then  the  quantity  of  matter  which 

could   be   put   in   motion   by    P   acting  at  A   (x)   :  quantity   of 

•matter   which  could  be  put   in   motion    by  P  acting  at  p  (p)  :: 


"P' 


by   the   property  of  the  lever  M  :  m 


::  Sp  :  SA  : :  ■—  :  ■=—  j  and  from  the  nature  of  angular  motion, 
WeVaiA  :  Veb-atp-.:  SA  :  Sp;  hence  x  :  p  ■.;  -^ s  :  — ,  and 

x  Pa*  '  ''  e*  ('ie  e^ect  is  me  same  w't'1  f65?6*1 10  lne  moving 
force  of  P  acting  at  A,  whether  the  particle  (p)  revolve  at  the 
distance  Sp,  or  a  panicle  of  mailer  equal  to  9  X  be  placed  at 
A,  and  acted  upon  by  the  same  force.  By  applying  this  theorem 
to  the  case  before  us,  it  appears  that  the  retarding  force  arising 
from  l  he  inertia  of  llie  particles  p+p'  +p"  +  p'"  {");  o-ro'  +  o"+o'" 
(«')>  &c,  &c.  is  the  same  with  respect  to  the  descent  of  P, 
whether  u,  u',  u",    &c.    be   placed  at  their   original  distances 

Sp,  So,  Sq,  &c,  or  a  quantity  of  matter  equal  to  "  ■*  ,  **■  + 
"X,f"'  +  "  i<fl;  +  ta.jbe  p!aeeil  at  ^  distance  (r)  from  (he 
axis,  and  acted  upon  by  the  same  given  force. 
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all  these  particles  of  matter  may  be  represented  by 

U*SP*  +  i*So--  +  tiJil£  +  &c.  acting  at  the  & 

r*  r  r 

stance  (r) ;  in  this  case  therefore  the  aeceleratiw  fora 

P 

of  P  wiil  be  measured  by  — oxSp,    uxSo*    ,-  -^stf  7~ 


i,r,  +  HxS/>,-t-u'xSo'  +  «<'xSf»  +  &c. 

3.  Suppose  now  the  number  of  these  particle* 
p,  p',  p",  p'"  ;  o,  a,  o",  o" ;  q,  q',  q",  q";  &c.  &<-'. 
to  be  increased  ad  infinitum,  so  as  to  form  a  solid 
DEF  of  uniform  density,  generated  by  the  revo- 
lution of  an  algebraic  curve  DEF  about  its  axis, 
the  axis  of  the 
curve  coinciding 
with  the  axis  of  i 
rotation ;  then  if  11 
the  abscissa  of  this 
curve  =x,  its  cor- 
responding ordi- 
nate—y,  and  its 
greatest  ordinate  =  f,  the  sum  of  all  the  u  x  $/>*  +  »' 
x  So*  +  u"  x  Sq*  +  &c.  contained  in  this  solid,  will 
bee^ualto  the  fluent  of  £»^,iw(where*==3.141&e.)  ' 

when 


(*)  Let  DEF  represent  tlie  solid,  EH  its  axis  (which  coincides 
with  the  axis  of  rotation);  \etdkf  be  a  circular  section  of  if 
parallel  to  the  base  DKF;  draw  the  ordinate  dh,  and  let  Eh=r, 
dk=y ;  with  center  A  describe  two  concentric  circles  mos,  not, 
indefinitely  near  to  each  other,  and  let  the  radius  &-*=»,-.  then 

the 
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i  y  =  p;  hence   the  force  which   accelerates   the 
nt  of  P  (acting  upon  the  wheel  whose  radius 


ami   the  annulus 
M  multiplying  each 


rcumference  of    the   circle  n^r  =  2n 
(//  =  2Tvi;   hence  "  the  sum  arising  fr 
tide  of this  annu- 
into    the  square 
ils  distance  from 

x  »"  =  2  t  v*  i, 

:iie    moment    of 

i  for  the  circular 

nnt=f\1w**i 

rv*  ;  let  v=y, 
for  the  circular 
dkf  it  will  be 
to  fyry*-  For  a 
cylinder    whose 

iomu  *  it  will  be 

L,  a  n  d  conteque  ii  t~ 

tlie  partdif  of  (lie  solid  it  will  be  f-%*y'*i  a"d  when 

itedfor  the  whole  solid  DEF,  it  will  be  the  fluent  of  \*tfk 
y  =  DH:=p.     This  expression  is  very  readily  applied  to 

5  the  moment  of  inertia  of  any  algebraic  solid  revolving 
its  axis,  but  our  present  purpose  will  be  answered  by  ap- 

;  it  to  the  cylinder  and  the  sphere. 

In  the  cylinder  y  =  p;  -'f^*'/*  for  a  cylinder  whose 
is  /,  \%f  h'P**  wben  i=l,  or  \srlp*;  but  the  solid  content 
cy]\i\der=vlp*;  \e\vlp'i  =  w  =  weight  of  the  cylinder,  then 
X  p',  or  -J  «>p',  expresses  the  moment  of  inertia, 

lithe  sphere  y*=2pz-x>,  ■•./!  jay*  =/?{■■*  xgrj-i*)' 

Tffx'x—  'i*pi'x  +  ^TX4i^=^wp'lzi— %vpit  +  -Tri*=(<xhen 

D)    — —  for    the    whole   sphere;   but   die  solid  content  or 

.(  (w)  of  the  sphere=— ■— ,  .'.  the  moment  of  inertia  = 

rp*  *       . 

f-Xf>'=-r™P- 
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ib  (r),  whilst  it  communicates  a  rotatory  motion  IP 
the  solid  DBF  about  the  axis   RC)    is   equal  to 

77- — — — ; ■  The  quantity  designated  bv 

Pr'+f  {ry*  x  when  y=p  i  J  t? 

f'.k^y^^M  called  the  moment  of  inertia,   because  it 

expresses  the  whole  inertia  of  the  revolving  solid* 

opposed  to  a  force  acting  at  a  given   distance   from 

the  axis  of  rotation. 

EXAM.  I. 

A  cylinder  which  weighs  100  lbs  (w),  is  put  a 
motion  by  a  weight  of  1 5  lbs,  attached  to  a  string 
wound  round  it  in  the  manner  represented  in  tht 
annexed  Figure ;  It  is  required  to  find  how  fur  the 
weight  (P)  will  descend  from  rest  in  3". 

Since;  for  the  cylinder  f 
which   accelerates  P 
OF)  =  (by  Art.  3) 

PV 

I'r'  +  f.U-    ''•      "U*     in 

■the  present  instance 

,  =  r,  •  F-     * 

15  3  S 

-TiTso-B'  ccn- 

sequently  the  space 

described  by  P  in  3"  =  (mFT1^1^)  l<jl;x  —  xg= 

33.39  feet. 

Cos. 


C)  For  all  nuamltiei  which  w  hereafter  occor,  ettpreuir. 
of  He  relation  between  S,  F,  y,  T,  m,  the  reader  la  referred!. 
Art.  2,  page  3,  of  this  volume. 
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Cor.  Let  P=w,  then  j?  =__==?.    when   a 

cylinder  therefore  is  put  in  motion  by  a  weight 
which  is  just  equal  to  its  own  weight,  then  this 
latter  weight  descends  with  a  force  equivalent  to 
-ds  of  its  natural  gravity . 

EXAM.  II. 

i 

Suppose  the  weight  (P)  in  the  preceding  Example 
to  be  30  lbs y  and  that  it  descends  through  48  feet 
in  l" ;   What  is  the  weight  of  the  cylinder? 

Let  #=  weight  of  the  cylinder,  then,  by  Exam.  1, 

P  30 

the  accelerative  force  of  P  (F)  =  p+\x~ao+£x'  now 
7*=^,    .-.  (since  T=2,  5  =  48)  we  have  4  = 

-^r—  x  —     2    ,    which  gives  x  =  20  a  $*  f°r  th* 
10j^  30 

weight  of  tlie  cylinder. 

Cor.  If  the  weight  of  the  cylinder  (w)  be  given,  s 
and  it  be   required  to  find  what  weight  will  put 
it  in  motion,    and   at    the    same    time    descend 
through  (S)  feet  in  T";  then  let  arssthe  weight 

required,   and  we  have  F  =  = —  ;    hence  T* 

M  x  +  ±w 

_  S  _  S  '  x+  jw       %        _      jSw 
"*wrF""«i^      x      *  tnT*  —  S' 

EXAM.  III. 

A  sphere  D,  whose  radius  is  3jeet9  and  weight  SOOlbs, 
is  put  m  motion  by  a  weight  of  20  lbs,  acting  by  means 

of 


-j(3  ROTATION  OF  BODIES 

of  a  string  going  over  a  wheel  whose  radius  is  6"  iache* 
How  long  will  the  weight  (P)  be  in  descending  throng* 
50  feet,  and  what  velocity  will  it  have  acquired  at  th 
end  of  its  descent  ? 


In  the  sphere  f' %*#*£■-  j&/>\    ■'■  F 
20  x^ 


/V 

1 

500  x  9  ~  361 


(f0rr  =  i,  ^=3)    " 

the  time  in  which 
P  will  descend 
through     50  feet 

:<VS-) 

\/  5°  x  36'  _ 
V        i6l~  "" 

33.5  seconds;  and 

the  velocity  which 

it    will  have  acquired  at   the  end  of  that  time  = 

{ZmFT  =  )  32j  x  ~x  33.5  =  2.98  feet  in  l". 


Cor.  I.  Let  1 


then  F= 


if  therefore 


the  string  be  wound  round  a  great  circle  of 
sphere,  in  the  same  manner  as  it  is  wound  rounc 
the  cylinder  in  the  preceding  example,  the  force 
which   will  accelerate    P    in    its    descent  will  be 

P  20  j 

P  +  lw  or  20+2O0==ITth  ofthe  force  of  gravity 

Gob, 
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•  Cor.  1.  If  P=u>,  then  F=p^rp  =  6-P;  if  there- 
fore the  descending  sphere  In  Cor.  l.be  equal  to 
the  revolving  sphere,  the  former  will  be  acted  upon 
by  a  force  equivalent  tooths  of  its  natural  gravity*-*. 

We 

(')  From  the  corollaries  to  Examples  J.  and  3,  two  inferences 
of  considerable  importance  may  be  drawn;  one  of  which  re- 
spects the  rectilinear  descent  of  spheres  and  cylinders  by  the 
unwinding  of  a  string ;  the  other  has  reference  to  their  Tolling  or 
sliding  down  inclined  planes,  We  shall  consider  each  case 
separately. 

I.  Let  ^/represent  the  section,  of  a  cylinder  or  sphere  descending 
by  its  own  weight,  and  receiving  at  the  same  time  a  rotatory 
motion  round  its  axis  (or  diameter)  by  the  unwinding  of  the 
siring  BA  fastened  to  a  hook  at  B.  Compare  the 
circumstances  under  which  this  cylinder  or  sphere 
descends,  with  those  of  "  the  cylinder  and  sphere  de- 
"  scending  by  the  string  AP  (and  at  the  same  time 
"  communicating  a  rotatory  motion  to  an  equal  cylinder 
"  or  sphere  round  the  axis  B  C)  in  Cor.  to  Exam.  1,  and 
"  Cor.2.  loExam.3."  Themoriig/orreineachcaseisihe 
lame,  viz.  "  the  weight  of  the  given  cylinder  or  spher 
the  quantity  of  matter  moved  is  the  same,  for  in  each  I 
case  it  is  "  the  given  cylinder  or  sphere  +  the  moment  of 
inertia  arising  from  its  rotatory  motion;"  consequently  the 
accelcrative  force  must  be  the  same.  When  a  cylinder  or  sphere, 
therefore,  thus  descends  by  the  unwinding  of  a  string  wrapt  round 
"it  and  fastened  at  B,  the  center  of  gravity  of  the  cylinder  will 
descend  with  an  accelerative  force  equal  to  two  thirds,  and  that 
of  the  sphere  with  an  accelerative  force  equal  to  five  sevenths,  of 
the  force  of  gravity.     Let  Z.=the  length  of  the  suing,  then  for 

the  cylinder,  the  time  of  its  unwinding=  (  V  — j.=  )  V  |^ 
seconds;    and  the  velocity  acquired  =  (^4mFs=) V^m L  feet 


voi 


1".     For  the  sphere,  T- 

VOL.  II, 


II.  Suppose 
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We  have  thus  shewn  the  method  of  ascertaining 
the  accelerative  force  of  the  descending  body  (P)bj 
calculating  the  "  moment  of  inertia"  of  the  revolving 
body ;  let  us  next  shew  how  this  force  may  be  esti- 
mated by  means  of  its  center  of  gyration. 

IX  Suppose  now  the  sphere  or  cylinder  (A)  to  descend  (by  ike 
unwinding  of  the  string  as  before)  down  an  inclined  plane,  ibeni'.i 
moving  force  will  be  diminished  in  the  ratio  of  the  height  of  the 
plane  (H )  i  length  of  the  plane  (L),  whilst  the  quantity  pfmalUr 
moved  remains  the  same ;  the  accelerative  forct  therefore  will  be 
diminished  in  the  ratio  of  H  :  L. 
Hence  the  force  which  accelerates 
the    cylinder    down    the    inclined 

plane    a  -xt,   and   (hat    which 
accelerates  the  sphere  is  -x-r,  of 

its  natural  parity.  Let  the  airing  be  removed ;  then,  if  the  eten- 
tlon  of  the  plane,  and  ihe  adhesive  force  or  friction  between  it 
and  Ihe  body,  be  such  as  to  create  a  force  just  equal  to  the  font 
exerted  ly  the  tiring  in  producing  the  rotatory  motion  of  A, 
it  it  evident  that  the  body  A  would  roll  down  the  plane 
under  precisely  the  same  circumstances  as  when  it  descend! 
down  it  by  the  unwinding  of  the  siring  BA.     Now  the  force 

with  which  it  slides  down  the  plane  is  y  of  Us  gravity ;  nonet 
the  accelerative  force  with  which  a  cylinder  rolls  down  » 
indued  plane  i  the  force  with  which  it  slides  ::  -X-r-y 
2  :  3.      For  the  same  reason,  in  the  sphere,  the  rolling  fccoJ 


H 


L     L 


T-,.S:7- 


Thia  theorem  for  comparing  the  forces  which  accelerate 
cylinder!  or  spheres  according  at  they  roll  or  slide  down  inclined 
planet,  it  only  true  on  the  condition  that  they  have  precisely  tkt 
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LVI. 

On  the  mode  of  ascertaining  the  accelerative 
force  of  the  descending  body,  when  the  in- 
ertia of  the  revolving  body  is  estimated  upon 
the  principle  of  the  center  of  gyration. 
l.    In    the    system    of    bodies    p,  /»',  p",  p'"; 
ft  <l>  o",  q" ;  &c.  &c.  (see  Figure  in  page  50)  the 
moment  of  inertia  is  uxSp'+u'xSo'  +  u'x  Sq*+  &c. 

draw 

same   quantity  of  rotatory  motion    as  when  they  descend  by 

the  unwinding  of  a  string.     To  effect  this,  the  elevation  of  the 

plane  must  be  such  at  to  give  them  a  tendency  to  this  degree  of 

rotatory  motion  at  their  Jirst  setting  off;  and   the  adhesion  or 

friction  between  them  and  the  planes  must  be  such  as  to  preserve 

this  tendency  throughout  their  progress  down  the  planes.     Unless 

the  elevation  of  the  planes  be  thus  nicely  adjusted,  the  bodies  will 

partly  roll  and  partly  slide  down  them  ;  and  if  it  were  possible 

to  render  both  the  bodies  and  the  planes  perfectly  smooth  (so  as 

to  abolish  the  friction  altogether),  then  would  they  slide  down 

the  planes  under  all  circumstances  of  elevation ;  having  in  this 

case  no  tendency  whatever  to  rotatory  motion. 

In  considering  the  rectilinear  descent  of  these  bodies  by  the 

unwinding  of  the  string,  we  supposed  the  string  to  be  fastened 

to  a  hook  at  B ,-  but  if  it  were  required  to  find  what  weight  W, 

attached  lo  the  string  and  passing  over  a  pulley, 

would  be  just  sufficient  to  keep  it  motionless  at 

B during  the  period  of  its  unwinding,  we  have 

only  to  refer  to  the  expressions  for  the  accelerative 

force  in  Cor.  to  Exam.  I,  and  Cor.  2.  Exam.  3. 

P  P 

vjz.  _  for  the  cylinder,  and  - — ^  for  the 

sphere ,-  the  denominators  of  these  fractious  re-        BjJ 
present  the  inertia  generated  during  the  descent  A 

the  bodies,  and,  consequently,  a  weight  (IV)  equal  to  P+\P 


of  th< 
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draw  GR  at  right  angles  to  the  axis  of  rotation, 
and  conceive  the  whole  quantity  of  matter  in  the 
system  to  be  concentrated  in  the  point  R ;  in  that 


case  the  moment   of  inertia  is  u+u  +  u"  +  u"  +  !cc. 
GR' ;    hence,    if  we    put   u  +  u  +u"  +fcc.  GR' 
u  x  Sp*  +  u  x  So*  +  u"  x  Sq*  +  &c.   (in  which  case 

be  such  a  point,  that,  if  the  whole  quantity  of 

matter  u  +  u  +  u"  +  &c.  were  collected  in  it,   "(V 

"  moment   of  inertia   would  be   the  same  as  if  that 

"  matter 


Qp  _  \/u  x  Sp^  +  u  xSo'  +  it"  x  Sq* 
V  6  +  K  +  «'  +  &C. 


or  |>P  for  the  fy finder,  and  P-r-jP  or  £/*  for  the. <pA«e,  suspends; 
from  B,  will  be  just  sufficient  to  counteract  r. his  inertia. 

Since  the  tendency  of .-/  to  descend  down  an  inclined  plait  » 
diminished  in  the  ratio  of  H  :  L,  the  weight  (If),  necessary  U 
keep  the  string  AHW  steady  whilst 
('./]  rolls  down  thu  plane,  will  also 
be  diminished    in    that    ratio,    viz. 

3-l^Hiot  the  cylinder,  and  it  x  * 
2       Z,  7  5       Z, 

for  the  sphere.     To  find  therefore  the 

relation   between  ihc  length  of  the 

plane  and  the  height   of  rhe  plane,  so  that  a  giten  Weight  (* 

suspended  over  ilie  pulley  (B)  shall  just  keep  the  string  n 

less  at  B,  whilst  a  given  body  (A)  whose  weight  is  (ffOrollsd. 

the  plane;  we  have  W=¥!± ,  or  L  :  H  :  ,  3P  :  2  W  forti 


!  have  /T=± 

<y/»wfer,-  and  W=7~£ ,   or  2.  :  H  ::  7P  :  5ff  for   the  *brt. 
Thu*,    if   lf=P,     then    L  :  H  . :  3  :  2    for    the    cyt Older,    and 
2<:  tf  ::  7  :  S  for  the  sphere;   and  \i  iy=LP,L  •  H  \l 
15  ;  l  for  the  ty/tWer,  and  L  :  tf  : :  7  :  f0  : :  14  :  1  for  the  -pnr« 
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**  matter  were  spread  through:  the  system.9*  This 
point  R  is  called  the  center  of  gyration,  and  its 
distance  (GR)  from  the  axis  of  rotation  may  be 
easily  calculated  for  any  algebraic  solid  revolving 
round  its  own  axisw. 

2.  Having: 


.(*)  It  has  already  been  shewn,  that,  4fr  any  algebraic  solid, 
u  x  Sp*+u'x  So*+ a"x  fy'+&c.=/&ry4^  andtt+a'-f  «"+&e. 
=  content  of the  solid ;  hence 
GR=(   /"  «  Sp*+u-*S*+u"x  Sg'+Scc_\    /  ftj^jj- 

\V  tt  +  tt'  +  tf//+&C.  /  V  Content  of  8oli3< 

We  shall  apply  this  expression  to  finding  the  center  of  gyration 
of  a  yew  of  these  solids. 

0 

I.  In  the  cylinder  whose  radii**  is  (/>)  and  /en^/A  (0>y>  of  l*y** 
when  y  =  /»,  is.JW/o4  :   content  of  cylinders* I p%  ,:GR= 

•      II.  In  the  sphere  whose  radius  is  (/>),  f\  of±Ty*x,  when 

»  • 

r=2/>,  is  — ^(  see  Note  in  page  53)  $  the  content  of  the  sphere 

III.  In  the  cone,  y=oT,  /.y*  ^lyxssy^Ta4*4*^  ^to^sx 
^0Txy4=s(if  the  height  of  the  cone=A,  and  radius  of  Us  tastsso) 


ftvhp*;  the  content  of  the  cone z=±Thp%;  .*.  G.Rs^/5 —  = 


^15- 


IV.  In  the  paraboloid,  y*=az,  ;.f\\Ty*x=f\±9a*x%x= 
iTO*x*z=lTxy*=z(when  x=h,y=:p)  i*hp4 ;  the  content  of  the 

paraboloid^lThp'i.-.GR^    /jI*£=pV+. 

V  4-irA/a* 
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1.  Having  (bond  the  value  of  GR  in  a  mid  of 
this  kind,  let  it  be  pat=rf;  and  let  •*=■+«  V*"r*et 
■  M^ii  o/"  ale  WiJ;  then,  from  Art.  l,  mdl  = 
uxS/f  +  u'x  £o*+»"x  5f"-r  fcc;  subatkote  th« 
value  fix  it  x  Sp*  +  W  x  5«*  +  ■"  x  Sf  t  4c  ■ 
the  expression  of  Art.  2,  page  52,  then  t*V  •na*- 
ram*  firce  of  P=  iV  +  grftW-  This  eaqicestioD  fer 
the  acceleratine  force  of  P  is  more  *<l^ifcnl  u 
general  pnrpuKa  :  we  have  hitherto  mai 

3.  For  instance,  let  any  number  of  these  regale 


solids,  Q,  R,  S,  &c.  be  pot  in  motion  by  the  weight 
(P),  suspended  by  a  string  going  over  the  wheel  {A), 

wheat 


0)  In  the  «&■*»•  J=^V|",  .-.«-=$•*,  box* f= 
ad    ia    the    tphirt    d=?\"-,    .-.  a 


P*« 


coaseijuently    F= 

—  ;  the  uprettna  for  ibe  aOTferinve  force  of  i>  there- 

'V 

■  inretopleJ,  a  toe  «ra*  at  thai  in  Sum.  1  and  3  « 
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whose  radius  is  (r)  ;  and  let  their  weights  be  re- 
spectively denoted  by  w,  w,  w",  &c.  and  the  distances 
of  their  centers  of  gyration  from  the  axis  of  rotation 
by  d,  d',  d",  &c. ;  then  the  whole  moment  of  inertia 
arising  from  these  revolving  bodies  will  be  measured 
by  wd  +  w'd1  +  w"d"'  +  &c.  and  consequently  the  ac- 
mleratiue  force  of  P  will  be^^^^^. 

4.    But    supposing    the    matter    of   the    bodies 

Q,  R,  S,  &c.   to  be  collected  in    their  respective 

centers  of  gyration,  then,  by  Art.  1 ,  the  distance  of 

their  common  center  of  gyration  from  the  axis  will  be 

fwd*  +  w'd'*  +  w"d"9  +  &c.     .  .  ...     i.  .  „ 

let  this  distance  ~D, 


s/' 


\T- 


w  +  w  +  w"  +  &c. 
and  let  w  +  w  +  w"  +  &c.  =  IV,  then  D  = 


d  +  w'd'11  +  w'd"1  +  &c. 


W 


and,    consequently, 
WI?\    substitute    this 


wd*  +  waT*  +  w"d"*  +  fcc.  i 
value  for  wd'  +  w'd"  +  w"dw  +  &c.  in  the  preceding 
article,  then  the  accelerative  force  of  P= p'f.iyry 
We  are  come  therefore  to  this  general  conclusion, 
viz.  "  That,  if  a  rotatory  motion  be  communi- 
"  cated  to  a  body  or  system  of  bodies  (whose  weight 
"  is  fV),  by  the  rectilinear  descent  of  a  weight  (P) 
"  acting  at  the  distance  (r)  from  the  axis  of  rotation 
"  passing  through  the  respective  centers  of  gravity 
"  of  the  body  or  system ;  and,  if  D  be  the  distance 
"  of  the  center  of  gyration  of  the  body  or  system 
"  from  that  axis ;  then  the  force  which  accelerates 
*  the  iveight  (P)  thus  descending,  is  that  part  of  the 

"  force 
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a  force  of  gravity  which  is  expressed  by  the  fndioi 
„        fV' 
rY*+*Z»' 

5.  Be/or*  the  weight  begins  to  descend,  tie 
pmmrt  on  the  axis  BC  is  measured  by  P+ff", 
being  the  whole  weight  with  which  it  is  loaded,  in- 
dependent of  (be  weight  of  the  wheel  (^/)  and  string 
(.**P>,  which  are  supposed  to  be  too  small  to  be 
taken  into  the  consideration.  -After  it  begins  to 
descend,  the  axis  will  evidently  be  relieved  from  that 
■art  of  the  weight  of  P  which  is  employed  in  its  jc- 
mfcptJon  If  therefore  the  acceterative  forceof  Pa 
the  preceding  article  be  called  F,  then  the  part  of  its 
weight,  of  which  tie  axis  it  retiered,  will  be  expressed 
by  FP ;  so  that  the  pressure  uptm  the  axis  BC 
*trim$  tie  descent  of  P  will  be  measured  by  P  +  W 
-PP. 

6.  We  have  hitherto  considered  the  body  or 
Op*em  of  bodies  as  revolving  round  an  horizontal 
axis:  bat  it  may  easily  be  shewn,  that  the  foregoing 
expression  for  the  acceteratice  foree  of  P  is  ap- 
plicable to  the  case  when  the  bodies  are  made  to 
revolre  round  a  vertical  one.     Let  DE,  FH  be  two 

s  fixed  parallel  to  the  horizon,  into  whkh  the 
e  wis  BC  is  inserted  in  a  vertical  directioti; 
let  the  relative  position  of  the  bodies  Q,  R,  S,  kc. 
awl  the  wheel  (./)  be  the  same  as  before;  but 
suppose  a  small  p*ilea  fixed  at  M,  whose  upper 
edge  just  coincides  with  the  plane  of  the  wheel ; 
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then,  if  the  weight  P  descends  by  means  of  the  string 
AMP   going      n         B        , 
over  the  pal- 
ley  at  M,  it  is 
evident     that 
the      moving 

force,  as  well 
as  the  inertia 
of  the  mass 
moved  ( the 
inertia  of  the 
pulley  M  not 
being  taken 
into  conside- 
ration), is  the 
same  as  be- 
fore ;  conse- 
quently, the 
accelerative 

force.  ofP  will 
be  the  same; 

retaining 

therefore  the 

notation  of  Art.  4,  we  may  say  that  in  this  case  also 

this  force  is  measured  by  f^rrjVD^" 

7.  If 


(•)  Supposing  theueam  FH  and  the  pulley  fit  to  be  fixed  to 
the  tame  frame,  then  il  is  evident,  that  before  P  begins  to  de- 
scend, the  pressure  upon  this  frame  is  measured  by  P+  W,  and 
that  during  Us  descent  it  ia  measured  by  P+  W—FP,  according 
to  the  principles  laid  down  in  Art.  5 . 
VOL.  II.  K 
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7.  If  the  system  be  pat  in  motion  by  ■ '/Kwfy) 

acting  over  the  pulley  A"  (or  by  the  same  power  acting 
immediately  upon  the  wheel  A  when  the  axis  is  kari- 
zantal)  instead  of  the   weight  (P),   then  the  nwrtk 

Pr* 
of  P  is  equal  to  nothing,  .'.  P=  n^Ti*     The  v^m 

of  F  may  also  be  calculated  thus  ;  the  mtovingfmtt 
\*{P);  tlte  quantity  of  matter  moved  is  such  "^ 
"  when  placed  at  the  distance  (r)  from  the  axis  d 
"  rotation,  shall  produce  the  same  effect,  with  rt- 
"  spect  to  P,  as  IV  placed  in  the  center  ofgyratam; 
now,  by  Art.  2,  page  50,  that  quantity  of  matter  is 
—j— ;  hence  the  acceferative  force  of  (P)  is  ^XjSp 


8.  With  respect  to  the  velocity  of  the* revolving 
system  ;  since  every  point  of  the  wheel  (j-f)  move* 
with  the  same  velocity  as  the  weight  or  homer  P, 
and  since  the  velocity  of  P  is  uniformly  accele- 
rated (for  this  velocity  is  generated  by  the  action 
of  a  constant  force),  the  velocity  of  the  wheel  (.-/), 
and,  consequently,  that  of  the  whole  revolving  system, 
will  be  uniformly  accelerated.  In  estimating  the 
velocity  therefore  of  any  point  in  the  revolving  body 
or  system  of  bodies,  after  P  has  descended  for  any 


(*)  Whenever  a  body  or  system  of  bodied  is  said  to  be  pu!  in 
motion  by  a  power  as  distinguished  from  a  weight,  we  man  bj 
il  to  expreis  the  action  of  force  without  inertia ;  such  as  the 
rtrrtion  of  animal  strength,  tic  &c. 


m 
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time  (/),  we  in  course  mean  the  velocity  with  which 
the  body  or  system  would  continue  to  revolve 
uniformly,  were  the  action  of  P  to  cease  as  soon 
as  it  had  descended  for  that  time.  We  shall  first 
find  the  linear  velocity  of  any  point  in  the  revolving 
system,  and  then  shew  the  method  of  ascertaining 
its  angular  velocity. 

g.  Let  F=the  acce/erative  force  of  P,  and  m  = 
]6^feet;  then  the  velocity  acquired  by  /' after  the 
time  (l)  is  elapsed  =  1m  Ft.  But  this  is  the  linear 
velocity  with  which  any  point  of  the  wheel  {A) 
revolves  at  the  end  of  that  time  ;  audit  is  evidently 
the  linear  velocity  with  which  any  point  of  the  body 
or  system  situated  at  the  distance  (r)  from  the  axis 
revolves lbl .  Now  the  velocity  at  the  distance 
t  (imFt)  :  the  velocity  at  any  other  distance  (x) 
.:  r  :  x;  hence  the  linear  velocity  of  any  point  of 
the  revolving  system  situated  at  the  distance  (x) 
from  the  axis  of  rotation  = ;  thus  the  linear 

velocity  of  the  center  of  gyration  at  the  end  of  the 

,  ,      ImFtD      ...  .     ,        r    ,    , 

time  <t)  = .     If   it  were  required  to  unci  the 

linear  velocity  of  any  point  situated  at  the  distance 
(jt)  from  the  axis,  after  P  had  descended  through  any 
space  (s),  then  the  velocity  of  P  (i.e.  the  velocity  at 

the 

(bJ  For  since  the  linear  velocities  in  different  circles  describi-'d 
in  ibe  same  time  vary  as  the  circumferences  (i.  e  as  the  radii) 
of  the  circles,  the  linear  velocities  of  such  points  of  the  system 
as  are  at  equal  distances  from  uie  axis  of  rotation  will  of  course 
be  equal. 


68  BOTATIOK  OF  BODIES 

the  distance  r  from  the  aiis)  =  *Ja  kiF»  or  lyfmFi, 

and    this   velocity  1^/mFt   {F)   :    velocity  at  the  | 


„     IXy/mFs 
distance  [x)  ::  r  :  *,    .'.  y = * ;    tfcm  | 


velocity  of  the  center  of  gyration 

10.  Let«-  =  3.U1,  &c.    then  2*r  =  the  cire 

ferenee  of  a  cir  ius  is  r  ;  and  since  e 

point  of  this  cin  :  revolves  with  a  veto 

of  ImFt  feet  i»         #e  Jiall  have  1mFt:l*tv 

the  arc  or  angle  desc      ;d  in  l"  (A)  :  30O*,  .\  A* 

&6ct'  x  mFt      .  '  .        '      ,  . _   .      . 

: ;  i.e.  the  ancle  which    would  be  c 

wr  B 

scribed  in  l"'*',  by  the  body  or  system   revolviif 

uniform!}/  with  the  velocity  acquired  u-hil.it  P  it- 

tcends  for  the  time  (t),  is  equal  to x  3u0°,or 

-m  Ft  ,     .  „       ■ 

at  the  rate  of revolutions  in  l    .     In  the  same 

manner   it  may  be  shewn  that  the  body  or  system 


revolutions  in  l",  when  it 


would  perform 

moves  uniformly   with   the   velocity   acquired  by  P 

whilst  it  descends  through  the  space  (*). 

11.  Since 


(*)  Thil   angle  is  die  measure    of  the   angular  velocity  of  the 
body  or  system  of  bodies  ;  and   since  300",  m,  and  »,  ire  g"** 

quantities,  it  varies  as If  i  be  also  given,  then  it  varies  as  -, 

i.  e.  "  the  angular  velocity  generated  in  a  given  time  is  *  bodj 
"or  system  of  bodies  revolving  ronrnia  fixed  axis,  varies  <ft"i^J 
"  as  the  force  which  generates  it,  and  invertely  as  the  distinct*' 
"  which  that  imoe  act*  from  the  axii." 
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11.  Since  the  force  which  accelerates  any  point 
of  the  system  is  proportional  to  the  velocity {b)  of 
that  point,  and  since  the  velocity  varies  as  the 
distance  from  the  axis  of  rotation,  having  given  the 
accelerative  force  at  any  one  point  we  can  find  it 

,  at  any  other  point  of  the  system ;  thus,  the  force 
which  accelerates  any  point  at  the  distance  (r)  from 

(Pr*       \ 
-rrr — ...  -■  1  :  that  which  accelerates 
Pt*+  rvD*  j 

a  point  at  the  distance  (x)  : :  r  :  x,  .'.  the  force  at 

Prx 
the  distance   (x)~  p9     *#****    &*   instance,   the 

force  which  accelerates  the  center  of  gyration  s= 
PrD 

-p-% — ivn*>  "^  so  *°*  any  ot^er  P°^nt  *n  *^e 

system. 

1 2.  By  Art.  9.  the  velocity  with  which  any  point  at 

the  distance  (x)  from  the  axis  revolves  is  — ^ , 

r 

the  square  of  this  velocity,  therefore,  is 5 ; 

hence  the  squares  of  the  velocity  with  which  the 
constituent  particles  of  the  body  or  system  (viz. 
P>P*P">  ^c)  revo've  at  the  distances  S/>,  $/>',  S/>",  &c. 

Al.     Sp*x4mFs    Sp'*x4mFs 
will  be  represented  by  — — — >   -*- — pi > 

-^ — %  m   S ,  &c.  and  the  expression  for  the  sum  of 

each 


fc  »n 


■^"-*" 


(b;  For  FocFx  T;  and  if  Ttie  given,  focf,  sad  $x>V . 


■  —. 


■f.ia 
» ^ » -0^— r  »  *«« 


■  m 

^  i 


Btnfct^J 


.-v. 


:'ofdie 
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•    ■  AmII  hi   . 


™.  *■  *»  i In  ■  >  111  b  crae cdjr 


-X4-M,  i 


«i>x««4.    S«  0m XeU  up* 


ABOUT  A  FIXED  AXIS.  71 

•f  tlie  base  of  the  paraboloid  is  20  inches;  after  the 
weight  P  has  descended  for  10",  it  is  taken  off,  and 
'_  tke  paraboloid  is  left  to  revolve  uniformly  with  the 
velocity  acquired  at  that  period  ;  With  what  velocity 
does  its  center  of  gyration  revolve,  and  how  many 
revolutions  does  the  paraboloid  itself  perform  in  a 
minute  ? 

By  Note  a,  pageSl,  the  distance  (D)  of  the  center 
of  gyration  of  the  paraboloid  from  the  a\is  =  p^i  = 
20,/f;  .-.  the  ac- 
celerative  force  of 

P=(  pr*  s 

15x3t) 
15X36  +  200X  jx40O 

ra53m&  Now 
by    Art.  9,     the 

velocity    of   tke    center    of  gyration 

32i  x  10x20^/7 


6x50. 

the    numbe; 


12.1  feet  in  l";  and  by  Art.  10, 


of    revolutions    which    the   paraboloid 

performsml    =  -^ .  =  —^—^--^2.03- 

about  121  revolutions  in  a  minute. 

EXAM.  II. 
The'cone  (DEF)y  whose  weight  is  IQOlbs,  is  put  in 
motion   round  a  vertical   axis   (BC)   by  means   of  a 

power 


(")  Here  t=6  inches^  afoot. 


aktwkt*(4,*m\ 

vtflifl 
J*wl*el(0)tfkm 

(SO)  u*  fen;  it 

&  mjbet,  it*  rntiim  tmmi 

of<unfpm*(ty 

qf  rtvohitimd* 
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Art.  10,  the  number  of  revolutions  performed  by 

tkesystem  in  l"=^^  =  ■  ■■  5;67        '"=4.3,  or 

3  «r  3.14&C.  X  & 

rather  more  than  four  in  l". 

EXAM.  III. 

A  solid,  QRS  (of  the  same  form  with  that  in 
page  143,  Parti.)  whose  weight  is  54lb$  and 
radius  one  foot,  is  put  in  motion  by  a  weight  (P)  of 
50  lbs,  by  means  of  a  string  wound  round  the  cylinder 
(A),  whose  dimensions  are  suck  as  to  circumscribe: 
either  of  the  parts  Q,  R,  S  of  the  solid;  It  is  required 
to  find  the  time  (t)for  which  P  must  descend  so  a*  to 
produce  a  rotatory  motion  in  the  solid  of  \Orevoluti»is 
in  \",  and  also  to  determine  ike  pressure  upon  the 
axis  during  its  descent.  {Fig.  in  page  74.) 

The  distance  of  ihe   center  of  gyration   of  this 


system  from  the  axis  is  py—r,(D)n'', 


being 
the 


fmFs 
(•)  In  ihe  quantity  V  —      (  r  mils:  be  expressed  in  feet  to 

correspond  wilhTfc  and  s, , .-.  r=5  inch?s=gft#t. 

(b)  By  referring  lo  page  143,  Vol.1,  it  will  be  found  that 
^=12.  A=24,  5=13,  yJ=36,  and  the  weight  \IV)  of  i  u-  »yiiem 
=g0/*j,  if  rf,  d'.  d",  d'"be  the  distances  of  the  centers  nj  'gyration 
of  Q,  R>  S,  A  from  the  axi*,  and  ui,  w' ,  w" ,  w"'  be  their  weights, 


then,  by  Art.  4,  p.  63,  D 
v/=\2,  tf=24, 

VOL.  II. 


-=  (for 
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the  radius  of  the  cylinder  ;  the  accelerative  force  of 
P  therefore  =  Ov+W=)  /v+£wy=(sin«^=r) 

.-** ~? =  — ;   the  number  of  rwo- 

p+'Jir~  50  +  ^  x  90    1 1 8 

lutioos  in  l"  which  the  system  would  perform  with 


the  velocity  communicated  to  it  whilst  W  descends 
for  the  lime  (()  is  denoted  by  ,  which,  in  the 

present  instance,  is  to  be  equal  to  10  ;  hence  —jj 

■  10,  or  1  =  — ~=  (for  x  =  3.14  &c,  r=l,   m 

"'"'  F  =  ~:)  3.4  seconds.   By  Art. 5, page 64, 
the  pressure  upon  Uie  axis  during  the  descent  of  P 


P  r  //'-  FP=  50  +  90  - 


-x  50=  11  \.3ilbs. 


EXAM.  IV. 

The  weight  of  the  cylinder  EF  (/F)  :  P  ::  «  -. 
when  P  has  descended  from  rest  through  the  space  {' 
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It  taken  off,   and  (/>)  H  attacked  to  the  string  (ap), 
as  to  be  drawn  up  ty  the  momentum  which  the 
winder  has  acquired;   What   is  the  greatest  heig/u 
to  which  (p)  may  be  made  to  ascend? 

By  Exam.  I,  page  54,  the  accelerative  force  with 

P                   P          1 
,    which  P  descends  is     = — r-gA  n — ; — b8*-* ; 

P  +  \W^  P  +  \nP     a+w 

.".  the  velocity  which  it  acquires  in  falling  through  the 

space  (/)  =  {*/ 4m Fs  =  )  V  — —  >     a"d  this  is  the 

velocity  with  which  any  point  (a)  in  the  surface  of  the 
cylinder    moves 
at  the  instant  P 
is  taken  off.  Just  ™ 

that   instant 
the  weight    (p) 
Hacked  to  the 
j  {ap),  and 
e  cylinder  and 
U )    begin     to 
;  with  the 
man  velocity 
nP 
>  +  p 

this    common    velocity    is    the   velocity   with 
which 


v    2  +  n 


{*)  For  if  A,  moving  with  velocity  (a),  impinges  on  B  at  rest, 
nine  common  velocity  after  impact  =-7—=;  if  therefore  n P, 

mating 
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which   lj>)   begins  to    ascend  against   the  action 

,he  fmce  ip^p  <"  t^f  ■■  *e  heieht  lh,! 

(y* 
for  S  = _ 
4mF  _ 

«*/*         8ms     2j>  +  nP_     ^f^P  +  nP     A 


"  nP  +  pi'.2  +  n 

fraction"',   the  weight  (p)  can  never  ascend  to  i 

Ps 
great  a  height  as  ~ .     If   n   be   indefinitely  great 

this     fraction    only    approaches     to     unto 

limit, 


moving  with  the  velocity*/——,  impinges  on  (p)  aires),  t 


n  velocity  after  impacts 


»/>+,' 


(")  The  force  teoding  to  make  (p)  descend  is ^ 

Uffle  reason  that  the  accelerating  force  of  Z1  i< 

(b)  The  height  to  which  (p)  will  ascend,  i6  ihe  space  | 
which  it  must  fall  under   the 


acquire  (he  velocity 


nP 


of  the  force    — I —  I 


nf+p"V    2+n 
(«)  For  the  numerator  n  n'Pi+2n'Pp,  and  the  denominl* 
n'P*+ln,Pp+(2n,P*+4nJ>p+n~+2.pt). 
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limit1*  ;  even  in  this  case,   therefore,  the  height 

•Ps 
ascended  through  by  (p)  cannot  exceed  ' — i". 

Cor.  1.  If  n  —  1,  the  space  ascended  through  by 

.    .      P.lp+P     Ps  ,    .. 

\P)  ~  ~~^r*~ i.~  x — >'    an"   »    at    »ie  same  time 

%r/      3 .  P+p\'       p 

p=  P,  this  space  is  equal  to  $s  ;  i.e.  "ifthecylin- 
■  "  der  be  put  in  motion  by  a  weight  equal  to  its 
"  own  weight,  then* the  greatest  height  to  which  it 
**  can  draw  up  another  equal  weight  is  only  one 
"fourth  part  of  the  space  through  which  the  first 
"  weight  descended  to  put  the  cylinder  in  motion." 

(*}  The  raltte  of  the  fraction,  when  n  is  indefinitely  great,  ap- 
n'P' 
preaches  to  -f™   a*  its  limit,  the  other  terms  of  the  numerator 

and  denominator  vanishing  with  respect  to  n'  P*. 

('I  According  to  the  jirst  law  of  motion,  after  the  cylinder 
has  acquired  a  certain  velocity,  and  the  action  of  P  ceases,  it 
would  go  on  revolving  ad  infinitum,  if  it  were  not  impeded 
by  rhe  friction  en  its  aiis,  and  die  resistance  of  the  air  ;  but  from 
what  is  here  shewn,  it  appears  that  if  that  friction  were  entirety 
abolished,  and  the  vrotion  performed  in  a  perfect  vacuum,  yet  if 
it  were  exposed  to  the  constant  action  of  the  smallest  particle  of 
matter,  its  revolutions  would  cease  within  a  limited  time.  Thni 
suppose  the  cylinder  to  weigh  100  lis,  P  one  lb,  and  that  p  h  only 
i,  th  part  of  an  ounce,  then,  by  substituting  the  proper  values  for 

n,  P,  p,  in  the  expression — ?  -^=  ,  it  will  be  found,  tbat  the 


motion  would  cease  after  p  has  ascended  ihtcugh  a  space  equal 

100  Ps 

to x  — ,  or  about  316  times  s, 

101  p  ' 

Lecture 
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Lecture  XV. 


THE  ASCENT  AND  DESCENT  OF  WEIGHTS,  OVJ» 
PULLEYS  AND  WHEELS  WHOSE  INERTIA  15 
TAKEN  INTO  CONSIDERATION. 


\ V  e  have  hitherto  considered  only  the  case,  when 
"  a  given  force  communicates  a  rotatory  motion  to  « 
"  body  or  system  of  bodies"  we  are  next  to  estimate 
the  effects  produced,  when  "  a  given  force  is  employ 
"  ed  to  move  a  given  weight,  by  the  intervention  aj 
"  a  body  or  system  of  bodies  endued  with  a  rotatory 
"  motion,"  as  when  a  weight  is  made  to  .:■ 
force  acting  over  a  pulley  or  wtieel,  or  a  cumb'matio"- 
of  pulleys  or  wheels. 

LVII. 

On  the  Motion  of  Bodies  over  Pulleys. 

1.  Let  the  weight  (IV)  be  raised  by  means  of 
the  power  (P)  acting  over  a  single  fixed  pulley  {A) 
whose  weight   is    (w);     then    the  moving  force  ii 

p-n; 
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P-JV;  and  the  matter  moved,   IV  +  the  inertia 
of  the  pulley  (hv)*' ,  P  having 
no  inertia ;  hence  the  accelera~ 
P-W 


live  force  of  P  = 


■w+k«-  but 

since  P  and  W  move  with  the 
same  velocity,  this  is  also  the 
accelerative  force  witfi  which  W 
ascends ;      .'.    the     accelerative 

/orce0//T=£~f  w. 
J         J  IV+kw 


ti 


Let  us  next  estimate  the  ascending  force  of 
when  it  is  raised  by  a  weight  (P)  acting  over 
iveable  pulley  (E)  as  well  as  a  fixed  one  (A). 
this  case,  the  descent  of  P  is  opposed  by  as  much 
if  the  weight  of  IV  as  is  supported  by  the  string  AE, 
which  is  evidently  ^  W ;  the  moving  force  therefore 
is  P  -  ^  IV.     Supposing  the  pulleys  to  be  equal,  and 

the 

(*)  Let  die  pulley  be  considered  as  a  small  cylinder,  whose 
radius  is/);  then  I  he  distance  (D)  of  its  center  of  gyration  from  the 
axis  =/'V^;  now  if  (i«)  be  the  quantity  of  matter  placed  in  the 
center  of  gyration,  then  the  quantity  to  be  placed  in  the  cir- 
cumference of  ihe  pulley  (viz.  at  ihe  distance  from  ihe  axis  where 


e  action  of  P. 


=theiaertn  a/* 


P  acta)  is    — 

f 

as  opposed  t< 

(b)  In  thii  and  the,  following  section  we  shall  estimate  thi- 
escending  force  of  IV,  and  not  itie  descending  force  of  P ;  as  M* 
weight  raised  in  a  given  time  is  ihe  proper  measure  of  the  effect 
produced  by  any  given  machine. 


«0 
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the  weight  of  each  to  be  (w) ;  then,  for  the 

reason  as  before,  the  inertia  of  the  pulley  (J)  will 

be  kutl    but  since  the  pulley 

(£)  moves  with  only  half  the 

velocity  of  the  pulley  (J),  its 

inertia  will  be  only  one  fourth'" 

of  the  inertia  of  {A),  i.  e.  {w  ; 

the    while  inertia   therefore   of 

the    pulley  (£),   arising   both 

from    its   weight    and    rotatory 

motion,  will    be  tv  +  jw  or  f  w. 

Again,    since    W  moves   with 

only  half  the  velocity  of  P,  its 

inertia,  as  opposed  to  P,  will  lie 

only  \  IV  •„  hence  the  whole  mass  moved  is  P  +  £ 

+  %w  +  ±w  =  P  +  $  W '+  ~  w  ;    and  since  the  mot t^ 

force  is  P-\W,  the    accelerattve  force   of  P  must 

~-4lr-         »P-4tr 


I 


wAicA  W  ascends  is 


8P  +  2IV+13 


and  the  force  i 


(•)  Since  tue  inertia  of  any  particle  of  matter  (p),  p'ac 
the  distance  {x)  from  the  axis  of  rotation  (am!  opposed  to  a 
acting  at  the  given  distance  (r)  from  that  axis),   b  tsjusl  to— j-. 
this  inertia  musti/aryas  j* ,-  but  its  velocity  (i0  varies  a**,  .'.(bi 
inertia  varies  as  the  square  of  the  velocity  ;   it  rniT  therefore  bi 
considered  as  a  fundamental  principle  as  to  the  motion  of  ■  p> 
of  matter  when  referred  to  a   fixed   axil   of  rotatM 
quetitly  of  a  tody  or  system  of  todies  when  collected  in  i. 
centers  of  gravity  or  gyration)  that  its  inertia  varies  si  the  ij 
of  the.  velocity  with  which  it  moves. 

(b)  Since  W  moves  with  half  the  velocity  of  P,  it  canenlrt* 
acted  upon  by  hall'  the  accelerutive  forct  of  P. 
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EXAM.  I. 

A  weight  (WJ  of  \  00  lbs  is  raised  through  a  space 
%f  40  feet  in  10",  by  means  of  a  power  {P)  acting 
over  afixt  pulley  whose  weight  (w)  is  2  lbs. ;  What  is 
the  magnitude  of  the  power,  and  what  is  the  pressure 
upon  the  axis  of  the  pulley  during  the  time  of  its 
action? 

Let  #=  the  magnitude  of  the  power,  then,  by 

~  iv+iw) 

JT—  100  /#  i 

=  101  =  F;  now  the  space  described  in  10  by  a 
body  moving  by  the  action  of  the  force  F= 
(*»FT»=)  16£ x— ?x  100;  which  in  the  pre- 


101 


sent  instance  is  to  be  40  feet,  .\  16-  x  x  -  100  x  100 
=  40  x  101,  or  a?=  102.51/fa.  The  pressure  upon 
the  axis  of  the  pulley  (See   Note  a,   page  84)  = 

4P  W      4  Wx 

P+  tv=  x+W—  ^02.47 lbs;  and  therefore  the  axis 

is  relieved  of  only  25  th  of  a  lb.  from  the  whole 
pressure  (202 . 5 1  lbs)  arising  from  P+  JV. 

EXAM.  II. 

What  weight  could  be  raised  by  another  weight  of 
SO  lbs,  acting  by  means  of  a  string  going  round  a  fist 
and  moveable  pulley  {the  weight  of  each  of.  which 
is  one  lb.)  through  a  space  of  30 feet  in  &'? 

Let  :r=the  weight;  then,  by  Art.  2,  the  force 

with  which  x  ascends  =  sp+^+'ia" 4&+2Z+ W  ~  F; 
vol.  11.  m  the 
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the  space  described  under  the  influence  of  tbe  forct 
fin  6"  (mFT)  =  16A  *  4^,7,3  x  36=  &*>* 
Problem)  30;  .-.  x  =  84.6 lbs. 

LVIII. 

On   the  motion    of  bodies  over   a    Wheel  and 

Axle,  or  a  combination  of  IVlieeh  and  Axkt. 

l .  Let  a  weight  P,  acting  upon  the    wheel  (J\ 

whose  radius 


,  the  distance  of  its  center  of  gyration 


from  the  axis  (BC)  =d*3 


By  the  common  pro- 
perty 


(')   Lei    w'=  weight    of   the    wheel,    u/"  =  weight    of  tbe 

tie ;    and  let  d\  d"  be  the   respective  UistaDceg  of  their  em- 
TJ   °f  gyration  from    tlie  axis  of   motion ;    then,  by  Att.4. 

age 63,  d  =  \Z*d^J  '=  (for  <f=rVT,  antj  d"=?ty 
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perty  of  the  wheel  and  axle,  the  descending  tendency 

-  Wo 

of  W  as  opposed  to  P= — -,  .\  the  moving  force 

n     JVp     Pr—  Wp 

=  P — =~ .     Now  the    inertia    of  W 

r  r  ** 

estimated  for  the  distance   (r)  from  the  axis  of 

Wp% 
motion  is  —5- ,  and  the  inertia  of  the  wheel  and  axle 

estimated  for  the  same  distance  is  ~- ;  hence  the 

r 

,     D     Wp%    wd%        . 
mass  moved  =  Jr  H — ;-  +  —j-9  and  consequently  the 

mcceler alive  force  of  Ps=  — - — -x-=r-s — J^-z :« 

Pr*-fTrp  r  JP.r*+ W+w* 

88 'Pi*+w+w<es  but  by  Art  llj  page  69>  the 

accelerative  force  of  W :  that  of  P  : :  p  :  ry  /.the 

prp  —  Wp%  w 
force  with  which  W ascends  IF)  =  -^  «      „r* . — ?r. 
j  \    9     Pr*+Wp%+wd* 

2.  Sup- 

— ^-—  — — — — — — — — ^— ^ — — — — m^—w tmmmm^m mmmm ^ 

(b)  If  the  inertia  o/P=0,  then  F=Pl?~Wp*-x  if  the  ijitrtia 

of  w=zO,  then  ir=  ~  ,  ,  r^  £•  5  and  if  the  inertia  of  both  P  and  w 
J  Pr'+frp* 

.       r    Prp-Wf  : 

=0,  then  F=      ^y  f  . 

By  attentively  considering  all  the  circumstances  under  which 
the  motion  of  this  machine  is  performed,  it  will  appear,  that  the 
pressure  upon  the  axis  (BC)  during  the  descent  of  Pis  equal  to 
P+  W+w — P+JVx  the  force  which  accelerates  the  descent  of 
the  common  center  of  gravity  of  P  and  W.  Now,  since  P  and  W 
are  on  different  sides  of  the  axis  BC,  the  distance  of  their  common 

center 


a  very  light  wheel  {A)  whose  radius  is  (r),  draws  t 


,       .        n  Pr-tfpXr 


But  the  force  which  aculr- 
■.  by  Art.  11,  page  69,  the/oror 


which   accelerate 

Pr—Wp 
Pr*+lt^»+uid* 


the   .(imnon  center  of  gravity  of  P  and  W- 

Pr-  Wp  ,     . 

p  .  »-  i  an°  consequently  the  pressure  apt 


xduring  the  descent  of  P=P+lF+w-~/ 


thee 

and  if  the  weight  of  the  wheel  and  axle  be  very  inconsiderable 
(i.  e.  if  «/=0),  then  this  pressure  is  equivalent  to  V-'-*?J  ■ 
Upon  the  same  principle,  ihe  weight  sustained  by  the  axis  of  the 
single  fixed  puIUy  might  be  estimated ;  and  as,  in  ihis  ewe,  p= 
this  pressure  (when  the  weight  of  the  pulley  is  not  taken  it 

consideration)  will  be  represented  by  -      ^.. 
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the  tivo  weights  fV9  W\  by  means  of  strings  wound 
round  the  two  hollow  axles  DE>  FH,  whose  radii  are 
p9  p  ;  then  the  descending  tendencies  of  IV,  W\  as 
opposed  to  P9  will  be   measured  respectively  by 


and 


— ;  hence  the  moving  force  is  P £ 

fVy     Pr-JVp-JVY        A      .     . .  * 

r-= ;  and  as  in  this  case  the 

r  r  * 

weight  of  the  wheel  and  axles  may  be  reckoned  too 

inconsiderable  to  be  taken  into  the  account,  the 

Wp*     Wp* 
mass  moved  will  be  P+ — 5-  H £-  ;  consequently, 

the  acceleratwe force  of  P  =  .—£  jy?  +  W  ^5 

moreover,  the  force  with  which  W  ascends  =  (— =) 


Prp-IVp*-W'pP'  ,   ..       .  ..      ..  .    ^ 

W+Wp%+w'p'* ;  a         •^roe 


ascends -yr     )   Pr*  +  Wp*  +  fp>> *      • 


3.  In 


(»)  If  there  be  *  «>«$*&  JT,  W>  W",  &c.  drawn  up  by 
the  power  P  acting  upon  the  tffce/  ^,  which  turns  n  axles  whose 
radii  are  p,  p,  p\  &c.  then  it  might  easily  be  shewn,  that  the 
force  with  which  W  ascends^ 

PrP-jrP*-irpp'-ir'pf>"-lkc.  to  Z+i  term*    ^  ^ 

Pr«+  »>*+  »V +  »">"»+  &c.  to  »  + 1  terms 

wh,ch  IT  ascends  =    f^if^^^^    »  ** 

.  u  u-  •.  n»»      j    prPM—irpp"—ir'p'p"—jr'p"t-*c.  .  L 

the  top  of  which  expressions  is  manifest 
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„>.  In  the  annexed  Figure,  let    the   radii  of  the 
:.'.!:.*   D.B.  and 
f  PQ=r.r\r 


i  .■■  c/..^  i"  i.-.^  _-*  whose  weight  is  tr')=fi, 
t  m;  r.:.;.^,f  J  ^  aiWj*  weight  is  tc")=d"; 
w  -ji  wt : -ht  7* " :.:  be  drawn  up  round  the 
r .  "if an?  of  a  p:-vt-  P  acting  upon  the  ken- 
B.  Art.  7.  j^-re  :.;f .  Fin  II.  the  descending 
r-firs*  cppoMii  ::■  F  :  /f::  1  :  rrV,  .-. 


I   1 


::.i  iirferem  parts  01 
print  :p*.t"  *  already  e  v 
tc  »:*.]   be  found  to  be 


m-r.v.- 


the  accelerotht 
forct 


:jii<l,'-.   *.-\ir.i:f  pt 
~u  ;o  j  jv.nl  in  the 

.■  K'SSiUttBCt 
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/  // 


P  r  r'r"  —  Wr  rr 

force  ofP=^^d^^2'*ri+'w"^7t'M  '> and  ,he force 

a(W  Prr'r"—W  ^ 

with  which  ^^ce«is=j^^=^+^,+w^9r,+aK^rtr,,. 

EXAM.  I. 

A  weight  of  500  lbs  (W)  is  raised  up  by  a  rope 

wound  round  an  axle  whose  radius  is  6  inches ;  the 

weight  of  the  wheel  and  axle  is  80  lbs,  and  the  dis- 

.  tance  of  their  center  of  gyration  from  the  axis  of 

rotation  is  3  feet ;    It  is  required  to^  find  tlte  radius 

and  weight  of  the  wheel,  so  that  another  weight  (P) 

of  100 /fa,  acting  at  its  circumference,  may.  make  W 

ascend  through  a  space  of  10  feet  in  5";    and  the 

pressure  upon  the  axis  during  the  descent  of  P. 

Let 


circumference  of  the  wheel  D,  is (M),  and  this  is  the 

inertia  opposed  to  the  motion  of  the  wheel  C ;  again,  M  acting 

at  the  circumference  of  the  wheel  C  +  the  inertia  of  the  wheels 

C  and  B  estimated  for  a  point   in'  the  circumference  of  the 

.     .    _          M+w'd'*  /     JV+wd*+w'd*r*         x     . 
wheel  B    or    — '  ,a       I  = ^75 =Jf  1    is   the 

inertia  opposed  to  the  motion  of  the  wheel  A ;  lastly,  A/'  acting 

at  the  circumference  of  the  wheel  A  +  the  inertia  arising  from  the 

wheel  A  and  handle  P  Q  estimated  for  the  distance  P  (J  from  the 

.     ^        M' +w'd"*  /     ttr+wd*+w'd'2r*+w"d"*r*r't\ 
axis  A  Q  or  -^ ^= ^75 J 

is  the  whole  inertia  opposed  to  the  action  of  the  power  P. 

(b)  For  velocity  of  P  :  velocity  oiWw  IV 1  P  (when  they  are 
in  aequilibrio)  : :  rr'r" :  1 ;  ..Jorce  of  P  (^) :  force  oiJVi :  rr'r11 :  1, 

ox  force  of  W=~— . 

rr  r 

(c)  If  r=r=r";   w=w'=w" ';    and  d=d'=d" ;   then   the 

pr3 jy 

force  with  which  W  ascends^  rrr- — ,g  ,       ,ft   g  .       ,,   ;  (F) ; 

and 
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Let  *=the  radius  of  the  nhetl ;  then,  refer- 
ring to  Art.  3,  we  have  P=  100,  /T=5O0,  ,=}, 
,e  =  80,  d=3,  ■■■  the>rce  iriiA  trhich  W  <ua*ts 
y-"5      =F,    bot   S=mFr,    or   10= 

=  100iM-U5j?r.!O  ' 

'-Bg;-'""1,  which  equation  in  «iWe  «*m 
is  x*  —  3Ox  +  58  =  0,  from  which  x=10  +  *f*t 
=  1 6. 4  feet  for  the  radius  of  the  tehee/.  To  find 
the  weight  of  the  wheel,  we  must  have  recourse  to 
the  expression    in   Note  (a),  page  82,  where  d= 

fc/T  ***"  p  ■  in  the  present  instance  d=3 
v         w  +w 

.  .    /"]  34. 4  ii?' +  7  w" 

r-16.4,  ,-1,  .".  3=V  -V^T-'  fr""1 
which  it  appears  that  w'  (the  weight  of  the  tcJW) 
:  iff"  (the  weight  of  the  axle)  ::  I  :  14  very 
nearly"  ;  and  as  the  weight  of  the  tekeei  and  axk 
is   80  lbs,   the   weight   of  the  wheel   must  be 


and  il"  there  be  w 


itli  wheels  and  axles,  i:  ii  easilv  sbewn  llwt  /= 
■if  /V«-W 


IV+wd*+wd'*  t''+iiC....a)dir'1"-^ 


(»)  For  o«/+9« 
.■-71w"=10O3.2w', 


=  134.4«^+'J(k",    or  8{w"=145.4»', 
Ddtff'  :  w"  ::  71  :  1003.2:;  1  :  14.J* 
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r  5  libs;  consequently  the  weight  of  the  axle  is 
74Hbs.  With  respect  to  the  pressure  upon  the 
axis  of  rotation  during  the  descent  of  P  (p),  we  have 

»  f'T,!.  '  ■,.  (see  Note  a,  page  84)  =69.6  lbs, 
Pr*+  tVp'  +  wd*  V  *  *T6    ■   /      ™  "     ' 

.-.  p  =  P  +  IV+w-69. 6  =  680-69. 6  =  6lO. Albs. 


EXAM.  II. 

Three  weights  (JVJV.Pf")  which  are  to  each 
other  as  1, 1,  3,  are  drawn  up  by  another  weight  (P), 
in  the  manner  represented  in  Figure,  page  84  ; 
P  :  fV  ::  10:  1;  the  radii  p,  /, p"  of  the  axles  about 
which  J¥,  IV ',  fV '  are  respectively  drawn  up,  are  to 
each  other  as  3, 1,  1  ;  and  the  radius  of  the  wheel 
A  (r)  :  p  : :  2  :  1  ;  It  U  required  to  find  the  spaces 
through  which  IV,  W,  fV"  are  severally  drawn  up 
in  \". 

Since  r  :  P  (3)  ::  1 :  1,  r  =  6;  and  since  P  :  W 
::  10:  1,  P=  10.  Substituting  therefore  the  values 
here  assigned  to  P,  W,  IV,  W";  and  r,ptp',p";  in 
the  expressions  of  Note  (a),  page  65  ;  we  have,  the 
force  with  which  IV ascends  =  -^t\\s,  the  force  with 
which  W  ascends  =  jgths,  and  the  force  with  which 

W"  ascends  =  j~ths,  of  the  force  of  gravity.  These 
forces,  consequently,  are  as  3,1,  I  ;  but  the  spaces 
described  in  a  given  time  are  proportional  to  the 
forces;-  hence  the  spaces  ascended  through,  by 
VOL.  11.  n  W, 
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W,  W,  W 'respectively,  in  l",  are  as  3,2,  1,  and  a 
equal  to  ^m,  55m,  ^m  (where  m=  10"^  feet). 

EXAM.  in. 

In  the  Figure  of  page  86,  the  radii  of  the  irheth 
D,  B,  and  the  handle  P  Q,  are  each  equal  to  Jour 
times  the  radii  of  the  wheels  A,  C,  and  axle  E 
quantity  of  matter  put  in  motion  round  each 
of  rotation  is  lOlbs,  and  the  distance  of  its  center  of 
gyration  from  that  axis  is  half  the  radius  of  tl 
wheels  D  or  B-,  It  is  required  to  find  the  magnitude 
of  the  power  (P)  which  may  be  siifficient  to  elev 
a  ton  weight  {IV)  through  the  space  of  lOJ'eet  in 
a  minute. 

This    is   a  case   of  Note  (c),    page  87,  whei 

IV=  2240,  r  =  4,   n  =  3,   IK  =  10,  d  =  2,   ,\  J"  = 
Pf-W  64P-2240        f.        „         S    \ 


ff+wdV- 


165  X  360O" 
35. 03  lbs. 


hence  b~4P-2240  =  2.27 ,  and  P= 
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Lecture  XVI. 


ON 


THE  MAXIMUM  EFFECTS  OF  MACHINERY. 


In  estimating  the  maximum  effects  of  Machinery, 
we  shall  begin  by  ascertaining  under  what  circum- 
stances a  given  power  must  act  €€  to  produce  the 
:c  greatest  angular  velocity  in  a  given  body  or  system 
tc  of  bodies  revolving  about  n fixed  axis." 

m 

LIX. 

On  the  method  of  finding  the  distance  from  the 

axis  of  rotation  at  which  a  given  force  must 

be  applied,  so  as  to  communicate  the  greatest 

'  angular  velocity  in  a  given  time  to  a  body  or 

system  of  bodies  revolving  round  that  axis. 

1.  By  Art.  10,  p.  68,  if  *n=l6~feet,  *r=3.141&c, 
F=  the  accelerative  force  of  the  system,  *=  the  time 
or  which  that  force  has  acted,  and  a?=  the  distance 
rom   the  axis  of  rotation  (whether  horizontal  or 

.  vertical) 
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mFt 


, 


vertical)  at  which  it  acts ;  then  =.  ihe 

wM 

of  revolutions  which  the  body  or  system  would  per- 
form in  l",  if  left  to  revolve  uniformly  with  the 
velocity  acquired  at  the  end  of  that  time ;  the 
angular  velocity  therefore  of  the  system  will  be 
greatest  when  this  quantity  is  greatest  ;  but  before 
-    ,      ,         mFt   . 

we  can  rind   when  is  a  maximum,   we  must 

*x 
substitute  the  value  of  F. 

1.  Now  suppose  the  body  or  system  to  be  put 
in  motion  by  a  given  power  (P),  that  the  weight 
of  the  system  is  (IV),  and  that  the  distance  of  its 
center  of  gyration  from  the  axis  is  (D);  then,  by 
Art.  7,  page  66,  F=-^,  ,.  _-=  —  ,  »hldl 
(when  t  is  given)  varies  as  jr.  The  angular  velvety 
therefore  produced  by  the  action  of  a  given  power 
(P)  admits  of  no  maximum,  but  keeps  continually 
increasing,  as  the  distance  at  which  it  acts  from  the 
axis  increases. 

3.  But  the  case  is  quite  different  when  the 
system  is  put  in  motion  by  the  action  of  a  given 
weight  (P)  ;  for  since  the  inertia  of  the  weight 
increases  as  the  square  of  its  distance  from  the 
axis  of  rotation,  whilst  the  efficacy  of  its  mecha- 
nical action  increases  only  as  the  distance,  it  - 
evident  that  (by  increasing  this  distance)  its  effect 
to  produce  a  rotatory  motion  in  the  system  wiB 
won  come  toils  limit;   accordingly,  we  find  that, 

when 
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when  a  body  or  system  of  bodies  whose  weight  is  {W)> 
and  the  distance  of  whose,  center  of  {gyration  from  the 
axis  is  (D),  is  put  in  motion  by  a  given  weight  (P), 
the  greatest  angular  velocity  will  be  produced  in  the 
system  in  a  given  time,  when  P  acts  at  a  distance  t 

from  the  axis  of  rotation  =  D  y    =j- ra) ;  and  if  P  =  fV9 

i.e.  if  the  system  be  put  in  motion  by  a  weight 
equal  to  its  own  weight,  then  "  the  distance  at 
"  which  P  must  act  to  produce  the  greatest  angular 
"  velocity,  will  be  equal  to  the  distance  of  the 
"  center  of  gyration  (D)  from  the  axis." 

LX. 


(a)  By  Art.  4  and  6,  pp.  63, 64,  when  the  system  is  put  in  motion 
Li         •  Lwm  4l      r  Px%  mFt  mtPx 

X  X 

which  varies  as  p^,Wjyt  when  '  »  given  5  hence  p ^  ,  yjfc 
=a  maximum,  .*.  x.Px*+WD*-~2Px*x=0,    from  which  we 

have*=Z)y/J.      Also   Px*=lVD\    :.F=^£=\. 

In  applying  this  to  Exam.  1,  page  70,  we  have  D=20v/4~, 
/r=200,  P=15,  ..  r=20\/222=42.6;    the  radius  of  the 

wheel  A  therefore,  upon  which  the  given  weight  (W)  of  15 lbs 

must  act  to  communicate  the  greatest  angular  velocity  to  the  para- 
boloid in  a  given  time,  is  42.6  inches=3.5lfcet ;  in  which  case 

mFt 

(since  F=£)  the  number  of  revolutions  performed  in  l"= = 

w  x 

19X10 =7.20:  consequently  the  number  of  re- 

3  .14  &c.  x  3.51  X  2 

volutions  in  a  minute—dOX7'29=-ab°\it  437 
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LX. 


On  the  Maximum  Effects  prodttced  by  ti 
action  of  one  body  upon  another,  by 
of  a  string  going  over  ajixeti  pulley. 
In  Example  4,  page  41,  we  shewed  the  metha 
of  adjusting  the  length  to  the  height  of  an  ii 
plane,  so  that  a  given  weight  descending  «rtica% 
shall  draw  another  given  weight  up  it  in  the 
time  possible ;  and  in  Exam.?,  page -13,  we  deter- 
mined the  same  when  both  the  bodies  moved  u| 
inclined  planes.  We  are  now  to  ascertain  the  re- 
lation between  the  two  bodies,  so  that  the  descendin 
body  shall  produce  the  greatest  possible  momeniui 
in  a  given  time  in  the  ascending  one,  whether  the 
bodies  move  in  a  vertical  direction  or  upon  inclined 
planes. 

1.  By  Art.  2,  page  31,  when  a  given  body  (P.) 
draws  up  another  body  (z)  by  means  of  a  string  which 
goes  over  a  fixed  pulley,  then  the  force  which 
celerates  (P)  in  its  descent  (and  consequently  the 
force  which  accelerates  (x)  in  its  ascent)  is  equal  to 
P  —  x 
p {&)%  the  velocity  of  (x)  generated  in  a  given 

time  will  therefore  be  measured  by  ~x ;  hence 

J  P  +  x 
the  momentum  of  (x)  (which  varies  as  Q  x  F)  will 

P  —  X  X  X 

be  measured  by  — „  '         .     When  this  momentum 
J     P  +  x 
Px  —  x" 
is  greatest,  we  have— „ ~  =  &maximum,  from  which 

Pi 
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Px-2xxxP  +  x-x.Px-xi  =  0;  .\x*  +  2Px-I» 


=  0,  or  x=iP.\pi^-  1;    i.  e.  P  :  x  ::  1  :  ^/T— 1 

j    ::  12  :  5  very  nearly00. 

2.  By  Art.  3,  page  3p,  if  a  given  weight  (P), 

-  descending  down  an  inclined  plane  whose  length 

is  (L)  and  height  (//),  draws  another  weight  (x) 

up 


(a)  In  this  manner  we  ascertain  the  magnitude  of  the  load  in 
which  a  given  weight,  acting  by  means  of  a  rope  going  over 
a  fixt  pulley,  would  generate  the  greatest  possible  momentum 
in  a  given  time.  But  if  it  be  required  to  find  the  greatest 
load  which  can  be  raised  by  a  given  weight  through  a  given  space 
(S)  in  a  given  time,  then  the  portion  to  be  raised  at  each  time 
must  be  calculated  in  a  different  manner.  Thus,  let  T— the  whole 
time,  and  / =the  time  of  one  ascent,  j=the  portion  to  be  raised  at 

T 

each  ascent,  and  w=the  number  of  ascents ;  then  T=nt,  and  12=—. 


""  -Vlr  ••■»rV^(h''^) 


/  m 

Vi 


now  the  whole  load  is  equal  to  nx; 


hence 


VlV 


P+x 


Xi  =  a  maximum ; 


Px*—x> 
P+x 


z  maximum,  or  2Pxx— Zx'x.P+x—x.Px*— x*=0;  from  which 
**+/>*-P9=0,    and  ya^'Y     !  ,   or   P:jr::2:VT— 1 

::  8  :  5  very  nearly.  The  greatest  quantity  of  materials  will 
therefore  be  raised  by  a  given  weight  thus  acting  for  a  given  time 
over  a  fixed  pulley,  '/  when  the  quantity  raised  at  each  ascent 
"  is  equal  to  about  ±ths  of  thai  given  weight" 


O?  "^r  UXnfTM  EFFECTS 

"met  iked?  of  the  wme   height  whose 
the  force  which   accelerates  (x) 


_~l  ,  *bich  (in  a  given  system  of  planes) 

PL-Lx    , 
a*  — p^ ;  nenoe  the   momentum  of  (x) 

PL'x-Lrf        .  v  . .  •  .  ' 

xanesas  — ^— — ;  and  it  this  be  a  maximum,  tba 


PLi-  iLxxxP  +  x-s.rL'x-Lx*=0;  fan 
which  ^+2Px-^-  -tf,  M*i  x=  p.sjklft^ 

otP 


4* 


3.  If  Z/=Zr,  then  P  :  x  ::  i  z  y/^^i;  hence 

if  the  planes  be  similarly  inclined  to  the  haim, 

"then 


*  !>.>,  :.Vn,  is  the  relation  between  P  3ndT>  when  Pgw* 
mr/>  J.V  %r**s/  />Otti*/<?  nonen/aiR  in  {2  )  Ju  a  gif^n  fime  ]f  k 
w^  w.  ^  to  rind  what  would  be  the  shiest  quantity  d 
mms***  au  could  be  raised  in  a  given  time  br  a  given  weigh 
aeni*  ***  i  e\ed  pulley,  placed  at  the  top  of  t*o  inclined  planes 
<*  tf*  -ww  Nfight  and  given  lengths  then  the  quantity  to  It 
.;  u  *■*  ascent  may  be  calculated   precisdj  in  the  same 


miftw  ■*»»*  N*ie  («),  page  95,   bv  substituting  "  PL'-Lx „ 

i*«^  *  '§  y>+7 "   ior   F'      To  simplify  the    operation,  let 

Pn—x.L  /P«-T  Pjit1-^ 
v      ^-r-f  P+x 

from 


7'stL  I2*u  *=— r; 


€1 
€€ 
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*c  then  the  relation  between  the  given  weight  (P) 
and  the  weight  to  be  raised,  so  as  to  produce  the 
greatest  possible  momentum  in  this  latter  weight 
in  a  given  time,  is  the  same  as  wheri  ^o.. bodies 
€€  act  upon  each  other  in  a  vertical  directipft  j" },  See 
page  95.     If  P  descends  vertically >    then*  L=H, 

.-.   P.x.:  1   :\/£j^'-i. 

LXL 

On  /Ae  Maximum  Effects  produced  by  a 
given  farce  acting  upon  a  givkn  weight  by 
means  of  a  wheel  and  axle,  or  a  combi- 
nation of  wheels  and  axles. 

1.  Let  the  given  weight  P  draw  up  another 
given  weight  (W)  Over  a  wheel  and  axle ;  in  which 
the  radius  of  the  wheel :  the  radius  of  the  axle  : :  x :  1 ; 
let  the  weight  of  the  wheel  and  axle  =  w,  and  the 
distance  of  their  center  of  gyration  from  the  axis  of 
rotation  =  rf ;  then,  by  Art.  1,  page  82,  the  force 
which  accelerates  the  ascent  of  W =  (for  r = xy  p  =  1 ) 

Px 


from  which  x*H .s—  P»8=0,  and*= 2 -; 

2  4 

that  "  a  given  weight  (descending  down  a  plane  whose  length 
t€  is  (L)  and  height  (H))  may  therefore  draw  the  greatest 
"  quantity  of  materials  up  another  inclined  plane  of  the  same 
€€  height  whose  length  is  (n  L)  in  a  given  time,  the  weight  raised 
€€  at  each  ascent  must  bear  to  the  given  weight  the  ratio  of 
"  \/Q+10n+n*—  3+n  :  4."  If  «=  1  (or  L'=L)  this  ratio  be- 
comes that  of  >v/5^.  1  ;  2. 
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-W 


— '"  (F).     Now,  since  S  =  mFT* 
,  .,  a 
g 
T*  =  — ^ ,  the  space  described  in  a  given  time  will 

greatest,  and  the  time  of  describing  a  given  */«j«wil 
be /east,  when  F  is  greatest,  i.e.  when  F=0;  hencetli 
weight  IVvi'ttt  be  drawn  up  by  the  weight  P  through 
the  greatest  space  in  a  given  time,  or  through  a  gii« 
space  in  the  least  time,  when  the  value  of  x  is  sucbtl 


F=0("',  or  when  i 


w+jiv*  +  pw+Pudtr* 


(*)  If  the  inertia  of  P=sO,  i.e.  if  the  wheel  be  put  in  mow 
by  the  action  of  a  power  P,  then  F=     r~        t  wh 

as  x  increases  ;  in  this  case,  therefore,  the  effect  of  P  admits  of  i 

minimum,   but  keeps  continually  increasing  a*  the  distance  t™ 


Pi~W 


(")  Sin, 

?^Pi.Px'+IV+wd*—  2Pxi.  Pl-tV.  =0, 
\Pi?-l.Wx—  lfr u-d,=0;  which  equation,  solved,  gives 

-    ly+  ^^  +  *"tfr+  P,v  ^ 

~  P 

Inapplying  this  toEsara.  1,  page  8?,  we  Live  P=iOQ,  I 


900,  te=80,  d=3feet;  . 


_  500 +y^J  72QOO 


=  11.0Oj  * 


the  radius  of  the   wheel,   by  which   a  weight   of   IQOtf* 
raise  a  weight  of  SOOlls  (under  all  the  ci  ream  stances  too 
in  this  example)  through  a  given  space  in  the  least   time 
is  about  1 1  feet. 

But  this  mode  of  estimating  the  maximum  effect  produced 
a  wheel  and  aile  (in  which,  neither  ibe  materials  of  which  H 
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2.    If    the    weight    of  the    wheel  axle  be.  not 
taken  into  the  consideration,  then  w  =  0,    .'.  x  = 


twnposed,  nor  the  s/iapf  and  relative  magnitude  of  its  different  parts, 
we  taken  into  the  account)  is  extremely  vague  and  indefinite, 
and,  without  certain  limitations,  will  often  lead  to  conclusions  in 
their  nature  total!/  impracticable.  A  wheel  and  axle,  in  which 
ike  diameter  of  the  wheel  is  22  feet,  used  for  the  ordinary  purpose 
of  raising  weights,  would  be  at  best  a  very  inconvenient  machine ; 
but,  besides  this,  the  strain  and  stress  upon  such  a  wheel  must  be 
so  great  as  to  make  it  continually  liable  to  fracture.  Before  this 
theory  therefore  can  be  applied  to  practice,  the  weight  and 
quality  of  the  materials  of  which  the  machine  is  composed  must 
be  brought  under  consideration,  and  the  different  parts  of  it  so 
arranged  and  adjusted  as  to  give  it  strength  and  stability. 

Suppose,  then,  it  was  required  "  to  construct,  out  of  a  mass  of 
"  iron  weighing  SOlbs,  a  wheel  and  axle  which,  both  as  to  the 
"  strength  and  power  of  the  machine,  shall  be  perfectly  adapted 
"  to  the  purpose  of  raising  a  weight  of  500 lbs,  by  means  of  another 
"weight  of  lOQlbs,  through  a  given  space,  in  the  least  time 
"  possible." 

ft  has  already  been  mentioned,  in  the  1 1  th  lecture,  that  a  bai 
of  iron  one  foot  long  and  an  inch  square  (weighing  at  nut  5  lbs) 
i-  |  ust  able  to  sustain  a  weight  of  2190/ii;  and  proceeding  upon  the 
principles  laid  down  in  that  Lecture,  it  will  be  found  that  a 
cylindrical  bar  one  foot  long  and  diameter  2  inches  will  sustain 
full  sic  times  that  weight.  We  may  therefore  reasonably  conclude, 
that  if  a  part  of  the  given  mass,  amounting  to  about  lilts  (which 
is  the  weight  of  the  cylindrical  tar  just  alluded  to),  be  appro- 
priated to  forming  the  aile,  this  axle  will  be  capable  of  sustaining 
a  weight  of  680lts,  without  the  slightest  tendency  to  bending  or 
fracture.  If  the  remaining  6s  lbs  be  made  into  a  cylindrical  wheel 
one  inch  thick,  the  radius  of  that  wheel  will  be  about  7  inches, 
and  the  distance  of  the  center  of  gyration  of  ir  and  the  axle  from 
the  axis  of  rotation  will  be4.4incAej;  suppose  the  center  of 

gyration 
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rs 


Px-JV 


Pxt+ff'  +  wd* 

greatest,  and  th« 
be/earf,when  / 
u  eight  /r*\vi" 
the  great*  <: 
space  in  the 


"'(/ 


F=o*. 


^*- 


*»     t 


%  »    »    » 


.\  then  r=-»- 

v'i ;  hery-:  ifr- 
;ual  to  the  weir* 
latter  w  ill  be  in- 
former, thro-:::  i 
possible,   when  U£ 
radius    of    the  c:> 


:e 


.  i  the  magnitude  of.. 
^ht  (P),  acting  upon: 

whec', 


-.\es  of  the  axis,  wh.!\i- 

•  »    •  •  #        ■ 
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*^eel  and  axle  (whereof  the  radius  of  the  wheel 

Radius  of  the  axle  ::  r  :  l),  should  generate  the 

>  ** latest  possible  momentum  in  a  given  time;  then 

^*  t  that  weights*?,  and  the  expression  for  the  dece- 
rn                                                              Pf*  _  j* 
z  c  rcttive  force  with  which  it  ascends  is  7^ ::  (F). 

*°    and  d  representing,  as  before,  the  weight  and 

distance  of  the  center  of  gyration  of  the  given  wheel 

*iid  axle.     Now  fr=2mFt9  /.the  velocity  generated 

*>i  a  given  time  varies  as  F,  and  consequently  the 

Momentum  generated  in  a  given  time  varies  as '.For, 

P  r  x  —  jp2 
Or  as  -jr— 5 rz>  which  is  a  maximum  when  ar= 

Pr*  +  x  +  wd* 

<^/P*r\r~+~l+wd2.Pr  +  2Pr*+wd*  -  Pr*  +  wd?S* 

4.  If  the  weight  of  the  wheel  and  axle  be  not 
taken  into  the  consideration,  then  w  =  0,  and  #= 

JPr*Jr.r+  I  —  Pr2ic);  and  if  the  radius  of  the  axle 

be 


(b)  For  F=x.Pr-2x.Pr*+x+wd*— x.Prx^-xm=0,from 
vrhichx*+2.Pr*+wd*.x—P*r'+Prwd%=iO,  which  equation 

solved  gives  r=  x/ P*r*  .7+1  +  wd*.^+2Pr*+wd*—Pr*+w<T. 

Take,  for  example,  an  iron  wheel  and  axle,  in  which  w^  10  lbs, 
r=3 inches,  d=  1.2 inches;  and  let  P  =  10  lbs;  then  *  = 
i/14031.36— 104 . 4  =  1 4  /£*  very  nearly  j  the  greatest  momentum 
therefore  which  could  be  generated  in  a  given  time  by  a  weight 
of  10  lbs,  acting  upon  this  wheel  and  axle,  would  be,  when  the 
weight  raised  was  about  14  pounds. 

(c)  The  value  of  x  here  found,  as  well  as  that  in  Art.  2,  will 
evidently  apply  to  the  case  of  a  straight  lever,  just  as  it  begins  to 

move% 


1      • 
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beayBsI  to  the  mEds  of  tkiiny  ihcB  nBltin 

when  the  ra£ms  if  the  mxte  iteqnal  to  daendfet/ 
the  wheel,  the  greatest  possible  mowentwm  ilk 
ync  rated  by  a  p^cn  weight  in  a  gium  tioMs,tjki 

the  veigftf  raised  ty  the  axle  is  about  ~tht  of  tfc 

«df  kt  which  acts  vpam  the  wheel;  which  Ht1  it 
ought  to  be,  as,  in  this  cue,  the  "^^hmr  hftmm 
analogous  to  tbcfxedfmUcy  (see  Art.  I,  page  94)* 

5.  b 


;  Le.  let  to*  arm  :  the  offer  ::  r  :  l-  tbco  if  m  iiusju  (J) 
be  jppfodatthe  extremity  of  the  arm  whoae  length  as  (r),  oat 
a  weight  (*)  be  attached  to  the  extremity  of  the  other  am,  lb 
greatest  fmaakls  ■■■«!■■  will  be  generated  in  this  weight  fa 


ipto  motns  initio)  when  x=Pr. 

Pr  — x 
(•)  By  substituting  ^  (which  is  the  value  of  F,  when 

wd*=>0)  for  Fin  the  value  of  ax,  Note  (a),  page  £5,  we  narabo 

determine  the  quantity  of  materials  to  be  raised  at  each  ascent  by 

the  wheel  and  axle,  when  the  whole  quantity  to  be  raised  by  the 

given  weight  (P)  in  a  given  time  is  a  maximum.     In  this  case 

//>r x 

Kj  p  %    —x  x=a  maximum ;  which  quantity  is  very  similar  to 

/Ph— x 
the  quantity  %/  -^        xi  in  Note  (a),    page  96,  and  by  a 

similar  process  x  U  found  to  be  equal  to  P-  ^9**+  1Qr3+ t^-S^^J. 

hence,  rA*  twigA*  rail*/  af  cacA  axctnr  :  P  : :  t/gft-flOfH** 
— 3r*+r:4. 
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3.  In  order  to  estimate  the  maximum  effect  of  a 
combination  of  (n)  wheels  and  axles,  in  which  the  radius 
of  each  wheel  :  the  radius  of  each  axle  : :  x  :  1  lW, 
and  which  is  put  in  motion  by  a  given /wwer  {P),  we 
must  have  recourse  to  Note  {c),  page  87,  where-  the 
force  which  accelerates  the  ascent  of  fVwiW  (in  this  case) 

be  represented  by  y+l„rf.+tt,j/r"  +  jcc..„M,d.J.^  {F); 
the  nature  of  this  expression  will  be  best  understood, 
by  substituting  for  («)  the  numbers  1 ,  2,  3,  4,  &c. 
in  succession. 


If  n=l,  then  F=^" 


fV+wd** 

with  the  value  ascribed  to  F  in  Note  (a),  page  98; 
and,  as  was  there  observed,  itadmitsol"no7/i<i.i7mum, 
eince  the  effect  of  P  keeps  continually  increasing  as 
the  distance  at  which  it  acts  from  the  axis  increases. 


7.  If  n  =  2,    then  F=  „.  r*  ,,    ,.    This 

fpr+u,d1  +  wd*x* 

also  is  an  expression  which  admits  of  no  maximum, 

as  it  keeps  continually  increasing  as  x  increases,  but 

never  exceeds  a  certain  limit ;  for  let  x  be  infinite, 

then 

(b)  In  this  and  ihe  remaining  Bfticfetto  ihe  end  of  tin*  section 
we  include,  under  tbe  denomination  of  the  wiled  and  aile.  not 
only  "  the  whirl  D  and  axle  E,"  hut  "  the  largt  wheel  B  and 
"  small  wheel  C,"  "  the  handUPQand small  wind  A ;"  Scc.&c. 
(See  Figure  in  page  86.) 
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?V         P 

t^M  ?* — ~i — i  =  *~r~7S-     Hence,  if  a  machine  con- 
t;^  t-x4x*     too*  ^ 

,^45-  «  aw  wheels  and  axles  of  this  kind,  ti*  «*• 

.enut*  * yrce  pf  Wkeeps continually  increases  as  P 

t*.  jpulied  at  a  greater  distmnce  for  the  axis,  bur  tbe 

Limit  to  which  it  approaches  (and  which  it  can  irrer 

exited)  is  Maf  part  of  the  firce  of  gravity  which  is 

expressed  by  the  quantiiy  — p  * 

8.  If  n  he  e?i/a/  /o  or  greater  than  3,  then  tbe 
index  of  x  in  the  denominator  of  the  fraction  (F)  is 
greater  than  the  index  of  x  in  the  numerator,  and 
the  fraction  itself  admits  of  a  maximum;  hence, 
it'  the  machine  consists  of  three  or  more  wheels, 
it  *  ill  arrive  at  its  maximum  effect  when  the  common 
•  rtJuis  of  the  *  heels  is  of  some  determined  ftwg- 

.;..A\   \\h:oli    nr.iy   be    found   by   making  F=0. 
i>u:  to  MtuI  the  value  of  .r  in  this  case,  will  require 

iio  >o!unon  of   an    equation  of    at    least    2n-l 

dimensions  ". 

jjjf 

..    '*a  i.io  machine,  tor  instance,  consist  of  two  such  wheels 
.„ .  -s*  *  trc  doci ibe  J  at  the  end  of  Note  (l),  p.  100;  iheD /*= 

,     ■_->  n        P        100       5 

^      _oo,  i-j,  .-.  /'  =  -^=^J5=^jJi  and  the  utmost  force 

....  ..  .a  oc  exerted  by  (T)  applied  to  such  a  machine,  would 

w    .uiK-eut  to  draw  up  (/F)  through  a  space  of  20  feet  in 

*  '  V  '   ,-,--:»   or  2 .  ()  seconds. 

*v    » .i\  ^f  e\  m>ph\  suppose  the  machine  to  consist  of  three 
....     ...  aiui   'i  =500 //•*-.  P=35!bs,  ft*  =10,  </=2  inches; 

then 
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Q.  If  the  radii  of  these  (n)  wheels  and  axles  be 
not  to  each  other  in  the  same  ratio,  but  if  (beginning 
with  that  part  of  the  machine  to  which  Wis  ap- 
pended) they  are  severally  expressed  by  the  ratios 
■of  x  :  1,  y  :  1,  z  :  1,  1/  :  1,  &c;  and  if  the  corre- 
sponding values  of  their  weights  and  distances  of  their 
centers  of  gyration  from  the  axes  be  represented  by 
w,  w\  w\  w"\  &c. ;  d,  d'9  d">  df"9  &c. ;  then,  by  re- 
ferring to  the  process  of  Art.  3,.  page  86,  and  its 
acompanying  Note,  it  might  easily  be  shewn,  that 
the  force  which  accelerates  the  ascent  of  W  (F)  ae 

Pxyzv  &c.  —  W 
JV+  wd*  +  w'd'*  a?  +  w"d"*  x*y*  +  w'"<r*o?y%  z*  +  &c. 9 
the  law  of  which  expression'  is  manifest ;  and  if  the 
circumstances  under  which  the  machine  is  con- 
structed be  such  as  to  afford  n— 1  equations 
(involving  some  or  all  of  the  quantities  x,  y,  z,  &c.) 
besides  that  of  F=  O,  then  the  values  of  x,  y,  z,  v,  &c. 
may  be  determined00.    ' 

■       _ Px*-IV 7g*-100  Afh 

equation  arising  from  making  JF==0  is,  x*— xz— 5J.  1 1«- 40. 5x 
—28.5=0,  in  which  the  value  of  x  is  found,  by  one  approxi- 
mation, to  be  4.66 inches. 

(b)  Suppose,  for  instance,  that  the  machine  consists  of  two 

wheels,   and   that  it  be  required  to  find  its  maximum   effect, 

under  the  condition  that  the  sum  of  the  radii  of  these  wheels 

shall  be  equal  to  the  given  quantity  (a).    In  this  case  /= 

Pxy—W  ,  r.    ^  '    '      . 

ir+u>d*+u/d!*x* ' and  F=s0'  x+y=a>  m  two  equ**10118  br 

which  the  values  of  x  and  y  may  be  determined.    Or,  if  there 

be  three  wheels,  and  another  condition  be  added,  such  as,  for 

vol.  11.  P  instance, 


. 
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umiax,    "  thai   the  radio*  of  the   tfcvd   wheel    *fcaB  one! 
twice  the  radio*  of  thejfMt  wheel  by  the  given,  quantity  vi  >  ;"* 


>r=T, 


/••!-.-  W 


*=2x  +  t,  arc  tArr*  equation*  for  finding  the  vatoe  of  r,y.«. 
la  like  manner  night  this  Theorem  be  applied  to  aadflg  the 
dimnuiuni  of  a  machine  ccotisring  of  may  Matter  («)  of  anee* 
and  axle*-,  provided  thai,  in  every  case,  the  relative  value*  of 
ir,  a/,  uV  Sec  )  J,  <f ,  d"  ice.  i  be  jo  adjusted  as  to  accord  w.ib  the 
equation*  which  may  be  formed  for  the  purpose  of  eiprrs*  a; 
pertain  relations  between  the  radii  (r,y,=,  &c.)  *f  tkt wieds. 
To  c&ct  Uiib  for  eacA  component  pari  of  the  machine,  we  moat 
bare  recourse  to  the  principle*  laid  down  in  Note  {t),  page  ta> 
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Lecture  XVII. 


ON 

THE  METHOD  OF  FINDING  THE  CENTERS  OF 
OSCILLATION,  AND  PERCUSSION,  OF  A  BODY 
OR  SYSTEM  OF  BODIES. 


.Although  the  centers  of  oscillation  and  percussion 
of  a  body,  or  system  of  bodies,  are  found  to  exist  in 
the  same  point  of  the  body  or  system  ;  yet,  as  their 
properties  are  not  the  same,  they  will  each  require 
a  distinct  process  of  investigation.  We  shall  begin 
with  the  center  of  oscillation. 

LXIL 

On  the  method  of  investigating  the  general 
expression  for  the  distance  of  the  Center 
of  Oscillation,  of  a  body  or  system  of 
bodies,  from  the  axis  of  suspension. 

1.  From  what  has  been  observed  in  Art.  8,  p.  101, 
Part  I,  it  appears,  that  if  a  body  or  system  of  bodies 

(rep 
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(represented  by  the  figure  A  BCD) 
of  gravity  is  G,  and  which  is  supported  by  an  fari- 
xonlal  axis  of  suspension  pass- 
ing  through  S>  be  brought 
into  the  position  SGN,  it 
will  always  have  a  tenden- 
cy to  descend  till  the  line 
SGN  coincides  with  the 
vertical  line  SOW.  From 
the  same  article  it  also  ap- 
pears, that  if  GR  be  drawn 
parallel  to  SOW,  and  RN 
per|>rndimlar  toSN,  then 
the  Jmrte  which  produces 
thb  tendency  in  way  given 
fmUsm  SG N  will  bear  to 
^^^^^i^^^systemiherutMofRNiGR; 
T«  thb/&rttr=*>  the  reigkl  of  the  tody  or  system=v, 
jxsI  the  -ct^V  :r&*$iam  OSG  or  RGN=z*.  then  * :  tr 
: :  Jv-Y  ;  OR  : :  sin.  *  :  rad.  (1),  .".  ?  =  it  x  sin.  «. 

3.  hi  Ct<n  body  or  system,  +3csin.  «»  and  con- 
sequently iec^cst-*  whilst  the  line  SG  moves  from 
its  ^\i^ae  position  5GJ\"  to  the  vertical  position 
SOW.  Bu:  since  this  force  acts  continually,  the 
telfjcity  generated  in  the  body  or  system  will  con- 
tinually wcmue  till  SG  arrives  at  the  position  SOfF, 
wh^a  it  will  be  greatest;  and  if  there  were  nojrictio* 
*£*>.*  tie  arts  of  suspension,  nor  resistance  from  the 
*ir%  it  is  evident  that  the  velocity  thus  acquired 
wvuM  he  just  sufficient  to  make  the  point  G  de- 
scribe an  arc  equd   to  GO  on  the  other  side  of 

SOW, 
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0 

SOW,  with  a  motion  continually  retarded.  When 
the  center  of  gravity  has  arrived  at  the  upper  ex- 
tremity of  this  latter  arc,  it  will  begin  to  descend 
again ;  and  so  the  body  or  system  would  go  on 
vibrating  ad  infinitum,  its  center  of  gravity  de- 
scribing, during  each  vibration,  an  arc  equal  to  2  GO 
round  S  as  a  center. 

3.  Suppose  now  any  number  of  small  particles  of 
matter,  p,  p\  p"9  p"\  &c.  (connected  with  each  other 

and  with  their  common  center  of  gravity  (G)  by 
inflexible  rods  void  of  gravity),  to  be  suspended 


from  an  horizontal  axis  passing  through  the  point 
S  by  an  inflexible  rod  (SG)  void  of  gravity ;  and 
let  them  vibrate  in  such  a  manner  that  SG  may  be 
always  in  the  same  vertical  plane.  Produce  SG  toN; 
and  describe  the  circular  srcGg  meeting  the  vertical 
line  SW (drawn  in  the  plane  passing  through  SN) 


in 


no 
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in  g.  From  p,p',p",txc.  draw  the  lines  Sp,  Sp',  Sf> 
_&c.  in  planes  respectively  parallel  to  the  plan 
passing  through  SG,  and  meeting  the  axis  of  sin 
pension  (in  different  points)  S.  Let  /»+p'  +p"  +  fo 
=  w,  and  Z_/*W=«;  then,  (by  Art.  1,)  when  th 
system  is  in  the  position  SGN,  the  moving  fine 
acting  upon  the  point  G  =  tvx  sin.  *;  and  supposi 
the  inertia  of  the  particles  p,p',p",  &c.  to  be  e*ti 
mated  as  if  they  were  all  collected 'in  G,  thi 
(Note    a,    page    51 )     the     mass     moved     will     I 

pxsp'+fxsg+p'xsr'kc..   hence    ^   aaelera. 

tiue  force  (F)    with  which  the    point    G   begins  to 

"brate-i,p>V+p-x^+^V-48.c.;  ar 
by  Note  a,  page  68,    its  angular    velocity   will  1 

measured  by  (7/- — 5^"— -,— c^TT" — c7^, — £ 
■*   *  r    px  Sp"+p  x  -Sp'+p    x  Sp  '  +  & 

A.  Conceive  now  all  the  matter  of  the  system  (1 
to  be  concentrated  in  any  point  0  of  the  Km  Sit 
draw  OM  parallel  to  S  ff,  and  ML  at  right  angl< 
to  SN;  then,  for  the  same  reason  as  in  Art.  I,  tlw 
moving  force  upon  the  point  O  :  w  ::  ML  :  I/1 
;:  sin.  £-MOL  or  fVSN  (sin.  »)  :  rad.  (1),  .-.  th 
moving  force  upon  the  point  0  in  this  case  is  equi 
to  if  x  tin.  a  ;  and  as  the  mass  moved  is  w,   (he  arce* 


terativ»  force  = 


=  sin.  a  ;  consequenlly  t 


mgwter  velocity  of  the  point  0=  f  —  j-^"^-. 
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Ill 


0.  Let 


10  x  sin. « 


xSG 


sin. « 


p  x  Sp'+p'  x  Sp"+p"  *  Sp"-= W' then 

«/x  AG 

0  is  such  a  point,  that,  if  all  the  matter  of 
system  were  collected  in  it,  the  system  would 
in  to  vibrate  with  the  same  angular  velocity 
if  it  were  spread  through  the  system.  But, 
the  relation  of  the  angular  velocities  of  the 
nts  G  and  0,  under  the  foregoing  circumstances, 
II  be  the  same,  whatever  be  the  position  of  the  line 
N,  it  is  evident  that  these  points  will  not  only 
,  but  also  continue,  to  move  in  such  a  manner 
to  perform  their  semi-vibrations  through  the 
igle  oS09  and  their  entire  vibrations  through  the 
gle  QSO  (  =  2o50),  with  the  same  angular  velo- 
and  consequently  in  the  same  time.  This 
int .  0  is  called  the  center  of  oscillation  of  the 
stem  of  particles  />,/>',/>'  &c;  and  may  be  de- 
ed to  be  "  that  point,  into  which  if  all  the  matter 
of  the  system  were  collected,  and  acted  upon  by 
the  same  force  which  impels  the  center  of  gravity 
.of  the  system,  the  matter  thus  concentrated 
would  perform  its  vibrations  in  the  same  time  as 
if  each  particle  retained  its  original  position  in  the 
system. n 


6.  Suppose  the  situation  of  the  particles  p,'p',p"kc. 
[to  be  referred  to  the  vertical  plane  passing  through 

SG, 
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SG,and  let  fall  the  peipendicularspn,pV,pV,&c. 
upon  theline'SG/ir;  then, 
by  Euc.II,  12  and  13,  we 
have, 


p  xSp  *=p  .SG*+p(?  -25CX  Cn  jf 


£  x  Sp'  ,=p/  .SG*+p'  G*+2SG  x  Gn 

p"  X  Sp"*=p".S<?+p'G*-asGX  G*' 
&c     =  &c. 


Thmftre  p  x  Sp9+pxSp'%+p"  x  ^>"*  &c.= 
fTjTT/T  l«->.5G*+/>x/>G*+p'xp'G*+/>"x^"Gtarc.>s 

yx5G'-pxj>G'+p'xp'G«+/Txp»G«*c._ 

uxSG  "" 

.  .    pxpGt±p'xp'G*+p"xp"G*kc. 

irxSG 
7.  From    hence    it    appears,   that    SG  x  G0= 
i ; =  a  constant  quantity 

x,:M;  .'.  GO   varies    inversely  as  SG;  i.e.  "  in  3 
%*  given  system  of  particles,  p,p\p",  &c.  the  distance 

"of 


^   For   by  the  property  ot  the  center  of  gravity  (supposing 

A  pUae  to  pass  through  G  at   right  angles  to  SG  W)  p'x  Gn=p 

vVt^p  x(^  .        p  \'2^GxGT=px2SGxGn-hp"x25G 

v  k->i  .  or  -p  x  J>G  x  G't  -r/>  x  2SG  x  G«  -p  x  2SG  x  G*  =0. 
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u  of  the  center  of  oscillation  from  the  center  of  grar 
"  vity  varies  inversely  as  the  distance  of  the  point 
"  of  suspension  from  the  same ;"  if,  therefore,  the 
point  of  suspension  (S)  be  removed  to  a  considerable 
distance  from  the  center  of  gravity  (G),  the  interval 
GO  will  become  very  small;  and  if  it  be  removed 
to  an  infinite  distance,  then  the  centers  of  oscillation 
and  gravity  will  actually  coincide* 

"a* 


8.  Since  SGxGO  =  a\  we  have  SG^rn9 

a,      ^     a*  +  GO*      ^U 


•  • 


SO=SG+GO=~q+GO=      qq     »    Suppose 

now  the  center  of  oscillation  to  be  made  the  point 
of  suspension,  and  that  d=  the  distance  of  the  center 
of  oscillation  from  the  center  of  gravity,  then,  by 

Art.6jrf=__,   .:OG  +  d=OG+Ug 33- 

=  SO ;  when  the  point  of  suspension  therefore  is 
in  0,  the  center  of  oscillation  will  be  in  S.  Hence, 
if  the  plane  of  vibration  ^  remains  the  same,  the 
-system  />,/>',  p",  &c.  will  perform  its  vibrations  in 
the  same  time  and  manner,  when  its  position  (as 
referred  to  that  plane)  is  inverted,  and  the  center  of 
oscillation  is  become  the  point  of  suspension. 

0 

Q.  Moreover,  since  SG  x  GO = a  constant  quantity, 

if 


(b)  By  the  plane  of  vibration  is  meant  "  the  plane  passing 
"  through  the  line  which  joins  the  point  of  suspension  and  the 
"  center  of  gravity,  being  that  in  which  the  center  of  gravity 
€<  always  vibrates." 

VOL.  IIf  tt 
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'-•it.   -.  ♦  \ 


if  SG  be  given,  tnep  uu  [*nt 

mast  be  given  aboi  i.e.  "  so  long  si*  the  djsUnoe 

*  between  the paint  of  suspension  and  leiiier  of  grouty 
"  of  a  given  system  of  particles  p9p'ip"*Bcc.  remains 

*  the  seme,  the  distance  of  the  center  ofosczUatm 
"from  the  point  ofsuspension  will  remain  the  same;" 
the  ftvrthber  of  ways  therefore  in  which  a  gma 
body  or  system  of  bodies  may  be  suspended,  so.dHt 
its  center  of  oscillation  shall  always  be  at  the  suae 
distance  from  the  point  of  suspension,  is  uniiwUted; 
for  if  lines  be  made  to  branch  out  from  the  center  of 
gravity  like  the  radii  of  a  sphere,  and  the  body  or 
system  be  suspended  from  a  point  (at  a  given  di- 
stance from  the  center  of  gravity)  in  the  direction 
of  any  one  of  these  lines,  the  center  of  oscil- 
lation will  in  each  case  be  at  the  same  "distance 
from  the  point  of  suspension. 

1(X  If  the  number  of  the  particles  p,p'9p"9  8cc.be  in- 
creased  adinfinitum,  so  that  thesystem  becomesaxo/ii 
body y  then  its  center  of  oscillation  may  be  ascertained, 

by  finding  the  value  rfP*^?*^'****** 
J  &  wxSG 

from  the  nature  and  properties  of  the  given  body. 
Let  the  body  be  a  solid  formed  by  the  revolution  of 
an  algebraic  curve  about  its  axis ;  let  the  point  of 
suspension  be  in  the  vertex,  and  let  the  plane  of 
vibration  pass  through  the  axis,  of  the  solid ;  then, 
if  x  ='  the  abscissa,  y  =  the  corresponding  ordinate, 
*=3.141,  &c.  $  =  the  content  of  the  solid,  £=the 
distance  of  its  center  of  gravity  from  the  vertex. 
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■£z£££±*Z£&(izj£0)  will  be  the  distance  of  the 

sg 
center  of  oscillation  from  the  vertex  of  the  solid"11. 

11.  If  the  point  of  suspen- 
sion be  not '  in  the  vertex  {A) 
of  the  solid,  but  in  the  axig pro- 
duced (S)-,  suppose  ABC  to  re- 
present a  section  of  the  solid 
cut  through  its  axis  AW;  let  G 
be  its  center  of  gravity,  O  the 
center  of  oscillation  when  the 
body  is  suspended  from  A,  o  the 
center  of  oscillation  when  it  is 
suspended  from  S;  then,  by  Art. 
;th,  AGxGO=SG  xGo;   .-. 

Go  m  d2*g2    and So=*$G+  Go 
■So- 


(')  Let  BAC  represent  the  solid  as  suspended  from  its  vertex 
A  i  aod  let  ENQF  be  a  circular  section  of  it  perpendicular  to 
the  axis  AM;  suppose  EF  to  be  that  diameter  of  the  circle 
ENQF,  which  is  parallel  to  the  axis  of  suspension,  and  draw  NQ 
parallel,  MP  perpendicular 
to  it;  join  AP,  MQ.  For 
the  purpose  of  estimating 
the  value  of  pxSp*+p'x 
$p''  +  P"  X  Sp"*,  &c.  (M) 
for  the  circular  plane 
ENQF,  let  AM=a,  J/O 
=.r,MP=v;  then  AP*=a* 
+ 


v*,ATQs«34/ri=7«,  a 

the     fluxion     of    the     ai 
ENPQF  \Jl)=2i*/r*- 
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=  the  distance  of  the  center  of  osdUqtiQti  from  fo 
point  of  suspension  S. 

12.  Suppose  now  s,  s\  s">  &c.  "  to  be  any  number 
of  algebraic  solids,  whose  centers  of  graiitj 
(g*  g'yg'>  &£*)  are  connected ^with  ea£h  other,  aM 
with  the  point  of 
suspension  (S), 
"by  inflexible  rods 
void  of  gravity ; 
let  the  lines  Sg9 
S£,  Sg",  8cc.be 
in  the  direction 
of  the  respec- 
tive axes  of 
these  solids,  and 
let  the  Figure 

Sgg'g"***™*1 
as  the  line  SGW  (passing  through  their  common 

center 


a*^+£rV;-£y.ra3iQ**=  (when  t;s=r)  oft -fc-j. r,x  the  send- 
circle  ER QF—  (for  the  whole  circle)  *^«+4rtX1^^*=*■alr, 
+\7rr*.  Suppote  now  that  AM—  r,  EM  or  MQ—y,  then  the 
quantity  (A/)  for  die  circular  section  ENQF  would  be  equal  to 
irr?  y*+-**y* ;  and  consequent^  for  the  solid  it  would  be  equal 
^fry't^x-tlry**,  when  .r  is  made  equal  to  the  height  of 
the  solid. 


*  AMutntv.r" -«/*!*  =  P,  then  v.ra-  i»«)"*"— 3?*?  VV*— tr*-*"* 

i/r^—/^-^v*vv'r^-w«=^r«i--4V,iVri--i;a=P;  hence9»*?V7C* 
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•center  of  gravity  G),  lie  in  the  plane  of  vi- 
bration. Let  Sg,  Sg'>  Sg\  &c.  =  g, g'9 g\ &c. ; /and 
having  found  the  centers  of  oscillation  o>o\o'\  &c. 
by  the  rule  laid  down  in  the  preceding  article,  let 
So>  So\  So",&cc.  =  d,d',d",  &c. ;  then,  supposing  any 
one  of  these  solids  (s  for  instance)  to  be  composed 
of  particles  p9p'>  p'\  &c.  whose  distances  from  S  are 
Sp,  Sp',  Sp",  &c.   So  (by  Art.  5)  will  be  equal  to 

sg 
+p'xSp'*+p   xSp"*&tc.  =  sdg.      For   the   same 

reason,  "  the  sum  of  the  products  arising  from  mul-  v 
cc  tiplying  each  particle  of  the  solids  /,  /',  &c.  into 
t€  the  square  of  its  distance  from  Sy"  will  be  /rf'g/, 
$"d-"g'\  &c. ;  the  sum  of  these  products  therefore, 
calculated  for  all  the  solids,  will  be  sdg  +  s'd'gf  + 
$"<l"g  +  &c.  Hence,  if  0  be  the  center  of  oscillation 
of  this  system  of  bodies,  then   will  SO   (by  Art  5) 

s  +  s  +  s  -f-  &c.  SG 
EXAM.  I. 

To  find  the  center  of  oscillation  (0)ofa  right  line 
or  small  cylinder  {Aa)y_suspendedfrom  any  point  (S) 
above  its  center  of  gravity  (G). 

Let 


(a)  If  the  bodies  be  small,  and  at  a  considerable  distance 
from  5,  then  (by  Art.  7)  g,  g\  g",  &c.  are  very  nearly  equal  to 
d,  d',  d\  &c.  In  this  case,  therefore,  S  0  may  be  assumed  equal  to 

^?±f!g!!±j3C!±g£:  without  any  material  error. 

s+s'fs"+kc.SG 
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1  'OttJtLbUfelOBT< 


Let  Sp**K,  */*y,  then  the  MtfeaApmlick,] 
multiplied  into  <*e  jouort  of  its  ili*tk*cet  reck- 
oned from  5  to  4*  '»/*****$****&* 
(when  x=  SA) ;  for  the  sane  reaaon,  this  stun 
reckoned fomS  to  a  will  beeattd*©  }&«?;  no*' 
by  the  property  of  the  center  «f  \jgrat  Uy"S 
\^a  x  SG  ^  Sax  \Sa  -  SA  x.  }S4m 

^.Aa'-^;     hence    8Q~    ^flx^ 
*  3.  Sa*-SjT' 


•Of    ~  i    i   • 


Cor.  l.  If  SA=*o,  i.e.  if  the  line  be 

■  • 

from  its  extremity 9  then  50=    >  j*%=-Aa  —  zA 

l/ie  /ewgfA  of  the  line;  and  if  Sa  =  nSA}  then  SO 


2..w$+  l 


S^f.    Let  n=2,  then  S0=2SA,  and 


the  center  of  oscillation  is  at  the  lower  extremity  of 
the  Hne,b . 

Cor.  2.    Since   Sa  =  n  SA,   A  a  =-.  Sa  +  SA  = 


n+l.SA;  /.the  distance  between  the  center  of 

.    oscillation 


(*)  C  *r.  to  Exam.  5,  page  108,  VoL  I. 

(b)  This  follows  indeed  from  Art.  8 ;  for  since,  when  the 
line  is  suspended  from  on*  extremity,  the,  center  of  oscillation  is 
at  a  distance  from  the  other  equal  to  \d  the  whole  length  of  the 
line  ;  if  the  center  of  oscillation  be  made  the  point  ofsuspensm, 
then  the  center  of  oscillation  of  the  line  thus  imurfa/  will  be  It  ' 
it*  lower  extremity,  and  SO  will  be  equal  to  ISA. 
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oscillation  and  point  of  suspension,  when  the  line  is 

•uspended  from   its   extremity  A    :    the   distance 

between  the  same  when  it  is  suspended  from  any 

^point    S    (so    placed    that    Sa  =  hSA)    ::    {\Aa) 

— ISA  :  -  SA  ; :  n+l.nf-l  :  ns+l. 

a  o  .71   —  1 


Cor.  3.  If  a  line  SA  of  uniform  thickness, 
T>ut  the  density  of  whose  particles  increases 
.as  their  distance  from  S  increases,  be  sus- 
pended from  its  extremity  (5),  then  50=? 

y-qr  =^p  =  (when  x=SA)  \8A. 


S 


-G 
•O 


EXAM.  II.  A 

To  find  the  center  of  oscillation  of  a  cone  (AB  C) 
suspended  from  its  vertex  (A) ;  its  axis  (A  fV)  lying 
-in  the  plane  of  vibration. 

Let 


(c)  For  let  Sp=r,  and  let  the  density  at  some  given  distance 
(l)  from  5=rf,  then  the  density  xit  the  distance  x  will  bedx ;  the 
weight  of  a  particle,  therefore,  at  the  distance  x  will  be  dxx,  and 
consequently  the  sum  of  each  particle  multiplied  into  the  square  of 
Us  distance  from  S,  calculated  for  the  pan  Sp,  will  befdxxylx* 

wf\dx%x.    Let  g  be  the  center  of  gravity  of  the  part  Sp,  then 

(by  Art.  if  page  129,  Vol.  I.)  Sg=<Q£££-,   .\  weight  o/  Sp 

x  Sp^i,hD»  SO=  (f^ftj)!^-^ 
*    J  \«*k<f*r*'*—/  fUs*x    f.x*x 
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Let  AP=x,  PM~yt  tlte  Might   of  the  ron*  | 
■  h,   the  radius  of  itt 
tase.  =  nkt  then  x  :  y 
.:  k  :  "/',    .*,y=nx: 
by    Art.  to,    A0  = 

/!  iTTt*  J- *  J  +  j- «•»•■'■  *-''_ 

2 - =  (for  the  uhole  cone  ;  forg  =  ;«. 

Cob.  1.  If  n=I,  (in  which  case  AfV-fVB), 
then  AO=h  =  ^  TV;  hence,  in  a  right-angled  cone, 
the  center  of  oscillation  is  in  the  center  of  its  bate. 
W  n  be  greater  than  l  (and  .".  TV B  greater  titan 
ATV),  AO  is  greater  than  AIV\  in  an  obtuse- 
angled  cone,  therefore,  the  center  of  oscillation  falls 
below  the  base.  If  n  be  less  than  )  (or  li'B  less 
than  Alt'),  then  AO  is  less  than  AJV;  hence,  in 
the  acute-angled  cone,  and  in  that  o«/y,  the  center 
of  oscillation  falls  above  the  base,  i.e.  within  the 
cone. 

Cor.  1.  Since,  in  a  right-angled  cone,  suspended 
from  the  vertex,  the  center  of  oscillation  falls  in  the 
center  of  the  base  ;  it  follows,  from  Art.  8,  that  if 
a  cone  of  this  kind  be  suspended  from  the  center  of  in 
bam,  the  center  of  oscillation  will  be  in  the  term- 


CENTER  OF  OSCULATION. 


121 


EXAM.  fll. 

To  find  the  center  of  oscillation  of  a  sphere  (ABF) 
suspended  from  a  point  {S)  at  any  distance  from  its 
surface. 

LetAP=x,PM=y,r~ 
radius  of  the  sphere;  and 
let  0  be  the  center  of1  os- 
cillation when  it  is  suspen- 
ded from  Ay  o  when  it  is 
suspended  from  S ;  then  A  0 

f\vx*x.2rx—x*+$Tx.2rx—x*Y 

*g 


*8 


(when  #  =  2r,  in  which  case 


7r 


*=ff*r9,  £  =  r)  -j;   .\  GO 


2r 


=  A0-AG=-£;    and    by  Art  11,  So=  SG  + 
AGxGO     Qr%      2rf     '        n       1r% 
~SG =SG+ISG>  and  Go=s^g' 


Cor.  l.  If  SG=2r,  i.e.  if  the  sphere  be  sus- 
pended from  a  point  at  the  distance  (r)  from  the 

2rf      l 
surface  of  the  sphere,   then   Go  =  — - -  =  -th  the 

r        '  lOr     5 

radius  of  the  sphere.     If  SG = 40  inches,  and  the 
radius  of  the  sphere = one  inch,    then  Go*  j^g8* 


vol.  u. 


Cor. 
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Cor.  1.  Let  g  be  the  center  of  gravity  of  the 

hemisphere  (AEF),  then   (by 

Exam.  3,    page  141,   Part.  I.) 

Ag  —  {r.     Now    the  value  of 

~rr*x'  +  iTrx4  —  In1        , 
■■ - = ,  when 

*  =  r,  g=\r,   and  s  =  -*r3,   is 

^g-;  hence,  if  the  hemisphere 

be  suspended    by    its    vertex,  v/0=  — ;    .".  GO 

(Gbeing  the  center  of  thesphere)=  — ;  consequeDllj 
the  center  of  oscillation  falls  at  the  distance  of  ^th 
radius  below  its  base. 

Cor.  3.  Since  Ag  =  -r,  and  AO  (O  being  the 
center  of  oscillation  of  the  hemisphere)  =  -^j- 
\\avegO  =  ^);  if  therefore  the  hemisphere  be  sus- 
pended from  any  point  (5),  and  o  be  the  center  of 

....       ..  AexgO       5x83r»        83r* 

oscillation,  then  go  =  -  b„  "■    = s-  = T"i 

and  So=Sg+~ %-  ;  take  SA  from  each  side  of 

the  equation,  then  Ao  =  Ag  +  —~^-\  let  Ao=r, 

put  ^  for  Ag,  and  SA+j^  for  5g,  then  r="jf+ 

■    '  .   is  an  equation  from  which  we  obtain 

320.  SA  +  bi  ^ 

SA—ji,  which  gives  the  distance  of  therein*  of 
suspension 
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suspension  (5)  from  the  vertex  of  the  hemisphere, 
when  the  center  of  oscillation  falls  in  the  center  of 
the  base. 

EXAM.  IV.  - 
Let   a   circular  plane   ABC  whose   radius    is  (r) 
vibrate  in  its  own  vertical  plane;  It  is  required  to 
find  the  distance  of  its  center  of  oscillation  (0)  from 
the  point  of  suspension  (S). 

Let  DFE  be  a  concentric  circle  ;  draw  any  dia- 
meter DE,  and  join  SD, 
SE.    Let   SG=d,  DG 
or  GE=z,  then   SD*  + 
SE*=2SG*  +  2GD*"  = 
,.rf,  +  ar';  thenumberof 
articles  in  the  circum- 
irence    of   the    circle 
3f£=2w;  hence  "  the 
urn  of  each  particle  in 
'  that    circumference, 
nultiplied    into    the 
quare  of  its  distance 

■om  S,"  is  irx.d'  +  x*,  and  (Aw  sum  calculated 

the  circular  plane   DFE   is  f\l*xx.dt  +  x*  = 

ltd* 


(»)  For    let    fall    the    perpendiculari   DN,EM,    ihcn,   by 
Eqc.  8.  2,  Prop.  12  and  13, 
>$&=SG'+GE*  (GD*)+2SGxGMt  .  „,     ,»_„«. -rn, 


■SZ*=S 


,';  hence  ^0=-|idej<flCxgG 
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twx'i  .'.(or  the  circular  plane  j^BC  it » 
-rf'r'  +  W 
wdrJ 


Cob.  Let  the  point  of 
the  circumference,  then  A 
If  O  be  made  the  center 
the  center  of  oscillation 
Hence  there  are  two 
which  if  it  be  suspe 
point  of  suspension  m.~  - 
the  name,  viz.  "  one  in  the 
"  at  the  middle  point  bi 
u  cumference." 


suspension  be  (at  A)  in 
■.r,  and^O=r  +  ^=^- 
■pension,  then,  by  Arts, 
ae  in  the  circumference, 
in  a  circular  plane,  from 
he  distance  between,  the 
iter  of  oscillation  will  be 
rcumference,  and  anodic 
een  the  center  and  cir- 


EXAM.  V. 

To  find  the  center  of  oscillation  of  the  solid,  formd 
by  uniting  together  two  eq>ial  segments  of  a  give" 
sphere;  the  plane  of  vibration  being  that  which  peum 
through  the  common  hose  of  the  two  segments. 

Let  APQR  represent  a  section  of  the  solid  pasting 
through  the  middle  of  it  at  right  angles  ^o  the 
plane  of  vibration ;  conceive  AQ  to  be  the  Rue  into 
which  the  common  base  of  the  segments  is  pro- 
jected, and  NJC  the  line  into  which  a  parallel  circle 
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is  prelected;  through  the  center  of  gravity  G  draw 
RP  at  right  angles  to  AQ;  and  RG, 
PG  will  tend  towards  the  center  of 
the  sphere  from  which  the  segments 
are  cut.  Let  PM=x,  PG=*o,  MN 
=y,  SG  =  d,  and  the  radius  of  the 
given  spkere  =  r;  then,  from  last  Ex- 
ample, "  the  sum  of  the  products 
"  arising  from  multiplying  each  par- 
"  tide,  contained  in  the  circle  repre-  * 
"  sented  by  NK,  into  the  square  of  its 
"  distance  from  the  axis  of  suspension 
"  passing  through  S  parallel  to  RP,*" 
will  be  equal  to  *d*y*+$iry*t  and  consequently 
this  sum  calculated  for  the  segment  .  NPQ  = 
f'wd*ytx  +  JTy*x;  the  content  of  this  segment  = 

/!      i  ■          cs\    J  'rdiy*x+  jtuas       ,    ,  , 

'*y*x,  ;.S0=J Aft.?      »  (whenar-fl) 


d  +  ± 


1*2 


'r+ifl*' 


dx.f,.*y't  x 


d.r 


T» 


Cor. 


{*)  We  have  here  calculated  SO  for  only  half  the  solid  ;  but 
since  the  numerator  add  denominator  of  the  fraction  must  each 
be  doubled  when  the  calculation  is  made  for  the  whole  solid,  it 
is  evident  that  the  value  of  SO  tbui  found  will  apply  to  both 
cases.     The  process  is  as  follows ;    "  Since  ja  =2rx  —  x*, 


i+in'i  -  /!« 


dxf'.ry 

"  (dividing  by  rx1) 


d.r~ix 
mingO  for*)  d+ j  ''j'^'l**"," 


dx.f\Kx.2rx—x% 
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Cor.    Hence  CO-  i»"T**'r*  **' ■    « '= 

d.T  —  it 

6  inches,  »=  J  an  inch,  d=AO  inches,  then  GO* 

^J03  .   If  a  solid  therefore,  of  this  form,  and  the* 

56000 

dimensions,  be  suspended  ui   such  a  manner  th** 

the  distance  between  the  point  of  suspension  ml 

center  of  gravity  be  AQinckes,  the  center  ofotaBatv* 

will    fall  about  £,th  of  an  inch  below  the  center  of 

gravity. 

LXIII. 
On  the  metftotl  of  finding  the  Center  of  Per- 
cussion of  a  body  or  system  of  bodies. 
1.  Let  SA  be  a  straight  line  or  small  cylinder 
moveable  about  an  axis  passing  through  S  at 
right  angles  to  the  plane  of  its  motion ;  and 
as  it  revolves  round  S,  suppose  it  to  be  oppo- 
sed by  an  obstacle  placed  at  the  distance  SP 
parallel     to    that    axis.     At    the    moment 
this  obstacle  is  impinged  upon  by  the  re- 
volving body,  the  point  P  may  be  considered 
as  the  center  of  motion  of  a  straight  lever 
whose  arms  are  PS,  PA.     In  estimating  the  efforts 
of  these  two  arms  as  opposed  to  each  other  round 
the  point  P,   it    is    evident  that    the    effect  of 
each  particle  p, p'  &c.   will    be  proportional  to  its 
velocity  and   its  distance  from.    P.     Now  the  velo- 
cities of  the  particles  p,  p'  are  proportional  to  their 
distances  Sp,  Sp'  from    the  center  of  rotation  (S)  ; 
hence  the  forces,  with  which  they  are  impelled  round 
P  at  the  instant  when  SA  strikes  the  obstacle,  are 
measured 
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measured  by  pxPpxSp  and  p'xPp'xSp'  re- 
spectively. Let  Sa  =  a,  Sp  =  b,  Pp  =  x,  Pp'=y, 
then  (since  p,  p'  may  be  represented  by  £,  y) 
pxPpx  Sp=xx.b—x,  and  p'xPp'  x  Sp'  =  yy.b+y; 
the  sum  of  the  forces  therefore  in  the  pari 
Pp  =  f\xx.b  —  x  =  ^bx"  —  7T5,  and  in  the  />ar( 
Pp'  =  f'yy-b  +  y  =  \by*  +  {y* ;  moreover,  when 
*  =  b,  the  effort  of  the  arm  PS  =  ££'  _  ifr  = 
il?  i  and  when  y  =  PA  =  a  —  b,  the  effort  of 
the  arm  PA^b.a^Vl^+^.a^bl'^  ja'-ia*b+?bi. 

2.  If  the  efforts  on  each  side  the  point  P  be 
equal,  then  ja'-±a*b+  £i'=  £i3,  and  ,-.\alb  =  -,  o' 
or  b=\a,\.e..SP=\  SA.  This  point  P  aio«( 
which  all  the  parts  of  the  line  or  small  cylinder  SA 
balance  each  other,  when  SA  strikes  against  the 
obstacle,  is  called  the  center  of  percussion.  If  the 
obstacle  be  opposed  to  SA  at  any  other  point, 
these  efforts  do  not  counteract  each  other,  but  there 
is  a  tendency  to  motion  round  P;  it  is  evident 
therefore  that  P  is  the  point  at  which  the  revolving 
line  or  cylinder  would  strike  the  obstacle  with  the 
greatest  effect.  It  may  further  be  observed,  that, 
since  this  is  the  point  about  which  the  parts  of  the 
line  or  cylinder  have  no  tendency  to  motion,  it  is  that 
at  which  the  revolving  body  itself,  in  striking  the 
obstacle,  will  be  the  least  liable  to  fracture. 

3.  Suppose  now  p,  p'  to  be  any  two  particles  of 
matter  connected  with  each  other  and  with  their 
common  center  of  gravity  (G)  by  an  inflexible  rod 

void 
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void  gravity ;    and    let   another  inflexible  rod 

j  mnect  their  center  of  gravity  with  the  axis 

c.         >tion ;  and  conceive  the  whole  to   vibrate  in 

ne  manner  as  the 
i  i    of    particles    in 

Ari.ii,  page  10p.  Draw 
Pq,p'q  at  right  angles 
to  Sp,  Sp',  and  let  fall 
the  perpendiculars  pn,p'n 
upon  the  line  SGIV.  In 
the  revolution  of  the 
system  round  S,  the  ve- 
locities of  the  particles ' 
p,  p',  in  the  directions 
pq,p'o',  will  at  every 
instant  be  proportional  to  their  distances  Sp,  Sp 
from  S ;  hence  their  momenta  in  those  direction.' 
will  be  measured  by  px  Sp  and  p'  x  Sp'  respec- 
tively, and  in  tlie  directions  pn,p'n  by  ^ — £-!£- 
( -  P  *   SP   *   ■S" 


Sp 

p'  x  Sp'  x  Sn 
•V" 


:fiX 


•) 


Pi 
IfthereforePbellie 


center  of  percussion  of  the  particles  p,  p't  as  referred 
to  "the  line  SGIV,  the  forces  with  which  these  parti- 
cles will  urge  forward  the  points  q,q  will  be  mea- 
sured by  p  x  Sn  x  Pq  {p  x Sn  x  SF-Sf)  and 
p'xSrlx  Pq'  (pxSn'x  Sq'  -  SP)  rrapectjvdjr ; 
consequently pxSnx  SP~Sq=*p' x  StCxSq'-Sr- 

But 
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Sb*  Sb'* 

But    by    sim.  A%  Sq  =^--  ,    and    5/  =  -ft--  ,    .\ 


p  xSn  xSP-pxSp*=p'xSp'*-p'x  Sn  x  $P, 

«*%      pxapi-f/xop  p  x  op   -t-  p  a  «jpk  * 

or 


5/>_/>  x  Sp*  +  p'  x  Sp'^pxSp^j/xSp 
b<xSn  +  b'xSn  fc  +  a'xSG 


p+p'xSG 

(for  px  Sn  +  p'  x  Sri=p  +  p'.SG,  by  the  property 
of  the  center  of  gravity.) 

4.  In  the  same  manner  it  might  be  shewn,  that, 
if  the  system  consisted  of  any  number  of  particles 
p,p\p"6cc9   and  perpendiculars  pq,p'<jiP"q'  &&. 
pn,p'ri,p"n"  &cc.   were  drawn   as    in  the   preced- 
ing article,  then  their  forces  to  produce  motion  round 
any  point  P  would   be  measured   by    +  p  x  Sp* 
±pxSnxSP,  +p'xSp'*±p*SrixSP9^p"xSp"* 
±p"  x  Sri'xSP  &c.     Hence  if  P  be  the  center  of 
percussion  (viz.  that  point  about  which  the  forces  of 
the  particles  p,  p',  p"  &c.   as   referred  to  the   line 
SGWy  balance  each  other)  then, 

pxSp9±p  xSnxSP+p'xSp'%±p'xSrixSP+ 

p"  x  Sf  ±p"  X  Sri'x  SP+bc.  =  O (a);  from  which  we  have 

*      op     pxSp*+P'x.Sp'*+p"xSp\+kc. 
or       pxSn±p'xSn'±p"xSn"±kc. 

/u    a  *  n        ,o^  \r  i  t\Px Sf+p'x Sp«+p"xSp"*+kc. 
=  (byArt.2,  p.  130,  Vol.1)*1—  '  J    ./  ■   r.  ^ — > 

v  J  'r       ^  '        p+ p  +p  -r*£c.  (w)xSG 

from 

(a)  By  actually  drawing  the  Figure,  it  may  easily  be  shewn  that 
the  equation  denoting  the  equilibrium  will  assume  this  form;  in 
which  the  signs  of  p  x  Sp\  p'  x  Sp'\  p"  x  Sp"%  &c.  are  all  +, 
and  the  signs  of  p  x  Sn,  p'  X  Sn',  p"x  Sn"  &c.  +  or  -  according 
as  the  points  n,  n',  n"  &c.  lie  on  the  same  or  apposite  sides  of  S. 

VOL.  II.  S 
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frora  which  it  appears,  "  that  the  distance  of  the 
"  center  of  percussion  from  the  axis  of  suspension 
"  is  equal  to  the  distance  of  the  center  of  otdlktm 
"  from  the  same ;"  the  general  expressions  inves- 
tigated in  the  former  part  of  this  Lecture  will  there- 
fore apply  to  both  cases. 

EXAM.  I. 

7b  find  the  center  of  percussion  of  a  cjrimdtr 
(BCDE)  suspended  from  the  pointy  (S),  andmmmg 
m  a  vertical  plane  pasting  through  Us  axis  {AW). 

Let  A  be  the  height  of  the  cylinder;  and  nk  the 
radius  of  its  base;  then,  if/,  be 
the  center  of  percussion  when 
the  cylinder  is  suspendedfrom  A, 


Jt 

-j:*y* 

•  x  + 

i'9'*  , 

(since 

•B 

1= 

nk)f''n 

h'x 

'  £  +  $vn 

*  k*  X 

rti*  A"  x' 

sg 
+  in*  k*  x 

(for 

— 

the  whole  cylinder,  when  «=A,>= 


*A%  and#=r£A) 


T«'A*  +  |n*A 


■§m'  A* 
Hence  Gp=  Ap-AG=Ap-±h 


(')  lf«=0,  then  the  cylinder  may  be  considered  as  a  right 
line,  and  Ap-=—-=~h,  which  coincide*  with  what  ha  ben 
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P  be  the  center  of  percussion  when  the  cylinder  is 
suspended  from  S,  then,  by  Art.  11,  page  115,  &P= 

SG  +  d^t  =  SG+ 1  +^'ht ;  if  therefore  SP 

be  taken  equal  to  this  quantity,  and  PM  be  drawn  at 
right  angles  to  SP,  then  the  point  L,  where  PM 
cuts  the  side  BC  of  the  cylinder,  is  the  point 
where  it  must  strike  the  obstacle.  ^ 

Cor.  1.  If  »=1,   i.e..  if  the  height  of  cylinder 

7h 
be  only  equal  to  the  radius  of  its  base,  then  AP=~jr-, 

and,  consequently,  P  falls  below  the  base  at  the 
distance  of  \  h  from  its  center.  A  cylinder  there- 
fore of  these  relative  dimensions,  suspended  from 
the  extremity  of  its  axis,  has  no  center  of  percussion 
tvithin  it;  but  by  Art.  8,  page  1 13,  if  it  be  suspended 
from  a  point  at  the  distance  of  \  h  from  that  extre- 
mity, the  center  of  percussion  will  just  fall  in  the 
center  of  its  base. 

Cob. 2.  SmceSG=SA+AG=SA+±h,  let  SA^mh, 

l+3n«.  A,(c) 


then  SP=SG+GP=m  +  ±.h  + 


12.  m  +  i.k 


12.7»9  +  w  +  3n8-M  .      . 

12m+~6 ~    '  which  is  a  general  expression 

for 


(*)  For  since  a  force  acting  in  the  direction  MP  or  PM  at 
rtgA/  ang/e*  to  SP  is  the  same  at  whatever  point  it  acts  at  in  that 
line,  it  makes  no  difference  whether  the  cylinder  strikes  the  ob- 
stacle at  the  point  L  or  at  the  point  P. 

(c)  For  Qp—AGxGP—lh-]+J^h—l+3"*h* 
^      SG  6.mh+ih      12.1^+p' 
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for  the  distance  between  the  paint  of , 
center  of  percussion  of  a  cylinder  whose  radiut  a 
(nk),  and  which  is  suspended  at  a  distance  from  the 
extremity  of  its  axis  equal  torn  times  the  height  tf 
the  cylinder.    ■ 

EXAM.  II. 

Two  spheres  whose  radii  are  S,  r,  and  wkme  cenun 
g,  g  are  connected  together  by  an  .inflexible  rod  oeii 
of  gravity,  are  put  in  motion  about  an  axis  passing 
through  a  given  point  (S);  It  is  required  to  Jbuttkt 
distance  of  their  center  of  percussion.  (P)  from  that 
point. 

Let  a,  o'  be  the  centers  of  percussion  of  the 
two  spheres  when  they  are 
put  in  motion  separately 
round  S,  and  Cf  their  com- 
mon center  of  gravity  ;  let 
Sg  =  a,  Sg'=b,  then  gg' 
=a  +  b,  and  by  the  property 
of  the  center  of  gravity  Gg 


JP+H 


■Sg 


R' .  a  +  b 

'     R'  +  r'     ' 


R'+r' 
=  bR>- 


,  and  R'fr'.SG 
r'.      Now,    by- 


(»)  Since  tbe  content  of  the  sphere  whose  radius  is  £=«*-£', 
and  of  that  whose  radius  isr=4sr>,  die  relative  weightt  of  the 
loo  spheres  are  represented  by  X>,  r>,  throughout  the  Eiample. 
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am.  3,    page  121,   So  =  a  +  — -  =a ,   and 

«)u  o  CI 

=  — r-7 ;  .'.  £>o  x  Sg  = ,  and  So  x 

O  U  o 

•'= ^ ;  but  by  Art.  12,  pagell6,  SP= 


X  So' X  Sg'+r' xSox  Sg__R'.5b*+2R*+r*.5a*+2r* 
R*+r*.SG  5.bR*-ar* 

Cor.  1.  If/z  =  0,ue.  "if  the  axis  of  suspension 
passes  through  the  center  of  the  smaller  sphere/* 

en   SP  =- t-tt^ ;   and  vice  versa,  if 

5  0-K   % 

e  larger  sphere  be  uppermost,  and  the  axis  of 
spension  passes  through  P,  and  the  smaller 
here  be  placed  with  its  center  at  the  distance  of 

r-pj from  P,  then  the  center  of  per- 

ssion  will  be  in  that  center. 

Cor.  2.  If  a=0,  tod  Z>  =  /2  +  r;  'i.e.  "  if  the 
spheres  touch  each  other,  and  the  axis  of  suspension 
passes  through  the  center  of  the  smaller  sphere," 

ten   SP  = D3 ;   and  "  if  the 

b.K  +  r./t 

712 

spheres  be  equal,'9  (or  /?= r,)  then  &P=  — - . 

5 

Cor.  3.  If  a=r,  and  £  =  /?,  i.e.  "  if  the  spheres 
touch  each   other,   and  the  axis  of  suspension 

"  passes 
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€€ 


passes  through  the  point  of  contact,!1*  then  SF*\ 


7.«s  +  r4 


If  r=0,5P=^~,  which  agrees  wJ4| 


5.£4-r4  * 

Exam.  3,  page  121,  for  in  this  case  €€  P  is  the  center 
"  of  percussion  of  a  sphere,  whose  axis  of  suipa- 
"  sion  passes  through  the  extremity  of  one  of  ib 
"  diameters." 
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Lecture  XVIII. 


ON 


THE  CENTER  OF  SPONTANEOUS  ROTATION. 


Having  shewn  the  method  of  finding  the  centers 
of  oscillation  and  percussion  of  a  body  or  system 
3f  bodies,  we  proceed  to  the  center  of  spontaneous 
rotation. 

LXIV. 

On  the  method  of  ascertaining  the  Center  of 
Spontaneous  Rotation  of  a  body  or  system  of 
bodies,  and  the  angular  velocity  of  the 
system  round  it. 

1 .  The  particles  of  matter  p,  p'9  p"  &e.  arc  con- 
nected with  each  other  and  with  their  common 
center  of  gravity  (G)  by  inflexible  rods  void  of 
gravity.  Let  the  motion  of  these  particles  be 
referred  to  the  same  plane,  viz.  a  plane  passing 
through  G  at  right  angles  to  an  axis  passing  also 
through  G;  let  PGS  be  a  line  drawn  in  that 
plane,    and    representing    also   an    inflexible    rod 

void 
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,  Tokl  of  gravity.  Suppose  the  axis 

G  and  the  rod  PGS  to 

be  moveable,  and  that  a 

force  (<)  acting  in  direc- 

tion  LG  at  right  angles 

to  PGS  was  impressed 

upon  them  itt  *  he  point 

■G,  and  that  this  force 

was  such  as  to  make  the 

center  of  gravity  (G)  move 

uniformly  along  the 

straight  line  G K ;  then 

the  whole  system  would  move  uniformly  fonrfrd, 

each  particle   retaining  its  position  with  raped 
to 'the   line    PSG,    which    in    this    case  would 

.move  parallel  to  itself.  If  the  same  forte  (f) 
be  applied  In  direction  MP  (parallel'  to  Z£) 
at  any  point  (P)  of  that  line  which  is  not  the  center 
of  gravity,  then  the  line  PGS  will  not  begin  to 
move  forward  parallel  to  itself,  but  will  be  in- 
stantly thrown  into  some  oblique  position  FS. 
cutting  GK  in  the  point  g.  Through  g-  draw  Qg 
parallel  to  PGS,  and  produce  MP  to  F,  Now  for  a 
moment  of  time  the  point  S  may  be  considered  as 
stationary ;  if  therefore  the  angle  PSF  be  taken 
indefinitely  small  (in  which  case  SF  approaches  to 
equality  with  SP,  gF  with  g  Q,  and  Sg  with  SG), 
then  Gg  and  PF  will  be  the  lines  actually  described 
in  fixt  space  by  the  points  G  and  P  respectively  in 
that  moment  of  time ;  and  since  PQ=Ggi  Qf  will 

be 


it 
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be  the  space  described  in  the  same  time  by  the  point 
(P)  round' the  center  of  gravity**. 

i 

2.  Since  PQ  and  QF  are  the  spaces  uniformly 
described  in  the  same  time  by  the  points  G  and  P 
when  the  system  4s  first  put  in  motion  by  the 
force  (p),  they  will  respectively  measure  "  the  uni- 
form velocity  with  which  the  center  of  gravity  (G) 
begins  to  move  along  the  straight  line  GK"  and 
the  linear  velocity  with  which  the  point  P  begins 
"  to  revolve  about  G  as  a  center;"  and  by  the  first 
law  of  motion  the  points  G  and  P  will  continue  to 
move  with  these  velocities,  unless  the  system  be 
acted  upon  by  some  extraneous  force.  Now  by  aim. 
A%  PQ :  QF: :  Sg  :qF: :  SG :  GP;  we  are  therefore 
arrived  at  this  conclusion,  that  "  if  a  system  of  par- 
"  tides  p9  p'y  p"  &c.  connected  together  iti  the! 
"  manner  here  represented,  be  put  in  motion  by  a 

"  force 

■  — -^- — ■  ■  ■     — — ^— — ^— i— — i^— i — — — — — 

(a)  This  may  probably  require  some  explanation.  At  the  in- 
stant the  force  (<j>)  is  impressed  at  P,  it  is  evident  that  every 
point  of  the  system,  except  the  center  of  gravity.  (G),  will  have  a 
tendency  to  rotatory  motion ;  this  center  therefore  will  move 
forward  in  a  straight  line,  in  the  same  manner  as  if  a  body  equal 
to  p+p'+p"+&c.  was  placed  at  G,  and  acted  upon  by  that 
force.  Now  since  the  point  P  moves  through  the  space  PF, 
whilst  the  center  of  gravity  moves  through  the  space  Gg  (=zPQ), 
it  precedes  the  center  of  gravity  by  the  distance  QF;  but  the 
motion  of  the  point  P  is  a  rotatory  motion/  which,  as  referred  to 
g,  will  be  measured  by  the  angle  QgF;  and  as  the  angle  PSF 
(and  consequently  its  equal  QqF)  is  indefinitely  small,  QF  may 
be  considered  as  a  small  circular  arc  described  with  radius  gQ 
and  center  g. 

VOL.  II.  T 
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"  force  (f>)  acting  at  the  point  P,  then  their  common 
"  center  of  gravity  (G)  will  move  uniformly  forwards 
"  along  the  straight  line  G A"  parallel  to  the  direc- 
11  tion  (MP)  in  which  that  force  is  impressed; 
"  whilst  the  point  P  will  be  made  to  revolve  round  - 
"  the  center  of  gravity,  with  a  uniform  velocity 
"  which  bears  to  the  ivlocity  of  that  center  along  the 
u  line  GK  the  ratio  of  GP  :  SG."  The  point  S, 
about  which  the  system  has  at  even,  instant  a 
tendency  to  revolve,  is  called  the  center  of  spos- 
taneous  rotation;  and  we  now  proceed  to  find 
its  distance  from  the  center  of  gravity  (G). 

3.  Since  the  mass  moved  along  the  line  GK  is 
p+p'  +  p"  +  &c,  and 
the  moving  force  is 
(?),  the  acce/erative 
force  with  which  the 
center  of  gravity  mores 
will    be  measured   by 


p  +  p'  +  p"  +  &c.' 
and  since  the  inertia 
with  which   the  par- 
ticles   p,   p',   p"   &c. 
would  resist  the  action  of  the  force  (♦)  applied  at 

the  distance  GP  is  ^G  +/^g+/>"''*~G'+8' 
GP 

(Note  a,   page  51),  the  accelerative  force  with  » 

the  point  P  revolves  round  the  center  of  gravity  (G 

will  be   measured  by    -„■    ,    *.^P.     ,.„ — 

1  pXpiP+pXptf+p    XP&  +  K 
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But  the  velocities  of  the  points  G  and  P  are  respec- 
tively proportional  to  these  accelerative forces ;  hence 
the  velocity  of  the  point  G  :  the  velocity  of the  point  P  :: 

» »xGf 

p+p'  +p"+tkc.  "  pxpG*+p'  xp'G'+p" x//'G'+&c. 
::     (by    the     last     Article)  SG    :     GP;     hence 

SO.*  *  ^+?*ff»f  »  f <f +*°v   comparing 

/>+/>  +/>  +&c.  (w)  GP  ^     e 

this  value  of  SG  with  that  of  GO  in  Art.  6,  page]  12, 
it  appears  that  the  distance  (SG)  of  5  from  the 
center  of  gravity  is  the  same  as  that  of  the  center 
of  oscillation  from  itw;  the  distance  therefore  of  the 

center 


(•)  Since  the  angular  velocity  of  the  line  PGS  is  the  same 
as  the  angular  velocity  of 
Ihe  system,  and  since  S  is 
always  at  the  same  distance 
from  G,  it  is  evident  that 
during  every  revolution  of 
the  system  the  point  S  will 
describe  ihe  common  cycloid. 
For  with  center  G  at  (he  dis- 
tance GSdescribeacircle,  and  let  it  be  ihe  generating  circle  of  the 
cycloid  AS  ;  let  bgs  be  the  angle  through  which  the  system  has 
revolved  whilst  the  center  of  gravity  has  described  Gg ;  produce 
sg  to  p,  then  pgs  is  the  position  of  the  line  PGS  at  the  end  of 
that  time,  and  j  the  situation  of  the  center  of  spontaneous  rotation. 


31' 


Now  since  the  angle  QgF  i 
page  138),  v/betigQ  =  S^ 
"  the  velocity  of  any  point  i 
"  is  equal  to  SG,  is  the  san 
"  gravity ;' 


at  to  the  angle  GSg  (Fig.  i 
QF  will   be   equal  to  Gg ; 


i  die  system  whose  distance  from  G 
e  as  the  velocity  of  the  center  of 
nee   the   arc   is  is   equal   to  Gg ;  but  Gg=lS, 
.'.  the  are  bs=liS,  and  consequently  s  is  a  point  in  the  cycloid 
AS.     (For  the  properties  of  the  Cycloid,  see  the  next  Lecture.) 
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center  of  spontaneous  rotation  (PS)  from  the  point 
(P),  where  the  force  (<t>)  is  impressed,  is  equal  to  the 
distance  of  the  center  of  oscillation  (or  of  percuswi) 
from  it,  supposing  P  to  be  the  point  of  suspension  \ 
from  which  it  is  evident  that  the  rules  which 
have  been  laid  down  for  ascertaining  the  centers  of 
oscillation  or  percussion of  given  bodies,  will  apply  also 
to  the  finding  their  centers  of  spontaneous  rotation. 

A.  In  the  theory  of  collision,  as  exemplified  in 
the  5th  Lecture,  small  spherical  bodies  were  sup- 
posed to  impinge  upon  each  other,  moving  in  line; 
joining  their  respec- 
tive centers  of  gra- 
vity. In  this  case 
there  would  eviden  tly 
be  no  tendency  what- 
ever to  rotatory  mo- 
tion in  the  bodies 
after  impact ;  but  from  Art.  2,  it  appears  that  when 
a  body  '(BAC)  of  any  shape  whatever  is  impelled  by 
a  force  whose  direction  (ML)  does  not  pass  through 
its  center  of  gravity  (G),  it  always  proceeds  after 
impact  not  only  with  a  rectilinear  motion  along  the 
line  GK  parallel  to  ML,  but  also  with  a  rota- 
tory   motion    about    its    center   of  gravity  (G)w. 

The 

(■)  For  as  soon  as  the  body  is  impinged  upon,  in  any  direction 
MP,  at  right  angles  to  the  line  passing  through  its  center  of  gravity, 
it  has  a  tendency  lo  rotatory  motion  round  its  center  of  spontanea*! 
rotation  (S)  ;  this  rotatory  motion  actually  takes  place  as  round 
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The  quantity  of  this  rectilinear  and  rotatory  motion, 
in  any  given  case,  may  be  estimated  in  the  following 
manner. 

5.  Let   BAC  represent  a  section  of  any  solid 
generated  by  the  revolution  of  an  algebraic  curve 
about  its  axis  (AW) ;  suppose  this  body  (which  may 
be  called  B)  is  impinged  upon  by  another  body  {A) 
moving  uniformly  with  the  velocity  (of  a  feet  in  l") 
in  the  direction  MLP>  and  that  the  collision  actu- 
ally takes  place  at  the  point  (L).     Produce  ML  to 
meet  the  axis  in  P ;  then  the  effect  of  this  collision, 
'  with  respect  to  the  rectilinear  and  rotatory  motion 
of  the  body,  must  be  estimated  at  P ;  and  if  PS  be 
taken  equal  to  the  distance  of  its  center  of  per* 
cussion  from  P  (supposing  P  to  be  the  point  of 
suspension),  S  will  be  the  center  of  spontaneous 
rotation  at  the  instant  that  the  body  A  impinges 
upon  B.     Take  SR=  JSPxSG^,  then  supposing 

S  to 

■  I    ■  ■  I  a^ ^ — — ■— — — — —        I  ill- 

an  axis  passing  through  the  center  of  gravity  (G)  at  right  angles 
to  the  plane  of  its  motion  ;  the  body  (BAC)  therefore,  thus  pat 
in  motion,  is  under  precisely  the  same  circumstances  as  the  system 
of  particles  whose  rectilinear  and  rotatory  motions  have  been 
brought  under  consideration  in  Art.  1,  2,  3. 

0>)  For  by  Art.  4,  p.  129,  8PJ&&*&  ^ +'-*- *£+*£• 
v  '  '  >  *    -*>  p+p'+p'+tcc.  SG 

SPxSG=p  X  y^jTx^te.  u 

page 59)  SR*-,  hence  SRxsVSPxSG;  i.e.  "  the  distance  of 
"  the  center  of  gyration  from  the  point  S  is  a  mean  proportional 
"  between  SP  *aASG9  whether  that  point  (S)  be  the  center  of 
"  oscillation,  percussion,  or  spontaneous  rotation  of  the  solid  BAC, 
"  as  referred  to  an  axis  of  suspension  passing  through  P." 
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S  to  be  the  center  of  motion,  R  wilt  be  the  center  of  | 
gyration  of  the  body  about  S;  .'.  the  inertia  of  lbs 
body  (B),  as  referred  to  the  point  P=  sp,  ■ 
Since  also  the  inertia  of  a  given  body  varies  as  the 
square  of  its  distance  from  the  center  of  motion, 
in  estimating  the  inertia  of  the  body  A  as  connected 
with  the  rotatory  motion  about  S,  its  mass  must  be 

reckoned  equal  to  — -gpi —  . 

6.  Let  the  distance  of  the  point  where  the  direc- 
tion of  the  striking  body  cuts  the  axis  of  the  given  solid 
from  the  center  of  spontaneous  rotation  (SP)  =  D; 
the  distance  of  the  center  of  gyration  from  that  center 
(SK)  =  G;  the  distance  of  the  center  of  gravity 
of  the  body  B  from  it  (SG)=g,  and  the  distance 
of  the  point  of  collision  from  it  (SL)  =  d  ;  then  the 

Ad* 
inertia  of  A  may  be  expressed  by  —=-^  ,  and  the  iner- 
tia of  B  by  -yr^  .  Now  suppose  A  to  impinge  upon 
B  at  rest,  then  the  velocity  communicated  to  B 
(Art.  6,  page  158,  Part.  I.)  =  ■**.«  J?*x3i  = 
-r-% — •fiv: ,  and  this  is  the  velocity  with  wiucn  ike 

pomt 

(")  By  referring  tbe  common  expression  for  the  velocity  com- 
municated by  a  body  A  impinging  upon  another  body  Bat  rat 

(  viz.  yr~b)  to  "  the  theory  of  motion  and  of  tbe  mutual  actioa 

"  of  bodies  upon  each  other,  aa  exemplified-  is  tha  and  the 

"preceding 
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rint  P  begins  to  move.  But  the  velocity  of  the  point 
'  :  the  velocity  of  the  point  G  ::  SP  :  SG  : :  D  :  g, 
.  the  velocity  with  which  the  center  of  gravity 
egins  (and,  since  it  moves  uniformly,  continues)  to 
love  along  the  line  GK,  parallel  to  LMt  is  equal  to 
AaDg  AaG*      ..     _.      _   ,   ,     .      „ 

wTm*=A¥TBG' (for  G'=Ar)/<«  '» '  '• 


7-  Since  the   linear  Velocity  of  the  point  Pr  is 

alp  +  lie**  let  ,r=3-141&c-  then  (by  Art-  10, 

Jge  68)    -r-ri — nfZ  '■  1*&  '■  '•  the  angle  described  id 

l"  (.) :  360°, .....  ^a/)x36o°  AaD 

It.AD'+BG*  2T.Ad'  +  BG' 
revolutions  in  l"(W.  After  impact,  therefore,  the 
center  of  gravity  of  the  body  B  proceeds  uniformly 
(in   a  direction    parallel    to    the   direction   of  At 

motion  before  impact)  with  a  velocity  of  —r-n — nj=r, 

feet 


preceding  Lectures,"  il  is  evident  that  A+B  expresses  not  the 
Kirn  of  the  weights,  but  the  sum  of  the  inertia  of  the  bodies.  But 
in  the  impact  of  bodies  moving  in  right  lines  without  reference 
to  a  center  of  rotatory  motion,  the  weight  and  inertia  are,  each  of 
them,  proportional  to  the  quantities  of  matter  contained  in  them ; 
so  that  in  Lectured,  the  sum  of  their  inertia  is  rightly  expressed 
by  the  sum  of  the  bodies  A+B. 

(!■)  We  have  here  estimated  the  angular  velocily  of  the  point 

P  about  the  center  of  spontaneous  rotation  (S)  ;  but  since  tl» 
angle  FgQ  (Fig.  in  page  136)  is  equal  to  the  angle  PSF,  the 

angular  velocity  of  the  body  or  system  about  its  center  of  gravity 

it  eijual  to  that  of  the  point  P  alout  S. 
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feet  in  l";  whilst  the  body  B  itself  revolves  round 

,  ,  AaD  ,     .        .      „ 

it  at  the  rate  of  —  -   =  revolutions  m  1  . 

J  2r.Adi  +  BG" 

8.  If  A  (and  consequently  its  inertia)  be  very 
small  with  respect  to  B,  then  Ad*  may  be  neglected 
with  respect  to  BC,  and  the  velocity  of  tlie  centft 

of  gravity  ofB  after  impact  =  -j>f-i~  =■  ~ir  'eet  in  l" 

=  the  velocity  which  would  be  communicated  by  A 

(moving  with  the  velocity  a  and)  acting  immediately 

upon  the  center  of  gravity.  The  number  of  revolution 

c  j  v  £>  ■  ,"  AaD  AaD  An 
performed  by  i»  in  =  — rrpr,=  — ^  -.  = — #-■ 
*  ;  IvBG*     IvBDg    2*B? 

EXAM.  I. 

A  bullet  {A)  weighing  ^  an  ounce  impinges  ubtn  a 
sphere  (B)  with  a  velocity  of  100  feet  in  l";  itt 
direction  M L,  when  produced,  bisects  (he  radius  BG; 
the  weight  of  the  sphere  is  10  lbs,  and  its  radius  out 
foot ;  In  what  wanner  will  the  sphere  move  after 
impact. 

This  is  a  case  of  Art.  8,  where  the  inertia  of  A 
may  be  considered  as  evanescent ;  the  velocity  with 
which  the  center  of  gravity  of  the  sphere  therefore 
moves  after  impact  (in  the 
direction    GK   parallel   to 

AP)=^t=  (for  B=\Olbs 

,fi„  »    \  X  10O 

=  100    ounces)    * — -~—  = 

— s  th  of  a  foot  in  l ".  Before 
ID 

we  can  ascertain  the  angular  velocity  of  the  sphere, 
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we  must  find  the  value  of  OS;  now  GS  answers  to 
Go  in  Exam. 3,  page  121  (P  being  the  center  of  sus- 
pension), /.  GS=-~  =  (for  PG  =  \r)  ^=the 
distance  of  the  center  of  spontaneous  rotation  from 
the  center  of  gravity  (g)  ;  consequently --g-  = 
(for  2.=6.S8  **■),,  J;2xto.  =  £  revolution. 

in  l";  a  sphere  therefore  thus  struck  would  proceed 
on  with  a  slow  rectilinear  motion  of  about  4  inches 
in  l",  revolving  at  the  same  time  about  its  own  cen- 
ter at  the  rate  of  3  -~-  revolutions  in  a  minute. 


Cor.  Let  PG=-th  radius  =  -,    then  g=SG  = 


.      Ir*      2nr  An         5Aa        .e    . 

— FT7-,  = ;  hence   -    n--~ k.     It  therefore 

a  sphere  (B)  (whose  radius  =  r)  be  impinged  upon  by 
a  small  body  (A)  whose  inertia  may  be  considered 
as  evanescent,  and  which  moves  with  a  uniform 
velocity  of  (a)  feet  in  l";  and  if  the  direction  of 
A*&  motion  intersects  the  radius  of  the  sphere, 
perpendicularly,  at  the  distance  of\W\  radius  from 
the  center  of  the  sphere ;  then  the  general  expression 
for  the  rectilinear  and  rotatory  motion  of  the  sphere 

after  impact  will  be  -rrfeet  and =  revolutions 

r  a-*  AvnrB 

in  l"  respectively. 


" 


Ex. 
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EXAM.  IL' 

A  right-angled  cone  (B),  placed  with  its  vertex 
downwards,  and  its  axis  (PS)  perpendicular  to  tk? 
Horizon,  is  struck  by  a  small  body  A (moving,  m  fk 
direction  of  the  line  ML,  parallel  to  the  herim, 
and  passing,  through  the  center  of  its  base)  whk  • 
velocity  of  (a)  feet  in  l"; ,  It  is  required  to  ascertsm 
the  TTCtilinear  and  rotatory  motion  of  the-ione  afier 
impact. 

This  also  is  a  case  to  b$  referred  to  Art.  8,  to  that 
the  velocity  of  the  center  of  gravity  of  the  cone  after 

impact  will  be -g- feet 

in  l".  With  respect 
to  its  angular  velocity ; 
by  referring  to  ,Cor.  2, 
Exam.  2,  page  120,  it  appears  that  when  the  direc- 
tion of  impact  passes  through  the  center  of  the  bate 
of  aright-angled  cone,  the  center  of  spontaneous  roUh 
lion  will  be  in  the  vertex  (S).     If  therefore-  As  the 

height  of  thecone,  g=SG=$hU;  .\Aa  Aa 


2Aar     7         ,  *      f"Mr     *r*x|» 

s=      r>*  for  the  number  of  revolutions  in  l". 

Cor.  Suppose  the  blow  to  be  struck  by  the  hand 

with  a  small  instrument,   and  that  the  magnitude 

(A a)  of  the  blow  is  such  as  would  make  a  spherical 

ball,  whose  diameter  is  equal  to  the  height  of  the 

•cone,  move  over  a  space  of  40  feet  in  l"  by  direct 

impact; 

(•)  See  Case  4,  Exam.  1,  page  13$),  Vol  I; 


CENTER  OF  SPONTANEOUS  ROTATION.    147 

impact ;  then  may  A  a  be  represented  by  "  the  mo- 
€€  mentum  of  this  ball,  i.e.  by  2-B  x  40(b);w  hence  we 

have  -g-  = — -g — =80  feet  m  1     for  the  rec/i- 

-.  ..        r,u  ,  lAa     43x40    l66 

/wear  motion  of  the  cone ;  and      PL=        D.   = — r 

3*\o/l      oTHn      3»A 

for  the  nurpber  of  revolutions  in  l";  so  that  if  the 
height  of  the  cone  be  4  incAe^  (i.  e.  £d  of  a  foot)  it 
will  make  about  50  revolutions  in  a  second. 

EXAM.  III. 

A  body  (B),  formed  by  the  junction  of  two  spheres 
whose  radii  (R9r)  are  in  the  ratio  of  2  :  1,  is  impinged 
upon  hy  another  body  A  {which  is  equal  to  the  lesser 
sphere)  moving  with  a  velocity  of  {a)  feet  in  l" ;  A  , 
moves  in  the  direction  of  a  line  (MLP)  joining  its 
own  center  with  that  of  the  lesser  sphere,  MLP  being 
at  the  same  time  at  right  angles  to  the  line  (PRS) 
passing  through  the  centers  of  the  two  spheres ;  It  is 
required  to  ascertain  ,*Ae  motion  of  the  two  bodies 
A  and  B  after  impact. 

By  referring  to  Cor.  2,  Exam.  2,  p.  133,  it  appears 

lhat  the  distance  (Z>)  of  the  center  of  spontaneous  ro- 

107 r^ 
tation  (S)  from  the  point  of  impact  (P)  is-4*j:  »    the 

distance 

(b)  The  solid  content  of  a  sphere  and  a  cone  are  respectively  ids, 
and  id,  of  their  circumscribing  cylinder;  .*.  the  solid  content  of 
the  spherical  ball  =2 B. 

(c)  This  is  found  by  substituting  2r  for  R  in  the  expression 
exhibiting  the  value  of  SP  in  that  corollary. 


I4»  cum  d|  noinnon.iDani, 
diitoBccPG(G  being  Itecfntftofgrvritfcflhipm- 
pomd  tolidj  =  R,     ^-(for  *— ^+r— Jr)  5; 
^C=SP-PC=W^»g.    -» 

(#  beu*g  the  center  of  gyration  round  S)  =  SPxX 


these    values    for    Z>,   G,  if    in    the    expression! 

.Art?  ,  -4a  Z>  _    .  ,      . 

m*^  ttri  and  ^ — .,,  nj0.  of  Art. 7  (at  the 
A  or  +  BO'  it.  Ad*  +  BG* 

same  time  making  A=  1 ,  B=  8)  we  have  — —  for 
the  number  of  feet  described  by  the  center  of  gravity 
of  B  in  l";  and  — —  (very  nearly)  for  the  number 
of  revolutions  in  l"  round  it. 

Wife 

but  fad* 


caiea=0,  and  P  in  tkis  figure  correspond*  to5  in  Jlg./> 
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With  respect  to  the  motion  of  A  after  impact,  it 
.     may  be  observed,  that  just  at  the  instant  the  collision 
takes  place,  the  bodies  A  and  B  have  a  common  velo- 
city ;  but  on  account  of  the  rotatory  motion  of  B, 
'  ui   only   continues   to    go   on    with    this   common 
velocity;    and  this   it   does  in   the  direction   LN 
coincident  with  the  direction  which  it  had  before 
impact1".     Now  this  common  velocity  is  the  velocity 
,     of  the   point   P,   which,   by    Art.  6,    is  equal   to 

-r-ji — -~=^ ;  substituting  therefore  for  AyB,  D,  G,  d, 
their  values  as  already  found,  we  have  —  (very 
nearly)  for  the  velocity  of  A  after  impact. 

Coe.  Since  the  velocity  of  A  after  impact  is  about 
two  fifths,  and  the  velocity  of  B  after  impact  about 
one  thirteenth,  of  the  velocity  of  A  before  impact ; 
and  since  the  common  velocity  of  the  bodies  A  and  B 
impinging  upon  each  other  by  direct  impact  is  one 
ninth  pf  that  velocity     j   it  appears  that  the  velocity 

of 


(b)  It  is  evident  that  there  is  no  cause  operating  to  make 
A  deviate  from  the  right  line  in  which  It  is  moving  before 
impact ;  and  since,  by  the  rotatory  motion  of  B,  it  is  immediately 
disengaged  from  its  contact  with  the  smaller  sphere,  it  must 
necessarily  proceed  on  in  that  direction  with  the  velocity  which 
it  poisesses  after  the  act  of  collision  has  taken  place. 

(c)  By  direct  impact  is  meant,  "  when  the  bodies  impinge 
"  upon  each  other  in  the  line  which  joins  their  respective  centers 
"of  gravity j"  in  this  case  their  common  velocity -would  have  been 


An 
A  +  ti' 


.  (sii 


=  ») 
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of  A  after  impact  is  greater,  and  that  the  vdocitj 
of  B  it  Jess,  than  it  would  have  bSen  if  their  coUwoe 
had  taken  place  by  direct  impact.  All  thk  a 
perfectly  consistent  with  the  established  kwi  of 
motion;  for  it  is  evident  that-  the  body  A9  a 
impinging  upon  B  at  P,  has  much  less  of  A 
inertia  to  overcome  than  if  it  had  impinged  at  Gi 
it  will  therefore  loae  less  of  its  momentum  (andcoa- 
sequently  of  its  velocity)  in  Ihejbrmer  caae  thanio 
the  latter.  On  the  other  hand,  since  the  body  J,  m 
communicating  motion  .to  B,  expends  part  of  in 
momentum  in  producing  the  rotatory  motkm  of  J^ 
the  momentum  (and  consequently  the  velocity)  oLB, 
in-  a  rectilinear  direction,  musf  be  leg*  than  wht 
it  would  have  been  Ijad  A  impinged  upon  it  faydfacl 
impact* 

We  have  here  considered  only  the  case  of  one 
body  impinging  upon  another,  in  such  a  manner 
that  "  the  direction  of  the  former  body  intersects 
a  line  passing  through  the  center  of  gravity  of  the 
latter  at  right  angles."  With  respect  to  the  oblique 
collision  of  bodies,  the  reader  is  referred  to  the 
10  th  Section  of  Mr.  AtwoocCs  Treatise  on  tie 
Rectilinear  Motion  and  Rotation  of  Bodies,  whose 
method  of  investigating  the  general  expressions  for 
the  rectilinear  and  angular  motion  of  the  body  B 
has  been  adopted  in  this  Lecture. 
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Lecture  XIX. 


on 


THE  VIBRATION  OF  PENDULUMS. 


Pendulums  are  of  two  kinds,  simple  and  compound, 
f  a  particle  of  matter,  or  a  very  small  body,  be 
ittached  to  one  end  of  a  string  or  of  an  inflexible  rod 
roid  of  gravity,  and  it  be  made  to  vibrate  about  an  axis 
)f  suspension  passing  through  the  other,  it  is  called  a 
nmple  pendulum  ;  but  if  a  body  or  system  of  bodies 
)e  made  to  vibrate  about  an  axis  of  suspension 
massing  through  any  given  point,  then  it  is  called 
i  compound  pendulum.  It  is  our  intention  in  this 
Lecture  to  shew  the  method  of  finding  the  times  of 
vibration  of  pendulums  of  both  kinds Ca). 

LXV. 

(a)  To  avoid  repetition,  it  may  be  observed,  once  for  ail, 
hat,  throughout  the  whole  of  this  Lecture,  the  pendulums 
ire  supposed  to  meet  with  no  resistance  from  the  air,  nor  to 
sustain  any  impediment  from  friction  upon  the  axis  of  sus- 
pension ;  the  conclusions  thus  derived,  therefore,  will  only  be 
accurately  true,  when  these  vibrations  are  performed  in  a  perfect 
vacuum  round  a  perfectly  smooth  axis  of  suspension. 


im 
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LXV. 

On  the  method  of  ascertaimng  ike  times  ^ 
Vibration  of  a  simple  Pendmhum  thrmgk 
the  arcs  of  a  given  Cycloid,  and  tkrmgk 
very  small  i^Sc^^^6t*  ■ 
1.  ARE  isa  circle,  whose  diameter  AB  is  per- 
pendicular to  the  horizon';  CDB  ia  a  cydoidal 

one  of  whose  propertied1'1  ~ 

•is   this,  that  if,  from  its 

extremity  C,  and  from  any 

other  points  2),  C  &c.  lines 

CA,DL,EMkc  bedrawte 

parallel  to  the  horizon,  the 

whole  cydoidal  arc  CB 

i$  double  xjf  the  dratne- 

ter "  AB,    and  the   art» 

DB,  EB,  &c.  are  double 

of  the  corresponding  chords 

HB,KB&cc.  of  the  cir- 
cle.    Now,   by  Article  5, 

page  17 9    if  a  body  begins  to  descend   from  the 

point 

■  ■  ■  ■■  ■        —  - 

(a)  Let  the  circle  AHB  make  one  revolution  upon  the  line 
CAX,  equal  to  its  cir- 
cumference >  the  carve 
line  CDBX,  traced  out 
by  that  point  of  the  cir- 
cle which  was  in  contact 
with  C  when  the  circle  C 
began  to  revolve/  is  called  a  Cycloid.  If  CXbt  bisected  in -4 
and  AB  drawn  at  right  angles  to  it,  it  is  evident,  from  the  manner 

in 
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point  D,  its  velocity  at  the  point  E  will  be  the  same 
as  the  velocity  at  the  point  M  of  a  body  falling  freely 
through  the  perpendicular  height  LM-,  and  its 
velocity  at  every  other  point  during  its  descent 
through  the  rycloidal  arc  DEB  will  be  the  same  as 
the  velocity  (of  the  body  falling  freely)  at  every 
other  corresponding  point  of  the  line  LMB.  By 
Art.  1,  p.  14,  therefore,  the  velocity  (^")  of  the  body 

thus 

in  which  the  curve  is  generated,  (hat  it  will  have  similar  branches 
on  each  side  AB,  and  that  its  vertex  B  will  he  so  placed  as  to  make 
its  axis  (AB)  equal  to  the  diameter  of  the  generating  circle.  Its 
properties,  as  applied1  to  the  subject  of  this  Lecture,  are  the 
following  : 

I.  The  cycloidal  ordinate  DH=circutar  arc  BH.  For,  let  IDa. 
(Fig.  in  page  152)  be  the  position  of  the  circle  when  the  generating 
point  is  at  D;  draw  the  diameter  ba  parallel  loBA,  and  from  D 
draw  DHL  parallel  to  CA;  then  arc  Da=arc  HA,  :.sineDO  = 
sine H L,  and  consequently  D H  =  OL;  but  from  the  mode  in 
which  the  cycloid  is  generated,  Ca=arc  Da,  and  CA  =semicircle 
BHA  i  hence  DH=  0  L= a  A=-C A— Ca= semicircle  BHA  -arc 
HA=arc  BH. 

II.  A  tangent  to  the  cycloid  at  any  point  {£)  is  parallel  to  the 
corresponding  chord  (BK)  of  the 
generating  circle.  Draw  DHL 
indefinitely  near  to  EKM;  join 
BK,  and  produce  it  to  *;  let  fall 
Ho  at  right  angles  to  Kt.  The 
indefinitely  small  triangle  HKk  is 
similar  to  the  triangle  KRB  formed  c 
by  the  tangents  {KB,  BR)  to  the  circle  at  the  points  K,  B,  and 
is  consequently  isosceles ;  .".  KH=Hk.  Now  by  Properly  I.  arc 
BKH=DH,;.BKH-KH(=arcBK=EK)=DH-Hk=Dk; 
but  since  EK  and  Dk  are  equal  and  parallel,  ED  and  A'*  must 
also  be  equal  and  parallel ;  and  as  Ihe  tangent  at  the  point  E  may 
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thus  descending  along  the  cycloidal  arc  will  vary 
a^  *fT5i~J  BL-  BM**/  ABxBL-4BxBM 
*V HB,-KB1oc(for  D£=  2/7/3,  and  EB  =  lKB) 
•J  DB'-EB*.  Hence  let  Bd  be  drawn  parallel to 
y/Cand  equal  to  BD,  and  upon  Bd  describe  the  qua- 
drant {dm  jV)  of  a  circle ;  lake  Be  equal  to  BE,  and 
drawemat  right  angles toBd;  then  will  emt=Bm'- 
fie'  =  Bd*-  Be'  =  DB'-  EB*,  and  consequently  V 
(which  varies  as  *J  DB1  —  EB?)  will  vary  as  em  tbe 
sine  of  the  arc  dm,  whose  versed  sine  is  de  or  DB 
the  space  fallen  through. 

1.  Let  EF  be  an  indefinitely  small  part  of  the 
cycloidal  arc,  and  make  ef  equal  to  it  ;  drawynat 
right  angles  to  Bd,  and  mo  parallel  to  it.  Since 
EF  is  very  small,  it  may  be  considered  as  described 
with  the  velocity  {F)  at  E  continued  uniformly, 
and  therefore  the  time  of  describing  EF  (since  T 
=  -p)  will  he  represented  by  -y  or  ^  Now  since 
the  sine  em  represents  the  velocity  at  any  point  E, 

Jhe 

be  considered  as  coinciding  wiih  ED,  it  mint  therefore  be 
parallel  to  the  chord  BK- 

III.  The  cycloidal  arc  BE,  is  equal  to  twice  the  trtrrapwdimg 
chord  BK  of  the  generating  circle.     For  since  the  triangle  A'/?* 

I  is  isosceles,  Ho  h'uecti  the  base  A'*,  .*.  A"*  or  £D=2Ro;  and 
lirce  Ho  may  be  considered  as  a  small  circular  arc  described 
with  radius  BH,  Ko=Bo-BK=BH—BK ;  hence  ED  sod 
Ko  are  extemporaneous  increments  of  the  cycloidal  arc  BE  ind 
the  rAorrf  BK  t  and  as  tbe  arc  and  chord  begin  together  from  tbe 
point  B,  and  the  former  increases  by  ED  or  Kk  whilst  tbe  btlrr 
increases  by  Ko=±ED,  the  arc  BE  must  be  equal  to  twice  tie 
chord  BK. 
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the  whole  velocity  acquired  in  falling  down  DB 
will  be  represented  by  the  radius  BN  or  Bm ;  if 
therefore  a  body  were  to  describe  the  quadrantal  % 
arc  dm  JVwith  the  velocity  at  the  lowest  point  con- 
tinued uniformly,  the  time  of  describing  any  small 

part  (mn)  of  it  would  be  represented  by  -=— .     But 

by  similar  triangles,  Bme,  mno>Bm  :  em  ::  mn  :  mo 

or  ef9  .\  -*£=  5 — ;  hence  the  time  of  describing  the 
em    Bm 

small  cycloidal  arc  EF  is  equal  to  the  time  of  a  body 
moving  through  the  corresponding  small  circular  arc 
mn  with  the  velocity  in  B  continued  uniformly ;  the 
whole  time  of  descent  therefore  through  DEB  will 
be  equal  to  the  time  of  a  body's  describing  the 
quadrantal  arc  dmN  with  the  velocity  in  B  conti- 
nued uniformly. 

3.  Now  the  velocity  at  the  lowest  point  B  of  the 
cycloid  is  equal  to  the 
velocity  acquired  in  fall- 
ing down  the  chord  HB, 
and,  by  Art.  4,  page  5, 
with  this  velocity  con- 
tinued uniformly  it  would 
describe  lHB=BD= 
Bd  in  the  same  time. 
But  by  Art.  3,  page  1 5, 
the  time  of  falling  down 
the  chord  HB  =  the  time 
of  falling  down  the  dia- 
meter AB  or  the  aoris  of 
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the  cycloid ;  hence  the  time  of  descending  dan 
the  cycloidal  arc  DB,  and  the  time  of  falling  fatly 
through  the  axis  AB  of  the  cycloid,  are  to  each 
other  as  the  times  of  describing  the  arc  dmS  md 
the  straight  line  jB«f  with  the  same  uniform  velocity 
i.  e.  as  the  quadrant  of  a  circle  to  its  radius. 

4.  Hitherto  we  have  supposed  the  body  to  de- 
scend down  a  plane  in  the  form  of  a  cycloid  ;  bat 
the  effect  will  evidently  be  the  same  with  respect 
to  the  acceleration  of  the  body,  whether  it  be  kept 


in  a  curve  of  this  form  by  the  re-act'ton  of  the  fdaM 
in  a  direction  perpendicular  to  its  surface,  or  by  the 
tension  of  a  string  acting  in  the  same  direction. 
Now  a  small  body  (P),  suspended  from  the  point  (S) 
by  a  string  (STP)  of  the  same  length  with  either 
of  the  semi-cycloids  SD,  SE,  and  made  to  vibrate 
between  them  (the  string  gradually  unwinding  from 
the  semi-cycloid  SD  as  it  descends  to  the  lowest 
point  B,  and  winding  round  the  semi-cycloid  SE  as 
it  ascends  to  the  highest  point  E)  will  always  be 
found  in  a  cycloid  similar  and  equal  to  the  two 
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semi -cycloids  SD,  SE;  and  as  the  string  TP 
is  always  at  right  angles  to  the  curve,  it  will  be 
under  precisely  the  same  circumstances  as  the 
body  descending  down  the  plane1*1.  Having  de- 
scended 


:  right  angles  to  ii ; 
circle  :  ill  diameter ; 


(')  Take  any  line  SC,  and  Anw  SA  : 
make  SC:  SA  -.:  semi-cir<  inference  of  a 
and  complete  the  parallelogram 
SCDA.  Produce  SA  to  B. 
making  AB=SA;  upon  SC, 
AD  describe  two  semi- cycloids 
SD.DB,  the  vertex  of  the 
former  of  which  is  in  D,  and 
of  the  latter  in  B ;  then  if  a 
body  he  suspended  from  the 
point  S  by  a  string  whose  length 
is  equal  to  the  semi-cycloid  SD, 
and  begins  10  descend  from  D, 
its  place  will  always  he  in  the 
scmicycloid  DB,  the  part  TP  of 
the  string  being  always  at  right- 
anghs  to  the  cycloidal  arc  DB.  For  through  any  point  F  draw 
EFG  perpendicular  to  SC,  and  through  B  draw  BG  parallel  to 
it;  then  EG=SB;  on  EF.FG  describe  the  two  semicircles 
E  TF,  FP  G,  and  draw  the  chords  T  F,  FP,  the  former  of  which, 
by  Properly  II,  is  a  tangent  to  the  cycloid  SD  in  T.  Now 
SE=arcET,  and  SC=ETF,  .:  CE(=DF)=arc  TF^atcFP; 
hence  the  angles  TEF,  FG P  are  equal,  and  consequently 
the  triangles  TEF,FGP  similar  and  equal  to  each  other; 
.*.  TF,  FP  are  in  the  same  straight  line  ;  moreover,  TP=2  TF= 
(by  Property  III.)  the  cychutol  arc  TD;  if  therefore  the  string 
\TP  be  always  equal  to  the  cycloidal  arc  TD,  i.e.  if  the  whole 
itriog  STP  he  equal  to  the  semicycloid  SD,  P  will  always  be 
found  in  the  cycloid  DB;  and  since  the  chord  PG  is  a  tangent 
to  the  cycloid  in  P,  the  part  TP  is  always"  at  right  angles  to  it. 


1 
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scended  to  the  lowest  point  B,  it  wilt' then  «*W 
thnfogh  an  arc\BE  equal  to  DB  in  the  some  tin 
in  which  it  descended  down  DB;  so  that  the* 
time  of  one  vibration  will  be  twice  the  tine  ef 
descending  down  DB;  hence,  from  Art.  4,  the  la 
^fofie  vibration  will  be  to  the  time  of  a  body's  &ffia| 
freely  down  -^fi  (i.  e.  down  \  the  length  of  the  rfrig) 
::  two  quadrants  of  a  circle  :  its  radius  ::  the  w* 
cumference  of  a  circle  :  its  diameter. 

5.  Since  (by  Art.  3)  the  time  of  a  vibration  n 
to  the  time  down  the  axis  in  the  ra*ie  given  rob, 
whatever  be  the  poinC  from  which  the  pendulum 
begins  its  oscillations,  p\l  the  vibrations  of  a  pen- 
dulum of  the  same  length  will  he  equal  to  each  other. 
But  from  the  difficulty  of  constructing  plated  of  the 
exact  fqrm  SD,  SE,  and  from  other  causes,  the  q- 
cloidal  pendulum  is  of  little  or  no  practical  utility. 
In  a  geometrical  point  of  view,  however,  this  mode 
of  comparing  the  time  of  a  vibration  with  the  time 
of  falling  down  a  space  equal  to  \  the  length  of  the 
string,  is  of  considerable  importance;  as  it  ena- 
bles us  to  ascertain  the  times  of  vibration  in  small 
circular  arcs,  without  having  recourse  to  an  intri- 
cate fluxional  process.  For  the  cycloid  at  the  lowest 
point  B  may  evidently  be  considered  as  a  circular 
arc  described  with  the  radius  SB;  if  therefore  a 
body  be  suspended  by  a  string  whose  length  is  SB, 
and  vibrates  in  a  circular  arc  only  to  a  very  short 
distance  on  each  side  the  point  B>  the  time  of  its 

oscillation 
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oscillation  will  be  to  the  time  down  £  the  length  of 
the  string  : :  circumference  of  a  circle  :  its  diameter. 

~  6%  Let  Z,  =  length  of  the  string  or  thin  in- 
~  flexible  rod  by  which  a  small  body  is  suspended, 
-*  ir=  3.141  &c.,  m==l6g  feet;  then,  by  Art.  1 .  p.  33, 
"*  Part  I.  the  time  of  a  body's  falling  down  half  the 

length  of  the  strings  (  \J  —  =  )  V  J""  •     Hence 

the  time  of  a  vibration'  (T)  :  v    —  ::*■":  1,  or 
g — z-  2m 

g      9  T  

-~  T=V~ — 9  which  varies  as  *J L;   the  times  of 

vibration  of  pendulums  of  different  lengths  will  con- 
~~   sequently   be    to   each  other   as   the  square  roots 

-     0/ Me   lengths.     Let   T=  1,  then   V  - — =1,    or 

* 

•  r  1       r  1™       32.1666       0    „*-    , 

x*Zr  =  2m,    and   £  = -^  =  — — g~  =  3.26y&e*  = 

39.12  inches ;  if  the  space  fallen  through  from  rest  by 
gravity  in  l",  therefore ,  be  l6£,  feet,  the  length  of  a 
pendulum  ivhich  vibrates  seconds  will  be  39. 1 2  inches  P, 

s  .7.  If  the  accelerative  force  be  not  given,  then,  by 
Art.  2,  page  3,  the  time  of  falling  down  §  the  length 


of  the  string    (  =  V   ~p)=V 


2mF' 


(•)  Let  j=the  space  fallen  through  by  gravity  in  1",  then 

T=\/  ~-  and!T8=:  — ,  or  ^=7^;  »f  therefore  the  /«?£*A 

of  a  pendulum  which  vibrates  in  T"  be  given,  the  space  fallen 

through 
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'  -=5::  »  :  1,  or  T=VA^  which  writ* 


a 


--.    Hence  "  the  times  of  vibration  of  eat 

dnlums  of  different  lengths  acted  upon  by  Affiant 
"  acceler curve  forces  will  vary  as  the  square  roots  of 
<c'the  lengths  directly,  and  the  square  roots  of  Ik 

1 
"farces  inversely"    If  Z  be  given,  thcn.Totjp 

i.  e.  "  the  tiroes  of  vibration  of  pendulums  of  the 
same  length  vary  inversely  as  the  square  reels  tf 
Hit  acceler ativf  forces;"  and  if  T  be  given,  then 
LofiFy  i.  e.  "  the  lengths  of  pendulums  vibrating  is 
"  the  same  time  vary  as  the  forces,  which  acceler** 

"them**.".  ^ 

8.  L* 

through  by  gravity  in  l'  may  be  found ;  thui,  let  the  length  of 
the  pendulum  which  vibrates  seconds =3Q. 2  inches,  then  xs 
(for  T=l)   ^l=9.  86x39. 2  =  lg3256  ^^  ^   iftw| 

reet  in  1'. 

(*)  The  two  great  natural  causes  which  produce  a  variation 
in  the  length  of  a  pendulum  which  shall  perform  its  oscillation* 
in  the  same  given  time,  are,  I.  The  increase  of  gravity  which 
tahes  place  in  different  latitudes,  as  we  proceed  from  the  Equator 
to  the  Poles.  II.  The  diminution  of  gravity  which  it  experiences 
when  carried  to  different  points  above  the  horizon,  from  places 
having  the  same  latitude.  Although  it  would  be  foreign  to  the 
purpose  of  this  Lecture,  to  enter  into  a  minute  investigation  of  the 
causes  from  which  this  change  of  gravity  proceed  $  yet  it  will  be 
proper  to  make  a  few  observations  upon  the  effects  produced  by 
it,  so  far  as  relates  to  the  length  of  a  pendulum  oscillating  seconds 
at  different  parts  of  the  earth's  surface. 

L  The 
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8.  Let  7i  s  the  number  of  vibrations  performed 
by  a  pendulum  in  any  given  time   (T),  and  T= 

the  time  of  one  vibration,  then  T f  =  nT%  .\  w  =  ~- 
b.Ut  T==V/^'  ••■  w  =  V^^9,  which  varies 

as  V  -t  •  Hence  the  number  of  vibrations  per- 
formed in  a  given  time  by  pendulums  of  different 
lengths  acted  upon  by  different  accelerative  forces 
are  directly  as  the  square  roots  of  the  forces,  and 
inversely  as   the  square  roots  of  the  lengths  ;    if 

therefore 


I.  The  difference  which  exists  in  the  gravity  of  bodies  at  places 
not  having  the  same  latitude,  arises  from  the  centrifugal  force 
produced  by  the  rotator}'  motion  of  the  Earth  round  its  axis.  This 
force  is  opposed  to  the  force  of  gravity ;  it  is  greatest  at  the  Equator, 
and  least  at  the  Poles ;  and  at  intermediate  points  varies  as  the 
square  of  the  cosine  of  latitude;  the  gravity  of  a  body  therefore 
will  be  least  at  the  Equator ;  it  will  continually  increase  as  the 
latitude  of  the  place  increases ;  and  will  be  greatest  at  the  Poles. 
It  appears,  from  observations  made  upon  the  vibration  of  pendulums 
at  different  parts  of  the  Earth's  surface,  and  from  calculations 
resulting  from  them,  that  if  the  force  of  gravity  at  the  Equator 
be  represented  by  1.00000,  at  the  Poles  it  will  be  represented  by 
1.00567  (See  Le  Place,  Exposition  du  SystSme  du  Monde,  p.  250, 
Ed.  1808);  at  the  intermediate  latitudes  of  3(fi,  45°,  52°,  and 
60°,  it  will  be  represented  by  1.00141, 1 .00283,-1 .00357, 
and  1.00423  respectively}  and  since  the  lengths  of  pendulums 
vibrating  in  the  same  time  are  as  the  accelerative  forces,  these 

vol.  ii.  *  numbers 
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therefore  the  lengths  be  given,  the  number  of  osci! 
lations  will  be  directly  as  the  square  roots  of  t 
forces;  and  if  the  forces  be  given,  the  number  < 
oscillations  will  be  inversely  as  the  square  roots  t 
the  lengths, 

EXAM.  1. 
tVhat  is  the  time  (T)  of  an  oscillation  ofapend* 
lum  whose  length  is   IO  feet;  and  what   must  be  the 
length  ( L)   of  a  pendulum  which   shall   oscillate  i 
times  in  a  minute  ? 


numbers  will  represent  the  proportion  between  the  lengths  t> 
pendulums  vibrating  seconds  in  these  different  latitude!,  the 
length  of  the  pendulum  at  the  Equator  being  represented  by  * 

II.  In    estimating    the   effects    produced    by   the    force  i 
gravity    in    this    and    the    preceding    Lectures,    we    have  I 
along  considered  it  as  a   constant   force,   which    is   only  t 
for  very    mial/  distances    above  the    horizon.     It   has  i" 
been  shewn   in    the  Notes    to  Vol.  I,    that    this    force 
inversely  as   the  square  of  the  distance  from   the  center  eftk 
Earth ;    in  calculating  lis  effects  therefore  at  «n 
distance  from  the  surface,  this  diminution  of  gravity  n 
taken  into  the  account.      The  length  of  the   Earth's  radiu  i> 
3970  miles ;    if  therefore    the   force   of  gravity  at  the  Eafla'i 
.surface  be  represented  by  unity,    this  force  at  the  distance  0 
1,2,  and  3  miles  atove  it  will    be   measured    by   the  1 

respectively ;  which  numbers  (since  DxF)  will   represent  iJ 
relative  lengths  of  pendulums  oscillating  seconds  at  those  st 
distances,  the  length  of  the  pendulum  at  the  surface  being  r 
sented  by  unity. 

Tiki* 


& 


▼IBSATIOM  OF  PENDULUMS.  163 

The  length  of  a  pendulum  which  oscillates  in  l"  is 
30.2  inches ;  and,  by  Art  6,  the  times  of  vibration 
of  pendulums  of  different  lengths,  are  to  each  other 

as 


Taking  then  both  these  causes  of  variation  into  consideration, 
and  referring  to  the  pendulum  whose  length  is  39.2  inches 
(which  oscillates  seconds  at  the  Earth's  surface  in  latitude  52° ,) 
as  a  standard;  the  length  of  a  pendulum  that  oscillates  seconds 
at  and  for  3  miles  above  the  Earth's  surface  at  the  Equator  and  the 
Pole,  and  for  the  several  intermediate  latitudes  of  30?,  45°,  52* 
and  OCR,  may  be  exhibited  in  the  following  manner. 


• 

LATITUDE. 

Length  of  a  pen* 

datum  oscillating 

MCOMfa  at  the 

Earth'*  rarfbce. 

1 

One  Mile  abets 

the  Earth's 

surface. 

Two  Miles  above 

the  Earth's 

surface. 

Three  Miles  above 

the  Earth's 

surface. 

At  the 
Equator 

39060 

39-036 

89.013 

38. 997 

Latitude  30* 

39. 115 

39. 091 

39. 068 

39052 

45° 

39- 170 

39. 146 

39.122 

39. 107 

52° 

39.200 

39.176 

39.152 

39.137 

«r 

39. 225 

39201 

39.177 

39 .  161 

|At  the  Pole 

39. 281 

39257 

39. 233 

39. 218 

it 


On  reviewing  this  Table,  it  appears,  that  "  the  variation  in  the 
length  of  a  pendulum,  oscillating  seconds  at  any  point  upon'ox 
"  for  three  miles  above  the  Earth's  surface,  never  amounts  to 

"  —tfa  of  an  inch;*'  for  the  greatest  variation  which  can  taktj 

place  in  this  whole  range  is  between  the  length  of  a  pendulum 
at  the  Pole  (39.281),  and  that  of  one  vibrating  at  the  distance  of 
3  miles  above  the  Earth's  surface  at  the  Equator  (38 :  997) ;  and 
this  it  no  more  than  .284  of  an  inch. 


«.    ■*« 


1 


m  •  »» 


T  . 
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Cor.    If  L  =  l,   then    T  :<::  r  +  D  :  r  +  d;  i.  e. 
he  times  of  vibration  of  the  same  pendulum,  when 
esarried  to  different  heights  above  the  Earth's  surface, 
ill  be  to  each  other  as  the  distances  of  those  heights 
om  its  center. 


EXAM.  III. 

If  a  pendulum  at  the  EartKs  surface  vibrates  {m) 
&imes  in  T" ;  how  must  its  length  be  altered  so  that  it 
*mxy  vibrate  (»)  times  in  T"  ? 

Let  L  =s  the  length  of  the  pendulum  which 
vibrates  (m)  times  in  T",  and  £  +  #=the  length 
of  that  which  vibrates  (n)  times  in  T" ;  then,  by 

Art.  8.   (since  F  is  given)  m  :  n  ::  —r=f :  - 


y/L'  JL  +  x' 
.\  m1  :  n9  ::  L  +  x  :  L,  or  nfZ  +  r?x=m*L>   and  x 

m  —  n  .  L 

n*         ' 

Cor.  Letm  =  n±y,  where  y  is  twy  #wa//  with 

^    A            .,         m9  —  n*.L       +2ny+y*.L 
respect   to  w,   then   ; =  -= — 7  M  y = 

(rejecting  ya  as  very  small  with  respect  to  2ny) 

— ^ .  and  consequently  L  +  x=L-\ ,  which 

n  J  n 

furnishes  us  with  a  "convenient  theorem  for  ascer- 
taining the  quantity  by  which  the  pendulum  of 
a  clock  must  be  lengthened  or  shortened  according 

as 
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loses  a  few  seconds  or  minutes  in 

EXAM.  IV. 

trAit  A   oscillated  seconds    and  fcp 
t  Earth' t  surface,  iras  carried  to  tit  Np 
utain,  and  there  lost  {()  seconds  m  an  hue; 
*  the  heigh  of  the  mountain  ? 
Let  r=radius  of  the  earth,  x  =  /uight  of  the  mom- 
taint  T=  the  number  of  seconds  in  an  hour  or  the 


(■)  Suppose,  for  instance,  thai  a  dock  gains  3  minutes  in  *  ief; 
i.e.  instead  of  performing  34x60x60  or  86-MO  vibralicfu  in 
a*ar,  it perfortnj  86400+ 1BO  or  68590  »ftraliOQi  in  that  time; 

„*„  ►=«.»!  ,  =  .«..  ,.  2^1=^4  =  ^,  * 

ahbocgo  this  acceleration  of  the  pendulum  indicates  that  io 
length  is  a  little  less  than  39-1  inches,  jet  it  is  evident  that  is 

finding  the  value  of ,   L  may  be  assumed  equal  to  Jo  .2  incha 

vritfacct  any  material  error ;  hence  —-or  -  (=  .16  inches)  it 
the  n-jantity  by  which  the  pendulum  must  be  lengthened  to  make 
it  oscillate  seconds.  In  the  Example  here  given,  m(=865SO)  a 
greater  than  a,  and  therefore  y  is  positivt ;  if  the  pendulum  letts 
a  certain  number  of  seconds  in  a  day,  then  m  is  leu  than  -.,  tod 

consequently  j  Si  ae^atire,-  the  tiIdc  of  — J  moat,  in  thw  case, 
be  nti trotted  from  L,  or  the  pcndnlum  most  be  aiarffxei 
The*  theorem  alluded  to  in  the  owollary,  therefbre,  i»  this: 
**  Multiply  twice  the  length  of  the  pendulum  by  the  number  of 
**  seconds  gained  or  lost,  and  divide  the  result  by  the  nomker 
"of 'seconds  in  a  day;  the  quotient  will  give  the  number  of 
**  inches  or  ports  of  an  inch  by  which  the  r*Brl"frip  b  to  he 
f  lengthened  or  shortened/' 
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number  of  vibrations  in  an  hour  at  the  Earth's  surface, 
then  T  —  t  will  be  the  number  of  vibrations  in  an 
hour  at  the  top  of  the  mountain.  By  Art.  8,  when 
the  length  of  the  pendulum  is  given,  the  number  of 
vibrations  in  a  given  time  are  directly  as  the  square 
roots  of  the  forces  which  act  upon  the  pendulum  ; 


r  +  x:r,  .:  t  :  T-t  ::  x  :  r,  or  x  =  -^—f). 

or.  If  the  pendulum  gains  (t)  seconds  in  an  hour 
ore  it  is  carried  up  the  mountain,  and  it  be 
uired  to  find  that  point  in  the  ascent  where  it 
will   keep   true   time,   then    T  +  t  :  T  : :  r  +  x  :  r, 
:  T::x:r,orx  =  j,. 

EXAM.  V. 
On  supposition  that  the  pentlulum  which  oscillates 
seconds  in  latitude  51°  is  3g.2  inches  long;    Compare 
the  spaces  through  which  a  heavy  body  would  fall  from 

[rest  in  l"  at  the  Equator  and  the  Pole,  and  at  the  in- 
termediate latitudes  of  30°,  45°,  and  60". 
By 

(b)  If  /  be  very  smalt  with  respect  to  T,  ilien  x  may  be  con- 

.    tittered  as  equal  to  —  without  any  material  error.    Now  7"=3600", 

If  therefore  t  be  equal  to  1,2,  3,  &c,  seconds,  then  x  will  be 

"i™1 "  isb'  iiso'  mo' ta- '  "d  ™pp"ins ' '°  ta  =1"*' "' 

4O00  mites,    tlie  heights  of  mountains   upon  which  a  pendulum, 

that  oscillates  seconds  at  the  Earth's  surface,  losci  1,  2,  3,  Sec. 

p^  aecond*  In  an  hour,  will  be  \\.  a£,  3~,  &c.  miles  respectively. 


PENDULUMS. 
I  r««>,p«re  159,  if  L  =  Me/en»(A  •/<£ 

and  T-=3.Ul,k| 
Itkrvmgh  ty  gravity  in  l**— 
!  *■"  •*•  "*  *»!■"<=  •»  it  stands  in  tht>l  I 
""*■"  rf  *«  T"1*1  ■»  F»ge  163,  and  n  .665  fcrri  I 

***    ""    *■"■    <9»-663j       »95}.Q34;      IQ3.i*[ 

!■>■«•:  191-7*3  UKfer  the  spaces  foots  | 
■  '  *  *"  f"l"-11.  «  latitude  3d",  45°,  6a;  d I 
a*.  *»  IM.  iitpeuiseij. 

Jjb».'  Safe*  W4«  Men  through  ih  I 
"     (••-'"Ss,  "^  at  the    Pole 

*  •jT*n"Serbetween  thespGcesfai!-:  I 
»  in  I'M  ilvjrto  points    upon   the  suite  I 
ofdse  Earth  is  IQ3.753-  lto.663  or  1.09 n 

0»  the  Tma  of  Vibration  of  Compound  t 
Pendulums. 

1 .  Since  the  angular  velocity  of  a  body  or  systeo 
ot  bodies  moving  roand  a  given  axis  of  suspenstoo 
is  the  same  as  if  all  the  matter  of  the  body  or  systeo 
were  collected  into  the  renler  of  oscillation,  it  * 
evident  that  the  ante  of  a  nitration  of  a  compound 
pendulum  nil)  be  measured  by  the  angular  velocity 
of  its  center  of  oscillation,  and  that  the  real  lengtkK 

".      -       ", 

Is)  Stoce  the  distance  between  the  cotter  of  tTiftl/affrf  ft 
tr.ectmmw  ef  gravity  of  a  body  or  system  (by  Art.  7,  page  11)) 
varies  inversely  a*  the  distant  bttwtat  the  tatter  qf  £•*»%, 

m 


VIBRATION   OF  PENDULUMS.  169 

of  the  pendulum  will  be  the  distance  between  thai 
center  and  the  point  of  suspension.  To  find  the  time 
of  a  vibration  therefore  of  a  pendulum  of  this  kind, 
we  have  only  to  ascertain  the  distance  between  the 
point  of  suspension  and  center  of  oscillation  by 
the  rules  laid  down  in  the  preceding  Lecture,  and 
substitute  it  for  L  in  the  equation  T-  \/  -lL„  of 

Art. 


and  point  of  suspension,  it  is  evident  that  in  a  particle  of  matter 
or  small  body  suspended  as  in  (he  preceding  Section  of  thia 
Lecture,  the  center*  of  gravity  and  oscillation  may  be  considered 
as  coincident.  Take,  for  instance,  a  sphere  of  2  inches  diameter, 
and  suspend  it  by  a  string  40  inches  long;  then,  by  Cor.  1, 
Exam.  3,  page  121,  the  distance  between  the  centers  of  gravity 
and  <i5citttithn=-~tth  part  of  an  inch  ;  suppose  the  diameter  of 
this  sphere  to  be  diminished  whilst  the  length  of  the  string 
remains  the  same,  then  the  distance  between  the  centers  of 
gravity  and  oscillation  may  become  less  than  any  assignable 
•lutntity. 

The  pendulum  of  a  clock  is  not  made  spherical,  but  in  the 
form  of  the  solid,  a  tranverse  vertical  section  of  which  is  re- 
presented in  Exam.  5,  page  124  ;  a  solid  of  this  form  being  much 
more  commodious  than  that  of  a  sphere,  inasmuch  as  it  suffer* 
less  resistance  from  the  air.  Suppose  the  dimensions  of  a  pen- 
dulum of  this  kind  to  be  such  as  stated  in  that  Example;  then  the 
distance  between  the  centers  of  gravity  and  oscillation  is  &th  of  an 
inch,  the  distance  of  the  center  of  gravity  from  the  point  of  sus- 
pension being  40  inches ;  its  whole  length  therefore  is -10,05  inches; 
shorten  the  rod  by  which  it  is  suspended  .SS  of  an  inch  (which 
may  be  done  without  introducing  any  material  error  into  the 
*dr*-$ff'r  +  ±()r' 

expression =*- , 

d.r—fi 

GO),  and  its  length  is  reduced  to 39. 2  inches.  By  this  method 
you  would  obtain  a  pendulum  which  oscillates  secondly  at  the 
Earth's  surface. 


which   determines  tbe  value  of 
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Art.  7,  page  l6();  and  the  value  of  T  thus  found, 
will  be  the  time  required. 

1.  If  it  be  required  to  find  the  point  of  suspenmn 
of  a  given  body  or  system,  so  that  it  shall  perform 
it-,  oscillations  in  some  given  time  (T)t  then  let  L  be 
the  length  of  a  simple  pendulum  which    oscillates 

in  that  given  time,  and   (since  T=\/  —■     b  I  we 
9  m  FT*  'iffy 

shall   have  /-  =  - — -t for  the  distance  between  the 

point  of  suspension  and  the  center  of  oscillation. 
Suppose  G  to  be  the  center  of  gravity  of  the 
i  ind  .1  some  given  point  in  it  (the 
vertex  of  a  given  solid,  for  instance),  through 
which  if  the  axis  of  suspension  passes,  its 
center  of  oscillation  will  be  in  0 ;  then  (by- 
Art.  11,  page  115)  if  S  be  the  point  of  svs- 
pension,  Jb  =  Au  + 


k 


SG 


Let  SG  = 


.1G  =  D,G0  =  * 


x%-  L*  +  Dd=Q,  from  which  x= 


L±jL*-ADd 

2m  FT* 
substitute  j—     for  L  in  this  equation,  and  it 

determines  the  distance  of  the  point  (S)  from  the 
center  of  gravity  (G),  through  which  if  the  axis  of 
suspension  passes,  the  body  or  system  will  vibrate 
in  the  given  time  (T)\ 

3.  Since 


(•)  Sine*  x  has  t*v  values,  it  appeal*  thai  there  are  too 
f*»»ts  o*  the  spurn  at  different  distance*  from  the  center  of 
gnritjr  (C),    from  which   if  the  system  be  suspended,   it  <nl 
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3.  Since  T=  V   - — Fi  and  varies  as  v   -=  :  sup- 

wing  i*"  to   be  given,  T  will  vary  as  */77,  and 

*X- ;  to  find  the  point    therefore  from  which 

body  or  system   must  be  suspended  so  as  to 

irform  a  vibration   (at  a  given  place)  in  the  least 

possible,   we  must  make  xa =  £  =  a  mmi- 

Ddi  ,x  - 

x j-=0,  and  x=s/Dd;   "the  body 

x*  T  '. 

!  or  system  will  consequently  vibrate  in  the  least 
time    possible   when  SG   is    a    mean  proportional 
'  between  AG  and  GOib>;"  moreover,  if  (o)  be  the 
center 


oscillate  in  the  given  time  (7").  Thisagrees  with  Art.B.  p.113;  for 
since  the  center  of  oscillation  may  be  made  the  point  of  suspension, 
and  vice  versa,  there  will  be  two  points  in  the  system  (at  different 
distances  from  some  given  point)  which,  being  made  the  centers 
of  suspension,  will  give  the  same  value  for  L. 

(b)  Thus,  let  Aa  (a)  be  a  straight  tine,  or  thin  cylindrical  rod; 
then,  supposing  it  to  be  suspended  from  A,  AO=~a;  .'.  GO 
=.AO-AG=\a~'7a=^a;    hence  SG=  V'AGxGO= 

vT^Tia=-£=.   and  SA=AG-SG=ia ^=~   very 

nearly  ;  a  rod  of  this  kind  will  therefore  vibrate  in  the  least  lime 
ptaniU  when  it  is  suspended  from  a  point  the  distance  of  which 
from  its  upper  extremity  is  about  -rzrtth  of  the  wkole  length  of 
the  rod. 

In  the  right-angled  cone  whose  vertex  hA  (kc  Cor.  I.  Exam.  2. 
p.l20)^0=A,  *a&AG=\h,  ;.GO=AO-AG=xh,  and  SG= 


yAGxGO^oTh^-—;  hence  SA=AG~SG=- 


•  *ry-ji:  i 


■    s- 


•  •' 


-  '  »  •  • 


.  \rt.  i,7"=  V  — r  ;   -ut  by  Exam.  J.  :  .; 

:  ?0  -  =.■;■-  —  =  —t- ,   and    bv  N : \-   ; 

I  *  v.*  -         - " 

.    .      r_     ,.i     ■  T-y/       9^6(5  x:3«     _ 

EXAM.  II. 

-  "  ."'•■'    -^jjtndt.d  at      -;■' 

-•■-  '..:>  .  •-•.'..■  /'••.^2    <v   paint   ..      '• 

•;    •••     •    .    .    *:        \:  •    •••*-  to  cat  It    ot'r*    • 
■'    .  :   :  :    '.     '    z~z    :  v    n'//.'t\>    o/*  iivrn:r 

....  • 

;  •  j.  toE.<.i:r..  l-pv^"  il~>   ^ie  distance  ot* 
M.r.-r  nf  o?c:!:it;on  Irvm    the    point  of  sus- 
pension 

----v:  a  r  »:.t-.s::iikd  o,ne   therefore   will  uorate 

■  -•   *.•.•..".*:   when   the  axis  of  su>.fx*nsion   pa^ei 

3  j 

.4  »   >  cat.  a*.»  -i  she  distance  of  about  rrrr^hs  of  ils  heigh: 
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pension  in  the  former  case  :  distance  in  the  latter 
t:  71+  i.ra*—  l  :n3+  I ;  and  since  by  Art. 6,  page  \5Q, 
the  times  of  vibration  of  different  pendulums 
mry  as  the  square  roots  of  their  lengths,  Tit:: 

Cor.  l .  Suppose  the  rod  to  be  suspended  from 
=  £  its  whole  length  from  the  upper   ex- 
lity,  then  n  =  3,  and  T  :  t  : :  */&  j  >/T- 

.1.  Un  =  -l,  then  T=t,  as  it  ought  to  do 
intent)  with  the  principles  of  Art.  8,  page  113. 

EXAM.  III. 
*  a  small  weight  fV  be  suspended  from  the  ex- 
lity  of  a  rod   (Sff)  whose  length    is  (L)  ;    It  is 
'quired  to  find  at  what  point  anothtr  small  weight  (mi) 

r?t   be  placed  so  that  the  pendulum  shall  perform 
vibrations  in  the  least  time  possible. 
Let     (G)     be     the    center     of    gravity, 
»nd     ( 0 )    the    center    of   oscillation    of    the 
two     weights;     and     let     Sw  =  x,      then 

tVL*  +  wx* 
(by    Note*/,      page  117)    SO  = 

WV  +  wx* 
=   y/  +wx  =  a   maximum  ; 

~WL+wx-wi.fVL1  +  wx'  =  0,  fr°m  which 

r»+^^— — "=0,  and  x=-JW?TWw^W. 

WW  w 

CoR.lt'w=ffr,  then  x=L.*/2—it    and    .-.  *  ; 
£  ::  */2  —  l  :  1  :;  5  :  12  very  nearly. 
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*  fl  EXAM.  IV. 

Mr  s  tUm  <y&t>driail  rod  (jfa)  to  be  unpaid 
rfmmt(3),  aUamrigkl  < If)  tn  h  f>L*i * 
rest***,   (•);     0%at  wetrlu    (x) 

u  upper  extremity,  that  the  time  tfvfam* 
ftetmt  mme  h*k  witk  md  irtliw* 

_*<>be  the  tmttr  tfatdSatim  of  the  rod  when 
I  ribraha  -mithmt  the  weights  ;  and  let  Sa= 
L,S.4=L  then,  by  Exam.  i,page  117,  -V0= 

-—-     jiz    «nd  or  the  preceding  example, 

*e  tSatmate  of  the  center  of  osctllalioa  from  S 

wiA  At  tmgkb  < WtT\  appended  will  be— 7=7 — r 

beacr,  rhst  d»e  tune  of  nbration  wi'M  and  Kitkouiti* 

rrv  +  rx 
3~£7^7r°rx      7~~*  3.z,+r  +  3M,,-r' 


tiMl »  WL-U 
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Lecture  XX. 


>N   THE  RECTILINEAR  MOTION  OF  BODIES  BY  VARIABLE 
FORCES ;  AND  ON  THE  VIBRATION  OF  CORDS. 


.In  the  preceding  part  of  this  volume,  the  motion  of 
a.  body  or  system  of  bodies  has  in  e\ery  case  been 
Supposed  to  be  produced  by  the  action  of  constant 
forces  ;  the  relation  of  the  space,  time,  and  velocity, 
therefore,  could  readily  be  obtained  from  the  general 
expressions  in  Art.  2,  page  3.  If  the  force  varies 
at  every  instant,  these  expressions  are  no  longer 
applicable ;  and  that  relation  must  be  ascertained  by  a 
Jhtxional  process,  the  nature  of  which  we  now  pro- 
ceed to  explain. 

LXVII. 
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LXVII. 

On  the  method  of  investigating  the  general 
expression  for  the  velocity  and  time  a}  I 
body  Moving  through  any  given  splice  /»y 
the  action  of  a  variable  force. 
I .  Suppose  a  body  to  be  made  to  describe  the 
space  AS  by  the  action  of  a  force,  the  intensitj  of 
which  varies  at  every  instant.  Let  the  space  iJD) 
over  which  the  body  has  moved  in  the  time  a 
(t)  =  x,  and  let  the  velocity  acquired  at  the  end 
of  that  time  =  r.  Let  F=the  magnitude  of 
the  force  actingat  the  point  D,  »n=  lb"^  feet- 
then  (by  Art.  2,  page  3),  if  a  body  moves 
through  any  space  (»)  by  the  action  of  this 
force  continued  constant,  the  relation  between 
F,xand  the  velocity  (i)  will  be  expressed  by 
the  equation  v*  =  4mFx,  thejiuxion  of  which  is  vi'~ 
■Zml'\i.  Take  d  indefinitely  near  to  D,  so  thit 
Dd=x ;  then,  since  the  force  may  be  considered!* 
consuml  through  the  very  small  space  D<i 
equation  {viz.  vii  =  1m F.i)  will  express  the  relation 
between  F,  x,  and  v  whilst  the  body  moves  through 
that  small  space11';  if  therefore  die  value  of  F  for 
each  point  were  assigned  in  terms  of  x,  the  general 
relation  between  F,  xt  and  v,  when  the  body  has 
moved  through  any  space  x,  would  be  expressed  bj' 

the  equation  " fluent  of  vv=jiuent  of  1mFx~  or  u  —  • 
f  1m  Fir     

(•)  For  the  body  moves  through  the  small  iptce  Dd  undo 
precisely  the  same  circumstances,  whether  the  velocity  (v)  he  gene- 
rated by  the  action  of  the  constant  force  F,  or  by  the  action  of  ■" 
i«iriai/e  force  which  (when  the  body  is  at  the  point  D)  hiyualtsf 
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j 

2.  Since  the  velocity  through  the  indefinitely 
small  space  Dd  may  be  considered  as  uniform,  the 

time  of  describing  it  will  be  represented  by  « —  or  -  . 

Suppose  therefore   that  v  =  f#cw,   we   shall  have 

•  • 

£  =  — ,  and  t=f'- —  .     Thus,  both  the  velocity  ao- 

<p  x  <px 

quired  and  the  time  of  the  body's  motion  through 
any  space  AD  will  be  ascertained  in  all   cases, 

X 

"  when  the  fluents  of  2  m  Fx  and  —  can  be  found." 

<px 

If  SD=s  x,  then  (since  the  body  moves  in  direction 

AD)  x  decreases    as  v  increases,    therefore    the 

■  Jluxions  of  x  and  v  will  have  different  signs,  and  the 

time  and  velocity  will  be  determined  from  the  equa- 


-*   n 


tions  "  -  =  f.-  2  m  Fx?  and  "t=f. 

2     J  J    <px 

LXVIII. 

On  the  variation  of  the  aecelerative  force  of  a 
body  descending  (as  P  in  Lectures  XIV*. 
and  XV.)  by  means  of  a  rope  whose  weight 
is  taken  into  consideration. 

In  the  different  machines  adverted  to  in  Lectures 
XIV.  and  XV.  it  is  evident  that  the  moving  force  of 
P  as  it  descends  is  increased  at  every  instant  by  the 
variable  weight  of  that  part  of  the  rope  by  which  it  is 
suspended,  and  that  the  inertia  of  the  mass  moved  is 

increased 


(b)  By  <px  is  meant  any  function  of  x,  i.  e.  "  an  expression 
"  involving  only  x  and  known  quantities/'  such  as,  "  a9— j «," 


$$ 


a+bx,u  'Va*+*V  "px+qx2—rx*;'  &c.  &c. 
VOL.  II.  2  A 
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increased  by  the  whole  weight  of  the  rope.  If  there- 
fore the  weight  of  the  rope  be  so  considerable  a* 
to  render  it  necessary  that  it  should  be  tak. 
the  account,  the  expressions  for  the  accelerator 
force  of  P  must  be  modified  in  the  following 
manner. 

1 .  Let  us  first  take  the  case  of  "  a  weight  (P)  rte- 
"  scending  by  means  of  a  rope  going  over  a  wheel 
"  whose  radius  is  (r),  and  at  the  same  time  comniu- 
"  nicating  3  rotatory  motion  to  a  body  or  system  of 
"  bodies  whose  weight  is  {W),  and  the  distance  of 
"  whose  center  of  gyration  from  the  axis  of  rotation 
"  is  (/))."  Let  the  rope  be  of  uniform  thickness, 
and  let  its  whole  length  =  l,  its  weight  =  w't  and  let 
a  =  that  part  of  the  rope  which  is  unwound  hi'err 
P  begins  to  descend ;  then  the  weight  of  this  part  of 

the  rope  =  — — ;  and  if  jt=  the  space  through  which  P 

descends  in  any  time,  then  ~j-  will  be  the  weight  of 

such  part  of  the  rope  as  will  be  unwound  in  that 
time.  Hence  the  movirtg  force  of  P  after  it  has 
descended  through  the  space  x=P+  -j-  +  ~ :  the 
mass  moved  =  P  +  W  acting  at  the  distance  (r)  from 
the    axis    of   rotation  +  iv=  (by    Art.  2,    page  50) 

Wit 

— —  +  w'\  .'.  the  at  cc/erative  force  of  P  [F) 
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1.  If  P  =  Q,  i.e,  "  if  this  rotatory  motion  of  the 
"  body  or  system  be  produced  merely  by  the  weight 
"  of  a  very  heavy  rope   or   a  perfectly  flexible   chain 

"of  uniform  thickness,"  then  F= — -■■'  -: 

l.lViy-rwr*' 

and  this  is  the  force  with  which  every  point  of  the 

rope  or  chain  keeps  continually  descending  till  the 

whole  is  unwound. 


3.  Let  us  next  consider  what  change  is  produced 
in  the  accelerative  force  by  taking  the  weight  of  the 
rope  into  consideration,  "  when  a  weight  (P)  draws 
"  up  another  weight  (JV)  over  a  fixt  pulley"  Let 
BfF  (=the  difference  of  A  P  and  AW  before  Jk 
P  begins  to  descend)  =  a,  the  length  of  the  ^ 
rope=/,  its  weight  =  w,  and  the  weight  of 
the  pulley  =  w ;  then  the  weight  of  the  part 

BW=  -  — ,  and  the  nwuingfurce  with  which 
P  begins  to  descend  =  P  —  W — -r-.  Whilst 

F  descends  through  any  space  (x),  W  will 
ascend  through  the  same  space ;  the  difference 
of  the  ropes  AP,  AW  will  therefore  be  increased 
or  diminished  by  a  part  =  '2r,  the  weight  of  which 
is  -  — ;  by  this  weight  the  moving  force  of 
P  is  increased,  .'.  when  P  has  descended  through 

i  space  (x)    the  whole    moving    force    will    be 
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p_/^_^  +  1^5;  by  Note  a,  page  79,  the  inert* 
of  the  pulley=\w ;  hence  the  mass  moved  =  P  +  lf 
\w  +  w't  .".  the  accelerative  force  of  P(  =  F)' 
w'a     Iw'x 


P-W- 


P+iP  +  ho  +  u 


pl-}fH-w'a  +  1u'x 
I.P+  IV+U<  +  w" 


4.  Suppose  no  weights  to  be  appended,  but 
chain   BJCD  to  pass  freely  over  the    pulley  A. 
Before  the  chain    begins  to  descend 
let  CD=a,  then  the  moving  force  with 

which  it  begins  to  descend  =  -t—;  and 
when  it  has  descended  through  any 
space  (.c),  this  force  will  be  in- 
creased   by   — - — ;  the  mass  moved  is 

%w  +  w'-,  hence  the  accelerative  force 
with    which    the    chain    descends  = 


~T  —  "'"  +  2w'-r 
T-       lAtv  +  io" 


EXAM.  I. 
In  the  different  cases  of  Rotatory  Motion  in 
Lecture  XIV,  suppose  P  to  begin  to  descend  from 
the  edge  of  the  wheel,  what  velocity  will  it  have  ac- 
quired when  it  has  descended  through  the  whole  length 
of  the  rope ;  and  what  will  be  the  whole  time  of  it* 
descent? 

l.The 
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1 .  The  value  of  a  in  the  expression  for  the  accelera- 
tive  force  in  Art.  1 ,  p.  1 78,  is  in  this  case  =  0,  .:F=* 

r*.  Pl  +  w  x  ^, . 

i   z>   *       Tssrn  ,      O?  hence  (Art.  l.p.  176),  vV^lmFx 
l.Fr*  +  tVD%  +  w  r* 


=  2mr\Plx  +  wxx     ^   .^Amr.Flx  +  \w  x%  ^ 

i.Pr*+frD*+w'T*'  i.Fi*+-fnr+w'f* 

/   u  a  *mlr%.P  +  iw  ..      . 

=  (when  grs  /)  ^  w&+wi* ;   conse(luently  the 

velocity  of  P  just  at  the  instant  the  whole  rope  is 


unwound = 


-     m*r*/ml.P  +  jw' 


*j  Pr*  +  wry  +  wV " 


^    t   A  4mr*  2n      ..  , 

2.  Let  -.-  =  -7T,    then    v*  = 

/.Pr«  +  /fX>«  +  wr%     w* 

n  2  P  l  x  /  n      / 1 P  Ix 

— >. t —  +  x*>  and  v  =  \/  —,  \/ —  +  #*;  hence 


WW  w    w     w         w 

X 


i  =  -=V— x  .  /iPlx       ~ 

v      v    n      y  — —  +  x% 


(Art.  2,  page  177), 
w 

Pi      ^f^PTx 

— 7  +  x+y  — ,—+x 


* /w  ,       w  w       w 

.\  *  =  \/  —  x  hyp.  log. 


.  fw     ,    .     PI  +  w^v+s/TPIu/x^hT^x9 

m  V  ^xh-  »■  -3 p7 ; 

/   L  a  4/^    u  ,  P+yf+*j2Puf+w'* 

=  (when  #=/)  V  *-xh.  I. — -^ 1 

n  r    . 

seconds,  for  *A*  wAo/e  time  of  the  unwinding  of  the  rope. 

Ex. 

(*)  Having  ascertained  the  velocity  of  P  after  it  has  descended 
through  any  space  (x),  the  linear  and  angular  velocities  of  the 
body  or  system  may  be  found  according  to  the  rules  laid  down 
in  Art.  9,  10,  pp.  67,  68- 
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EXAM.    II. 

A  perfectly  flexible  chain,  whose  length  is  (I)  and 
weight  {w')y  is  wound  round  a  cylinder  whose  weight 
is  (IV)  and  radius  (r) ;  a  part  (a)  of  tite  chain  (just 
sttfficient  to  put  the  cylinder  in  motion)  is  unwound, 
and  it  is  then  left  to  descend  by  its  own  weight ;  h 
what  time  wilt  the  chain  leave  the  cylinder  ? 

This  is  a  case  of  Art.  2,  p.l7p,  where  F=—1L 


but   since  in  thecylinder  D=rs/±,  IVD'l  =  ±H'r\ 


= („he„«=,_a,v/3^5i:  x  h.  i./-|y-' 

Imw  a 

seconds,    for   the    time    in   which   the    chain   will 
unwind  itself. 

EXAM.  HI. 

Two  weights  P  and  IV  are  connected  together  by  a 
rope  whose  length  is  (I)  and  weight  (w")  ;  P  droits  up 
IV  through  the  whole  length  of  the  rope,  over  a  fit 
pulley  whose  weight  is  (w) ;  In  what  time  will  this  be 
effected  ? 

In 
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In  this  case  (since  P  begins  to  descend  from  the 
pulley  A)  a  will  be  equal  to  /;  the  expression,  there- 

fore,  m  Art.  3,  p.  1 79,  becomes 


To  simplify  the  operation, 


l.P  +  W+\w  + 


w 


Let  PI- ITl-w'l   = 


ma 


and  /.P+  JiF>£tt;  +  M>'=yt0', 

9W  9 


,               ,      A     r,     2m.nx+2x& 
hence  vv  =  £,mFx= , 


and  v*  = 


v  Am 


4m.nx  +  x* 

9 
x 


i> 


y/nx  +  x 

and  t  =     \/Xxh.LiS±£l^±£! 

T    Am  %n 

=(when  *=/)  \/^xh.l.  l**l+/*l+r  «coBd, 

for  Me  whole  time  of  P\s  descent. 

EXAM.  IV. 

A  perfectly  flexible  chain  whose  length  is  (/)  and 
weight  {w)  is  suspended  over  afixt  pulley  whose  weight 
is  (w) ;  one  end  hangs  (a)  inches  helow  the  other 
when  it  begins  to  descend ;  How  long  will  the  chain  be 
in  passing  over  the  pulley  ? 


By  Art.  4,  p.  180,  F= 


w.a  +  2# 


l.\w  +  w 


7> 


...     Imw'.aix  2xx 
W  =  2mFx= r-==?= 


l.\w  +  w' 


and 
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EXAM.    II. 

•ctly  flexible  chain,  whose  length  ii  (I)  ad 
i,  is  wound  round  a  cylinder   whose  mtigiu 
d  radius  (r) ;  a  part  (a)  of  t/ie    chain  {jue 
st  .0   put  the  cylinder  in   motion)   is  umeouri. 

ten  lejl  to  descend  by  its   own  weight;  h 
r/i    will  the  chain  leave  the  cylinder  ? 

r  »                             L          n_       r*w'*a+i 
caseofAi  >..        wht>rp  F=         . ; 

but  sir        M^eqrffe        t   =  >Vi,  IVD*={Wr\ 
2mM'.o.f+xi 


.  F=    — ===;;  hencevv—lmFi: 


and  d': 


'1mm 

seconds,    for    the    time    in   which   the    chain   will 
unwind  itself. 

EXAM.  III. 

Two  weights  P  and  Ware  connected  together  by  a 
rope  whose  length  is  (I)  and  weight  (w')  ;  P  draws  up 
W  through  the  whole  length  of  the  rope,  over  a  flit 
pulley  whose  weight  is  (w)  ;  In  what  lime  will  this  be 
effected  ? 

In 
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In  this  case  (since  P  begins  to  descend  from  the 
pulley  A)  a  will  be  equal  to  /;  the  expression,  there- 

fore,  in  Art.  3,  p.  179,  becomes  ,  n     m    T 

l.P+JF+lw  +  w 
To  simplify  the  operation, 

Let  PI- m-w'l    =ntv\ 

and  I.P+  fV+^w  +  w'^qw, 

,         _,      nw'  +  lw'x     n  +  2x 

then  r  = 7 =  - ; 

qw  q 


,              .      ^     ri.     1m.nx+1x$b 
hence  vv  =  £,mFx  = 

v    9 

.     t      &m.nx  +  x% 
and  tr  = ; 

9 


/ x 

v      v    4w»     \/nx  +  x 

\/Xxh.iJn+a?+/ 

*m  2 


=(when*=.,  v   4<>. i(| 

for  Me  w/Ao/e  */flie  o/*  jP\$  descent. 

EXAM.  IV. 

^  perfectly  flexible  chain  whose  length  is  (/)  onrf 
weight  {w)  is  suspended  over  aflxt  pulley  whose  weight 
is  (w) ;  one  end  hangs  (a)  inches  helow  the  other 
when  it  begins  to  descend ;  Hotv  long  will  the  cfiain  be 
in  passing  over  the  pulley  ?      

By  Art.  4,  p.  180,  F=  , 

l.-kw  +  w 


2 


W  =2mFx=i ,■-  >        , —  ; 

l.%w  +  w 

and 
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mrn-ajT  +-  r* 


;=VA±^ 


•    - 


far  lie  rtak   time   m  wkick   Me  cAsu  i> 
■pert?  tkc pmOnp. 
Cm.  If  the  weight   of  the  puller  be  too  iucoo- 
i  to  be  taken  into  the  account,  then  w=0. 


die  v»loe  of  /,  therefore,  is  in  this  case  independent 
of  the  im'*b  of  the  chain.  Let  its  length  be 
JjOO  inches,  and  let  a  =  A  inches;  then  (sim 
■=  t<H±  fect  =  193  iaoin)  we  bare 


=  \^> 


h.L- 


/SyQ^-i 


=  .6-23  x  2. 30-25  x  log.  149-99 
=  3.1-203  seconds. 

LXYIII. 

r  the  variation  of  the  acceierat'me  force  when 
one  weight  acts  obliquely  upon  another  otrr 
a  fist  pulley,  the  weight  of  the  rope  and  the 
inertia  of  the  pulley  not  being  taken  into  the 
consideration. 

1.  Let 
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] .  Let  the  weight  W  descend  against  the  action 
of  the  two  equal  weights  P,  P*  appended  to  it  by  a 
string  going  over  the  fixed  pulleys  A9B.  On  account 
of  the  equality  of  the  weights  P,  P',  it  is  evident 
that  W  will  be  similarly  situated. with  respect  to 


i 

the  pulleys ;  if  therefore  WD  be '  drawn  per- 
pendicular to  A B9  it  will  bisect  it;  let  AD=*a, 
DW*=.  x.  By  the  resolution  of  forces,  the  moving 
force  of  P  as  opposed  to  W :  its  weight  (P)  : :  DW 
:  AW  : :  x  :  +Ja*  +  x*;  hence  the  moving  force 

Px 

of  P  =     r  i     ,  -.  ;  for  the  same  reason  the  moving: 

Fx 


force    of  P,= 


since   therefore   P+P* 


=  2P,  the  moving  force  of  the  two  weights  P,  P* 

2P 
as  opposed  to  W=    f  9       k.    The  moving  fprce 

/^y  a  t  x 

of  /F  is  its   own  weight,  hence  the  moving  force 

nD« 

wilA  wAfcA   W  actually  descends  =  /F .  y 

and  as  the  mass  moved  =2P  +  W>  the  accelerative 
1  2Px 

^  zP  +  W         v*  +* 

2.  Let 
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1.  Let  r='the  velocity  of  JFai  the  distance  D* 
(x)  from  the  horizontal  line  AB,  supposing  that  it 
descended  along  that  line  by  the  action  of  this  acre* 
lenitive  force  (F)t  and  that  it  suffered  no  alteram* 
of  its  velocity  from  the  circumstances  under  which 
it  is  placed  by  its  conrtection  with  the  weights  P,  F: 
1m         .„.  '       iPir 

then   vi/  =  2mFx=n„  .  ,„.Wx- 


~iP  +  W' 


and  if-frwthe  distance  of   W  from  the  line  AB 
when  the  bodies  begin  to  move,  then 

Am         — _„    ,'  .n.-'i..f.   #-.- 


.  the  fluent  properly  corrected  is, 


rCor. 


put  N/a'  +  i*=c,  and  *J~a%  +  x*  {AW)—y  ; 


„=VA 


4mfF.x-b-SPtn.y—c 
iP+fT 


3.  We  have  thus  obtained  an  expression 
for  the  velocity  of  W,  supposing  it  to  descend 
along  the   line  DW  by    the   action    of   a  force 

represented  by  —5 — ■*&.  W >  j    but  since 

,  2.r  +  rV  ^  a  +  X 

this  is  also   the  force  by  which   P  or    P  ascend 

in    a   perpendicular  direction,    the  velocity   with 

which '  they  ascend    will    also    be    expressed  by 

the 


BY 
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the  quantity  \/4 mff.x-b-2 Pm.j/r-c 

V  <zP+fF  ~ 


Now 


it  appears  that  the  velocity  of  W  at  every  instant  of 
its  descent  is  greater  than  the  velocity  of  P  or  P,  in 
the  ratio  of  AW :  DW.  For  let  AWBy  AwB,  be 
two  positions  of  W  indefinitely  near  to  each  other, 
and  let  fall  the  perpendiculars  Wr9  Ws  upon  Aw,  Bw, 


then  Ww,  rw,sw,  are  the  contemporaneous  incre- 
ments of  DW>AW,  BW  respectively.  Hence  the 
velocity  with  which  /^actually  descends  :  velocity 
with  which  P  or  Pi  ascends  (v)  ::  Ww  :  rw  or  sw 
: :  (by  sim.  A')  -rfJF :  DW : :  y  :  x  ;  .\  the  actual 
velocity  of  /Pat  the  distance  DW  from  the  horizontal 


line 


41  Let— =5=n,then4w/T=»8Pmn;  and^P-h/F 

IP        .  

ss2P  +  2Pn=>2P\n+  1 ;    this  expression^  fbr  the 
velocity  of  W  may  therefore  be  transformed  ihto 
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y 


.  / 8  IJmn .&-  —  h  -  8  P m  .1/  —  c 


-4ra  y  - 


which 


comparison  will  be  found  to  agree  with  the  ex- 
pression for  the  velocity  of  the  descending  body 
as  it  stands  in  Cor.  I.  Prob.  III.  page  131.  of 
Thomas  Simpson's  Miscellaneous  TracJs,  Ed.  1757- 

5.  This  expression  for  the  velocity  of  /^becomes 

equal  to  O,  when 

Amn.x  —  b  =  Am,y  —  c 

or  n.x~b=y  —  c 

,'.n.x—b  +  c  =  y=z  N/a*+x*=^/c'-t'+Jl 

nd  na..i'  —  by  +  Inc.x  —  k  =  x*  —  b*. 

Hence  n*.ar  —  b  +  1nc  =  x  +b 

or  1  —  n*.;r  =  2nc—  1  -t-  n'.b 

2nc-  \~+n*.b       .,  .,_ 
.-.  x  = ; ;    if  tnere- 

fore  the  value  of  n  be  such  that  this  expression  for  * 
is  a  real  and  positive  quantity,  then  the  weight  Wwill 

descend  to  the  distance -„ — —  from  the  line 

1  ~n' 

AB,  where   its  velocity   will  again  become  equal 

to  nothing.     If  ft  =  0   (in  which  case    c  =  a),  ttwfl 

■  -r — =  = *AE>,  which  gives  the  lowest  point 

1  —  n"     l  — tj1 

;it  which  IV  will  arrive  when  it  begiiis  to  descend 

from  the  point  D. 
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6.  If  91=  l,  or  fF=2P,  then  the  value  of  x  is 
infinite,  which  shews  that  when  the  weight  tV\s 
equal  to  the  sum  of  the  two  weights  P,P*>  there 
wili  be  no  limit  to  its  descent. 

7.  If  n  be  greater  than  one,  or  /^greater  than 
2P,  then  the  value  of  x  becomes  negative,  in  which 
case  the  problem  is  impossible. 

8.  It  is  therefore  only  when  n  is  less  than  one, 
or  W  less  than  2P,  that  there  will  be  two  points  at 
which  the  velocity  of  W  is  equal  to  0,  and  these  will 

be  at  the  distances  b%  and  — — s — —  from  the 

1  —  n* 

line  AB.     Somewhere  between  those  two  points, 
therefore,  its  velocity  will  be  maximum* 

Q.  Now  is  evident  that  the  velocity  of  fPmll  be 
a  maximum,  when  the  velocity  of  P   or  P'  is  a 
maximum  ;  by  Art.  2, 
Am 


v9  = 


rm  lib  ■  m  — g-  • 

TiPxi 

which    is   a    maximum    whfen    Wx -=====  o, 

^/flr  +  ar 

or  W=    ,  .    But  since  W ,  is  the 

*Ja*  +  x*  Vo*  +  x* 

expression  for  the  moving  force,  this  force  will  be 

Q,Px 
equal  to  0,  when   JV=  - 1 .        Hence     the 

^/a**  x9 

velocity 
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velocity  is  a  maximum  at  the  point  of  equilibrium 
of  the  three  bodies.     That  point  must  therefore 

always  lie  between  the  distances  b  and  - 
from  the  line  AB. 


1  -n* 


10.  From  which  it  follows,  I.  That  if  the  original 

v  iPx 

position  of  the  bodies  be  such  that  tV=  -7^=, 
r  Va'  +  ^ 

or  W  :  IP  ::  x  :  y/l?Ti*  ::  D/T  1  Aff,  00 
motion  would  ensue,  but  the  system  would  remain 
in  equilibria.  II.  If  the  distance  b  is  such  that 
/^begins  to  move  from  a  point  which  is  abate  the 
point  of  equilibrium,  then  it  will  descend  to  the 
distance  = — —  before  its  velocity  is  de-  . 

stroyed  ;  from  this  point  it  will  ascend  till  it  comes 
to  the  distance  b,  from  which  it  will  begin  to 
deicend  again,  and  so  go  on  ascending  and  de- 
scending continually.  III.  Lastly,  if  W  begins 
to  move  from  a  point  below  the  point  of  equilibrium 
(whose  distance  from  AB  is  h),  then  it  will  ascend 

.•11    ■.  .      lL     j-  .  Inc—  l+n'.b       , 

till  it  .comes  to  the  distance  — s —  ,  and 

1  —  n" 

then  descend  again  to  the  distance  b,  and  so  go 
on  ascending  and  descending  as  before. 
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LXIX. 

On  the  I  iliraiion  of  Cards. 
I.  Let  ACB    represent  a  cord   of  inconsiderable 
'eight,  fixed  at 


e  attached  to  the  middle  point  (C)  of  the  cord.  Let 
le  cord  be  brought  into  the  successive  positions 
twB,  Aw'B,  &c.  by  the  action  of  some  force  in 
le  direction  CE  perpendicular  to  AB,  and  let  P 
e  the  weight  which  keeps  that  force  in  equilibrio."" 
lomplete  the  parallelograms  AqBw,  Aq  Bw',  &c. 
len,  when  the  cord  is  in  the  position  AwB,  the 
iiree  forces  which  keep  the  weight  (w)  in  equilibrio 
-e  represented  in  quantity  and  direction  by  tvA,  wq 
id  wB,  of  which  wA  represents  the  weight  P,  wq 
le  force  acting  in  the  direction  CE,  and  wB  the  re- 
gion of  the   hook  B;    hence   the  force   in  direction 

?E  (*)  :  P  ::wq  :  wA,  .-.  ?  =  — ^-^;  for  the  same 

1  wA 

;ason,  when  the  cord  is  in  the  position  AwB,  the 

rce  in  direction   CE   (?')  = ,  .  "  ;    &c,   &c.; 

jnsequently    the    force    whicli    would    keep    the 
weights 

(b)  i.e.  let  P  represent  iha-teiision  of  the  cord,  which  may  be 
msidered  as  the  same  in  all  [lie  posiiions  AwU.Aw'B,  arc. 
itbouc  any  material  error. 


>*  of  c:i:?. 

~%o  in  the  •-:-:•:< ?:ve  posit:::;* 

-matte  am  :    :e:n:r  0  at f.:: 

•    ^'  .vn  tinualiy  rr;  vr.  C  toward?  £. 

.  *  >  be  brou ch  t  c  r. .  -  r  j  2  verv  *h : r: 
•c:ul  positi  —  .:/V/J.  :heV.  .f.. 

-  xft*i<fered  j*  ecm!  :?  -Uf>; 
•.;.  jre  respectively  equj  to  ■?£.. 

.  ::  this  ca<e  *  =  —--__, 
x;. .  i.e.  if  anv  variable  distance 

* 

•  .'Ho  called  x,  and  JB=:. 
■ . .:  iwps  the  weights  P.  >:  a 

1  *P* 

v  •    :~ay  be  expressed  by  V1 

■-  •-  >.::  pose  the  action  of  this 

v  weight  ^  will  be  dwv. 

-  :ing  force  which  at  tur 

.         4/\r 

^  ••:/.:.  to — —  ,    ana  a?  !!:: 

%.   .weleratice  force  wiiii 

•^    :>  equal  to- fh\ 

ivl 

-\\vA\  (iv)  is  drawn  fro*:. 

-  ^r*  the  force  (*)cea>e>. 

•  •..  the  velocity  with  whici: 

•  .-  :  :«?  point   C,   we  hau 

■'.-:-= ;~  +  Or. 

v  -:  iv ;  but  when  ?  =0, 

r    when    the    fluent    is 

proper!; 
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properly  corrected.    Hence  v  =  y  — j-  x  ^/ef  —  x? 

=(when,r=0)\/  -^j-  x  a  for  the  velocity  of  the  point 

C;  and  with  the  velocity  thus  acquired  the  weight 
(iv)  would  go  on  to  describe  CF=  CE  (on  the  other 
side  of  AB)  before  its  velocity  in  the  direction  EF 
is  destroyed. 

4.  To  find  the  time  in  which  (w)  moves  through 
the  space  E  F9  we  have, 


8m.P     +/aq-x*, 

.\tss  \/  -- — p  x  cir.  arc,  wfiose  rad.  is  1 ,  and  cos.  =  — ; 


and  when  #  =  0, 


- — 5  x  quadrant  whose  radius  1 


=  (if  3r=3.141   &c.)   v  - — -tz^  — seconds 
for    the    time   of  describing    EC;    consequently 

the   time   of  describing   EF  (=:2t)=s\/  - — 7>xa- 

seconds.  It  may  here  be  observed,  that  the  quantity 
(a)  does  not  enter  into  the  expression  for  the  value 
oft;  if  therefore  (w)  had  begun  to  move  from  the 
points  w,  w',  &c.  then  the  times  of  describing 
qw,  q'w',  &c.  would  have  been  the  same  as  the 
time  of  describing  EF;  from  whatever  point,  there- 
fore, the  weight  (w)  begins  to  vibrate  (provided  that 
vol.  ii.  2  c  the 


* 
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the  whole    .pace  through  which  it  vibrates  be  very 
small)   the   time   of  one   vibration  will   be  equal  to 


— =  x  !T  seconds  ;    and  if  n  =  the  number 
SmP 

vibrations  in  l",  then  nt=\,  orn=-  = 


8mP 


5.  Let  us  now  suppose  ACR  to  be  an  ehxtk 
cord,  whose  tdeigkt  is  (w);  then  the  manner  in  which 
this  cord  will  perform  its  vibrations  is  very  similar 
to  that  of  the  weight  (w)  attached  to  the  middle 
point  (C)  of  the  cord,  when  the  cord  is  without 
weight.  For  let  this  elastic  cord  be  brought  into  the 
position  AwB  by  some  force  (p)  acting  in  the 
direction  CE,  and  let  the  temion  of  the  cord  (i.e. 
the  force  with  which  it  tends  to  restore  itself  to  its 
former  position  >fCS)  be  equivalent  to  the  ;. 
then  the  magnitude  of  this  force  (?)  at  the  point  (w) 
4  P. 


will  be  represented  by 


as   before;   and  wh 


the  force  (?)    ceases  to  act,    the  moving  force  will 
which  the  middle  point  of  the  cord  approaches  the 

4  Px 

point  C  will  be  equal  to  — - — .     With  respect  to  the 

mass  moved,  although  its  weight  is  in  each 
same  (viz.  the  weight  w),  its  inertia  will  be  less  in  the 
present  case  than  in  the  former;  for  in  the  former 
case  each  particle  of  the  weight  ((c)  moves  ova  the 
same  space  in  the  time  (t),  but  in  the  latter  (when 
the  weight  w  is  spread  through  the  whole  length  of 
the  cord)  the  several  particles  of  which  it  is 
composed 
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composed  move  in  that  time  over  spajes  con- 
tinually decreasing  from  E  towards  A  or  B,  and 
consequently  with  a  velocity  continually  diminished. 
Suppose  therefore  that  the  inertia  of  (w)  in  this 
present  case  =  qw  (where  q  is  some  proper  fraction), 
then  the  accelerative  force  with  which  the  middle 
point  of  the   cord   approaches   towards    C  will  !>c 

iPx 

measured  by r. 

1   qwi 


6".  If  the  quantity  (q)  be  considered  as  constant 
(which  it  may  be  without  any  material  error  for  cords 
of  different  lengths  and  weights,  provided  that  they 
be  composed  of  the  same  materials  uniformly 
disposed),  then  the  time  of  one  vibration  of  this 
clastic  cord  will  be  found,  by  a  process  similar  to  that 

in  Art.  3  and  4,  to  be  equal  to  \/  -*— - p  x  r  seconds; 
and  the  number  of  vibrations  in  l"  will  be  equal  to 

4  /&mP      i        ..  , 

V  K — r*--     Hence,  since  q,m  and  t  are  con- 
*      qwl      t 

slant  quantities,  the  times  of  vibration  of  elastic  cords 

of  different    lengths    (/)    and  weights    (w),   when 

stretched   by    different    forces    (P),   will    vary   as 

\r   ~;  and  the  number  of  vibrations  in  \"  will  vary 


r    tut 


(gff  ▼mATIOB   OF  COIDS. 

rfa  cylindrical  cord;  then, 

ra  derakj,  its  awgfc  (a) 

be  tbyW^,  which  w»a«  as  M*;  » 

therefore,  ronwwwinl  of  the 


die  times  of  vibration  will  rvy  ms\j  — 

id  J       V    P 

atm-y~;  and  the  mmber  of  tHrutioms  in  l'mft 

JP 
**y»^-.    Hence,  when  the  oords  are  stretched 


far  the  same  forces,  the  times  of  vibratioa  will  be  as 
their  lengths  and  diameters  conjointly  ;  in  cords  of 
die  same  k-ngtk,  these  times  will  be  as  their  dia- 
;  and  in  cords  erf*  the  same  dameter,  as  their 
If  the  cords  be  stretched  by  dtferentjcrcoj 
^en,  in  the  same  cord,  the  times  of  vibration  will  be 
-jx  an  inverse  sub-duplicate  ratio  of  the  forces :  in 
cords  of  the  same  length,  they  will  be  in  a  direct 
ratio  of  the  diameters  and  an  inverse  sub-duplicate 
ratio  of  the  forces ;  and  in  cords  of  the  same  dia- 
meter, they  will  be  directly  as  their  lengths  and  in 
an  inverse  sub-duplicate  ratio  of  the  forces.  The 
number  of  vibrations  in  1 "  are  as  these  respective 
-ntios  taken  inversely. 


For 
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For  the  further  illustration  of  this  subject, 
the  Reader  is  referred  to  the  4th  Section  of 
Mr.  Atwoo&s  Treatise  on  the  Rectilinear  Motion 
and  Rotation  $f  Bodies,  and  to  the  Authors  men- 
tioned in  the  margin  of  that  work. 
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Lecture  XXI. 


)IES  IN  CVCLOIDAL 

,R  ARCS. 


Ik  the  XI3  compared    the  time  of 

a  vibration  in  a  i  the  time  of  a  body's 

falling  down  the  axvs  u.  the  cycloid.  We  no" 
proceed  to  find  the  actual  times  of  vibration  nol 
only  in  cycloidal  but  also  in  circular  arcs,  from  the 
principles  laid  down  in  the  last  Lecture. 

LXX. 

On  the  times  of  vibration  in  Cycloidal  Arcs, 
l.  Let  AVB  be  a  cycloid,  in  which  a  body  (P), 
suspended  from  the  point  5,  performs  its  vibrations 
between  the  two  semi-cycloids  SA,  SB,  in  the 
manner  described  in  Art.  4,  page  156.  Let  it 
begin  its  vibrations  from  the  point  E,  and  let  Pp 
be  any  very  small  arc  described  in  the  course  of  its 
descent  from  E  to  the  lowest  point  V ';  draw 
EF,  PN,pn  parallel  to  the  base  (AB)  of  the  cycloid, 
and  join  CM^n^M^mF.  LetCF  (the  dia- 
meter 
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meter    of  the    generating   circle)    =  d,  FV^  a, 

NV=x;    then  FN  ^  a  -  x,MF=>JCV*NV 

s 


=  *Jdx.     Now  by  Propy  III,  page  1 54,  the  cycloidal 

arc  PF=  twice  the  chord  MV=  2^/ fdx;  let  Ep  *  z, 
then  EV=  z+PVx  and  since  EFis  a  constant  quan- 
tity i+P^=o,  .\  z=-thejhixion  of  PF=-  ^jJ^. 

The  velocity  down  jEP  (v)  =  the  velocity  down  -FAT 

=  x/4m  xFN=jAm.a^~x;  if  therefore  *  =  the 
//we  down  £P,  we  shall  have 

^  V^tf      y/Am.a—x~~ 

and  f=  —  V  —  x  cir.  arc,  rad.  =  1 
r    Am 

But  when  *  =  0,  x  =  a, 


x 


- -X      /  ■  "        «5 

4  m      y/ (iX—X 

ver.  sin.-^-+Corn; 


\/  —  x circ.  arc. rad.= 1 , ver. sin.  =  2,  +  Corn. 
r    Am 

V         x  semicircle,  rad. =  1 ,  +  Cor11. 

r    Am 


x       The 
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The  fluent  properly  corrected  therefore,  is 


1  —  v/  —  x  *  —  cir.  arc,  radius  1 ,  versed  sine  — 
v    Am  in 

=  (when  ,r  =  O).  V  —  x  jt 

=  the  time  of  descent  through  the  cycloidal  arc  EF; 

consequently 

the  whole  lime  of  one  vihration=\J  JL^  x  2r=\/— x  t. 
Am  v    m 

1.  Since  the  quantity  (a)  does  not  enter  into  tin* 
value  of  (;),  it  is  evident  that  the  times  of  vibration 
will  be  the  same  from  whatever  point  of  the  cycloid 
the  body  (P)  begins  to  vibrate.     Moreover,  since 

the   time  down  the   axis  CV=\J  ~~ .  we  hare  At 

*    m 

time  of  a  vibration  :  the  time  down  the  axis  : :  \  - 

x  *  :  v  —  : :  T  :  1  : :  the  circumference   of  a  circle 
v    m  J 

:  its  diameter,  which  coincides  with  what  was  proved 

in  Art.  5,  page  158. 

LXXI. 

On  the  method  of  finding  the  actual  times  of 
Vibration  in  Circular  Arcs. 
1.  Let  the  small  body  (P)  vibrating  in  the  cir- 
cular arc  EVG,  begin  its  oscillations  from  the  point 
E;   let  Pr=z,  8V=  x,  FP=  a,  Pp  =  i,  SP  at 

sr 
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SF-r9  then   s  = 


rx 


Let   *=the  time 


through  EP,  t/  =  the  velocity  in  the  point  P9  then 

s 


v  =  ^4w  x  FN=fj4m.a  —  x9  and 
—  rx  1 


'~    v    ""  ^2rx-a?      *sf 


x 


&m.a  —  x 
1 


sj  Am      js/ax  —  x*      *Jlr  —  x 

(for  sjlrx— #*= a?\/2r  — a?) ;   hence 

1 


j? 


a?  .    3a? 


1 

by  expanding     / — =into  a  series. 

\ffLr  —  x 


2.  Let 


x 


s/ax— a? 


=  A; 


then,  since     7=  x    , 

jAm     +J2r 


Tr      v    8m' 


we  have 


8m 


4r  +  32r* 


VOL.  II. 


2  J> 


therefore 
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5fow  when /  =  0,  x  =  a,  ;.P=o,  Q=0,&c;  and 
at  the  sane  time, 

JV==r    7^^p=cira  arc,  whose  rod.  is  1 ,  t*r.«R.^) 
=a  jpwiarc/e  whose  radius  is  1  =»; 


8  m  £r     256r" 


The 


•       £f aA-2P 

ma     -=== _ =r^ 


fkiA_ftaA—2P_aA—2P 
J     4r    J         8r  8r       ' 


Sr  8r 

mtn  - —  =Vr, 

v  ax  — jt 

icti     /**       =3aJ-29_3a'i-6flf-46 
Vax—i*  4  8  ' 

.     f3*'4=f<9"*4--18aP-12Q_Qa*4-i8aP--l2Q 
"  J  '  32r*     '  25t>r*  256r* 

3  :he  ^ame  manner,  the  fluent  of  the  nth   term  of  the  series 
-.^at  be  found  in  functions  of  the  preceding  ones,   by  assuming 

.  "*  x  v  a  x—  i  *=zR,  \c.j  but  when  the  arcs  in  which  the  pen- 
..jfttu  novates  are  small,  this  series  converges  so  fast,  that  three 
uitf  amply  sufficient  for  all  ordinary  purposes. 
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The  fluent,  therefore,  when  properly  corrected,  is 


=V  —  x*xi+-2.+  -||— +&c.  (when  x=0,  and  con- 

*      Stn  St     250*    ■ 

quently^,  P,  Q,  &c.  each=0)  for  the  time  of  descent 
down  the  arc  E  V;  .'.  the  whole  time  of  one  vibration— 


y/Z 


r  a        Qa        A 

3.  If  the  arcs  be  so  very  small  that  the  versed  sine 
(a)  may  be  entirely  rejected  with  respect  to  the 

radius  (r),   then  the  time  of  a  vibration  =  \f  JL 

*  y    8m 

x2tt  =  (if  r=2eOV  — x2r=\/-  x  ir  =  the 
x  T    Am  m 

time  of  a  vibration  in  a  cycloid  whose  axis  is  d  or  £r 
(Art.  l,  p.  200).  The  time  of  oscillation  therefore 
in  a  very  small  circular  arc  is  the  same  as  the  time 
of  oscillation  in  a  cycloid  whose  axis  is  equal  to 
\  the  length  of  the  string  by  which  the  body  is 
suspended ;  this  confirms  what  was  said  in  Art.  5, 
page  158    .  4  Jf 

(b)  In  these  very  small  arcs,  the  time  of  descent  down  E  V 

f 

- — xt.    Now  the  time  down  the  chords  the  time  down 
&m 

the  diameter  of  a  circle  =  i  /  — .    Hence  the  time  down  a 

y    m 

very  small  circular  arc  :  the  time  down  the  corresponding  cord 

::  V^Xjt  :  \J—  ::r  \7   S:  J*  »  r  :  4  ::  the  or- 
V     owi  v     m  v    8     ^r 

cumference  of  a  circle  :  four  of  its  diameters. 


v 
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4.  If  the  length  of  the  arc  through 
pendulum  vibrato  be  such  that  all  the  terms  of  &e 
series  except  (he  twojirst  may  be  rejected,  then  the 

time  of  a  vibration  =*  V/  —  *2jt  x  1+ — ;  and  ton- 
Sir  8  r 

seouently,  the  time  of  a  vibration  in    a  circu/ur  an 

•  radius  is  (r)  :  the  time  of  a  vibration  in  i 

'  whose  axis^r ::  1  +  --  :  1 .      Let  the  jk 

which  the  pendulum  vibrates  on  each  ik 
point  be  2°,  then  a  =  Versed  tine  of  t 

6r 

XX" 

fcss  than  J*,  this  difference  n-ill  be  still  less  ;  solbit  I 
if  the  whole  arc  through  which  a  pendulum  vibrate 
does  not  exceed  4",  it  may  without  any  material  cm? 
be  considered  as  oscillating  in  a  ryc/oid,  and  con- 
sequently all  its  oscillations  will  be  performed  in 
the  sume  time,  whether  it  vibrate  in  a  greater  or  a 
lesser  arc  xitkin  ikis  limit. 

5.  Let  Jl—  the  arc  whose  versed  sine  is  (o),  then 

(supposing;  the  arc  to  be  very  small)  a= —    ;  and 

if   ■Kthe   number  of  degrees  in   this  arc,  then 

J: 

v»l  Fx  k«f!jM«i«K=^.i  bra  if  rite  m*  be 
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:  2*r  ::  n  :  300,  or  A  =  — ^-,  .'.  a  = —  = 


360'  "         2r      365)* 
=  (for  *r=3.14l6&c.)  jhxz  very  nearly;    hence 


n* 


RO  '^the  variation  in  an  arc  of  n  degrees.  For 
the  same  reason,  the  variation  in  an  arc  of  N  degrees 
=  ;    consequently  the    variation    for    JY—  n 

degrees  is  ■     ,    ■  ;  if  therefore  the  pendulum  keeps 

true  time  when  it  oscillates  through  n  degrees,  the 

error  arising  from  its  vibrating  through  N  degrees 

JV*-nB 
will  be  — ^  of  the  time  of  one  vibration.     For 

52520    J  * 

instance,  if  a  pendulum  which  oscillates  seconds 
keeps  true  time  when  it  vibrates  through  an  arc  of  2# 
on  each  side  the  vertical  line,   then  if  it  vibrates 

through  an  arc  of  3°,  it  will  lose  ^—-^55 

• 

1                               ,             60  x  60  x  24     ,~ 
every    second,    or    —  =8.2  = 


10504  *  7  10504 

about  8"  in  a  day.     If  it  be  made  to  vibrate  through 

an  arc  of  2°.  10'on  each  side  the  vertical,  then  it 

...  .           .    2.i6&c>-29    .665&C.  .  , 

will  lose  only '         =   g/ie^^    in  a  second, 

J  52520  52520 

60x60x24  X  .665  &CV       ,       ,  _^j\:~ 

i.  e.  ■ — (or  about  one  second)  m 

52520  v 

a  day.  . 
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LXXII. 

O*  the  angular  Motion  ofttvo  bodies  suspended 
from  the  extremities  of  the  arms  of  i 
straight  Lever. 

1.  Let  JCB  be  a  straight  lever  (or  inconsiderable 
e  about  a  fulcrum  (ur  pivot)  alC,  m 


J, 

1 

VK 

t 

IT 

•  w 

\ 

w 

,/ 

from  the  extremities  of  its  arms  CA,  CB,  let  the 
weights  jP,  W  be  suspended.  Draw  fiCB"  at  right 
angles  to  ACB,  and  complete  the  parallelogram 
APEC%  then,  whilst  the  lever  moves  from  the 
K**i7j>ntal  position  B  CA  to  the  vertical  one  £  C  , 
the  weight  P  will  describe  the  circular  arc  PFP", 
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whose  radius  is  EP  or  CA,  and  center  Et  see 
Exam.  8,  page  247,  Vol.  I.  Let  AC=r,  BC=%\ 
and  when  the  lever  is  in  the  position  adi,  let  f'iV 
(the  sine  of  the  angle  PE  P)  =  x.  In  the  horizontal 
position  {ACB)  of  the  lever,    the  weight   which 


would   keep   the  weight  W  in  equilibrio 


Wx. 


.'.  the  moving  force  with  which  P  has  a  tendency 
to  descend  irom  this  position  is  r* = ; 


the   inertia  of  /F  as  opposed  to  P 


/r, 


the 
hence  the 


accelerative  force  with  which  P  begins  to  descend 
Pr-IV,  r'  Pr'-lVr<  .. 

— r^*:p?T7^=p?T»Y='-    Now 

the  accelerative  force  in  the  circular  arc  at  P  (?)  : 

the  force  at  F  (F)  ::  £i>* :  ENW  ::  r  :  v^^T 

therefore 

(»)  The  acculeraiive  force  with  which  a  heavy  body  describes 
the  quadrantal  arc  PFP"  varies  as  the  cosine  of  the  angle  PEP1. 
For  let  PR  represent  the  gravity  of  p 
the  body,  and  resolve  it  imo  PM' 
perpendicular  and  MR  parallel  to 
EP";  then  PM  is  that  part  of  gravity 
which  accelerates  the  motion  of  the 
body  in  the  curve ;  .'.  the  gravity  of 
the  body  (I)  :  accelerative  force  in 
the   curve   (F)  ::  PR:  PM'  ::  (by 

nm.fr)EP.EN,    .-./■=-*£*, 

which  varies  as  EN,  EP'  being  «»- 
ttant.  For  this  reason,  the  accelerative  force  («),  with  which 
the  weight  {P)  begins  to  descend  from  the  horizontal  position  EP, 
will  be  diminished  at  any  point  ( P)  in  the  ratio  of  EN  :  EP- 
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F-— — ;    md   this  is   the  variable  fcrce 

r 

vhk&  tbe  weight  (P)  describes  the  circak 


2-  Let  P^  be  any  very  small   part   of  the  arc; 
/>%  parallel  to  PAi  and  Po  parallel  to  PE; 


let  PF^z,  then  Pp=i=    ,        ^.     Lett=tfc 

letoriu  gruMJleri  in  the  point  F  by  tbe  force  (F) 
aclrag  iicr^  tbe  arc  PP>,  then 

t      >  and  i-T^Tj) 

2,18  x       x     /ti      ^ 

.  -  :*=4  w*x.  2nd !^='2n/w:j=  (when  x  =  r) 2^/mtr- 

H^;^  :  -  Art.  2.  p^re  3 » the  ie!ocity  at  any  pohuP 
>  i*:^  ::  :he  ve'x::y  r.hich  a  body  would  aquire 
:/  fil".-c  Tr^yz~J\ "J^'/v  through  the  space  (x)  bv 
iSr  :•  t:;r.  ;:"ie  rc-nsunt  force  (^)  ;  and  when  the 
e  :r  ::*l>  oesoe::  :*m  rrcrr,  its  horizontal  position  BCA 
:;  :„-;-  .z-rml  C7.t  JC  «,  the  velocity  of  the  weight 

c 

T     .:*    ~-    r.:r.r;n:^:    cirection;   is   equal    to  the 
~ \x: ::    whr/r.    j.   b-viy  would   acquire    bv   falling 
:>  -T*r:.i:rj."ar'y  through  the  length  of  tlie  longer 
_~  Cj{  bv  :he  nation  of  the  force  (-).  ** 

3.  With 


v>~  :.-.  lx  ^.v.:-.  iiu>  icc-ired.  the  weight  P  would  have 

^     -.-,   ::  sfcesi  'Jir;^h  the  arr  P  Q  equal  to  PP' on  the 

/  :u  kurtst  t*o:*i  P'  f  and  so  go  od   to  perform  it* 

oscillations 
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With  respect  to  the  pressure  upon  the  fulcrum 
or  pivot,  it  is  evident  that  when  the  lever  is  in  the 
horizontal  position  A  C  B,  this  pressure  is  the  same 
as  for  the  wheel  and  axle  whose  radii  are  respectively 
rand  c,  which  (when  w  =  o,  in  Note  i,  pp.  83,  84) 

is  P+  IV — 7r~ — ~i-„ .     To  find  how  this  pressure 
Pr"  +  W% 

varies  during   the  descent  of    the  lever   from  an 

horizontal  to  a  vertical  position,  let  the  force  with 

which  the  common  center  of  gravity  of  P  and  W 

\  v'z-  ~p~i — /7T7  )  begin*  to  descend,  be  represented 

by  FR  in  Figure  of  Note  (a),  page  207;  let  FR 
be  resolved  into  FM,  MR,  and  then  let  P'M  be 
resolved    into  FQ,  QM;  PQ   will   represent  that 

(pr—  ^7l*\ 
-=r— - — =sri  J  of  which  the  fulcrum 
Pr1  +  WCj 

is  relieved  when  the  lever  is  in  the  position  EF . 
But  FQ  :  FR  (j^f)  «  W  i  PR*  n  (by 
cos.  PEFV  :  rad>  (l), 


;  cos.  PEF\.     Hence    the 

pressure  on  the  fulcrum,  when  the  lever  is  in  the 
position 

oscillations  in  the  semicircle  PP"Q  \  but  it  is  evident  that  thii 
tendency  would  be  so  counteracted  by  the  friction  on  the-  axis, 
the  entanglement  of  the  string  to  which  the  weiglii  (IV)  is 
attached,  &c.  &c.  that  the  motion  of  the  leVer  would  soon  cease. 
VOL,  II.  2  E 
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position  aCb=P+  /r-^^-^'  xcos.  PEF); 
and  when  the  lever  is  arrived  at  the  vertical  position 
ftC*,  cos.  PEP1  =  0,  .'.  the  pressure  upon  the 
fulcrum  =  P  +  W  (as  it  ought  to  do). 

A.  Let  i  =  the  time  in  which   P  moves  through 
the  arc  PP\  then 


3»'«t»r      s'm<>     2i 


.— — x 1  X 

V»9    1*. 

t* 

i'     si 

5  i 

*W 

-  +  &o. 

.irrjr* 

4r"      IOr*  TJJr«T 

\ZT,*,+ 

n^ 

r* 

3  1 ' 
M9v 

+  &C. 

V    ■*  JO  34     2UB  V    "« 

When  f  =  0,  x  =  0,  this  fluent  therefore  needs  no 
cwTCctNm;  and  though  the  series  converges  i/atft 

wheu  jr=r,  yet  the  expression  l.2025\/ for* 

ftW  ra  irAirA  tAe  /rotr  dexentL  from  the  horkmud 
t»  the  tvrticai  position  is  a  very  near  approximation 
to  its    true   value*.     If  the   lever   descends  only 

through  -small  angles,  then  -  is  a  fraction,  and  the 


^  TV  wnbK  1 .3005  »  tbe  kku  at  tk  fca  * 

*«tx«,i»i*t:wbUKtMpfa(e^AonL 
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series  converges  very  fast;  for  instance,  let  the 
angle  PEP'  or  ACa  be  30°,  then  x  =  \r,  and  (neg- 
lecting all  the  terms  of  the  series  after  the  third)  we 
have 


1 


1 


=  l  .0276  V  —  seconds. 
■mf 

i  5 lbs,  fV  =  6Ibs.  r  =  5  feet,  (  =  4  feet,  then 


"iV+#y     221'    ""  •--<-   r    32ix5 

=  2.6923  seconds. 

5.  The  foregoing  principles  may  be  applied  to 
finding  the  time  in  which  a  rod  or  small  cylinder 


ACB  of  uniform  density  (moveable  round  a  pivot 
passing  through  C)  descends  from  an  horizontal  to 
a  vertical  position.  For  let  CA=r,  CB  =  t;  then, 
supposing  the  weights  of  the  parts  CA,  CB  to  be 
collected 


3J1 
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collected  into  their  respective  centers  of  graewi 
the  mmnng  force  with   which   the  point  G  twt  i 


tendency  to  descend  is 


i  moved  is 


-*-    =  - — L.    and  the 
r  r 

.".  the    accelerative  -foru 

fl,         .   .^.    r»— «"  3r*  3r.r'-(' 

of  the  point  O-is x  — ===== =^; 

r         4.r'  +  eJ      4.rJ  +  e' 

since  CA  :  CG  ::  2  :  l,  the  force  which  accelerates 

Me  point  A=  l'T  ~*  ■   (*ee   Art.  11,   page  69). 

Hence,  in  the  descent  of  the  extremity  {A)  of  the 
cylinder  through  the  circular  arc  Aaa,  9  is  equal  to 

-^ — ^-j    .-.  (by  Art.  1)  the  velocity  which  the 
2.r'  +  ('  ^ 

point 


(*)  For  since  the  cylinder  U  of  uniform  density,  the  weights  of 
the  pans  CA,  CB,  may  be  represented  by  their  respecti*e  length , 
hence  the  weight  placed  in  C=r  ;  and  the  weight  which  placed 
in  G  would  balance  the  weight  ;  placed  in  g  (if)  :  the 

(()  ::  Cg  :  CG  ::  CB  (()  :  CA  (r),  .".w=^  ;  consequently  tl 

mow  ng  force  of  the  weight  collected  in  G=r—u>=r—>-  . 

(")  Let  r=the  distance  of  any  particle  of  the  rod  from  ll 
center  of  motion  C,  then  the  moment  of  inertia  for  the  part  CA 
/V*  *rien  *='  (=f*')(  and  the  moment  of  inertia  for  the  pan 
CB=f.x>x  when  x=t  (—±f).    The  inertia  0/ the  rod  therefore 


as  referred  to  the  point  G=!L 
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point  A  will  have  acquired  when  the  cylinder  is 
come  to  the  vertical  position  pC*=(2s/m9r  =  ) 

1>V  3mfM-r*-*!  and(byArt.4,  p.  2 10)  the  time  of  its 

descents  (  1.2025V  -^r=   J  1.2025  V    2'r3  +  g' 
V  m*     '  3m.r*-e 

6.  Let  r  :  «  ::  2  :  1,  or  r=2$  (in  which  case  A 
will  be  the  center  of  oscillation  of  the  line  or  small 

3r  r*  —  t*   : 
cylinder),  then  p  = —         — =  1 ;  .*.  the  velocity  of 

2.rs  +  «s 
the  point  A9  when  the  cylinder  comes  to  the  vertical 

position  PCa  (as2\/m^r)  =a  l^/mr^the  velocity 
which  a  heavy  body  would  acquire  in  Jailing  freely  by 
the  force  of  gravity  through  the  space  (r).     The  time 

of  descent  =  1.2025V  —  =  1.2025  x  the  time  of  a 

m  J 

bodys  falling  freely  through  the  space  (r) ;  and  con- 
sequently the   time  of  an  oscillation  through  the 

semicircle  A*Q  =  2 .405  x  V  —  =  2 .405  x  time  of 

T    in 

falling  through  (r). 


Lecture  XXII. 


ON  THE 

RECTILINEAR  MOTION  OF  BODIES  BY  THE 
VARIABLE  FORCE  OF  GRAVITY, 


the  second  Lecture  we  found  the  re/atio 
between  the  space,  time  and  velocity  of  a  body  ascend 
ing  or  descending  near  the  Earth's  surface,  < 
supposition  that  the  force  of  gravity  was  a  comta 
force.  But  it  has  already  been  observed  (Note  t. 
page  162)  that  this  force  is  not  constant,  but  varies 
inversely  as  the  square  of  the  distance  from  the  Earth' 
center;  we  shall  conclude  therefore  with  shewing  the 
method  of  ascertaining  the  actual  time  and  velocit; 
of  a  body  descending  from  any  point  above  the 
Earth's  surface,  on  supposition  that  the  force  t 
gravity  varies  according  to  this  law. 

LXXIII. 

On  the  method  of  ascertaining  the  actual 
city  acquired  by  a  body  descending  perpen- 
dicularly towards   the  Earth's  surface,   on 
supposition 


BY   VAT 

sufiposiiio 
itwersehi 
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'position  that  the  force  of  gravity  varies 
inversely  us  the  square  of  the  distance  from 
the  Earth's  center.. 
I.  Let  ERT  represent  the  Eflrth,  S  its  center, 

A  the  point  from  which  the  body  begins  to  descend; 

and   let   SA  =  a,SE=.r, 

SD  =  x,  m  =  iG£  feet, 

v  =  the    reipcily    which 

tile  body  has  acquired  in 

falling  through  Jfi),  and 

the    force   of  gravity  jt 

the  Earth's  surface  =*1. 

Since  the  force  of  gra- 
vity varies  inversely  as  the 


ft/nitre  of  the  distance 
from  S,  the  force  at  E 
(1)    :   the   force  at  D  (F) 


SD'  :  SE°  ::  x"  :  r\ 
,*,  F='~;  but  (since  the  velocity  increases  as  x 
decreases)  vv=  —  ImFx;    hence 

-  +  Cor" ; 


vv  = z ,  and  — 

i  when  u  =  0,-x=a,  .".  0—  - 


Amr  ,a  —  x 


=  {when  x=r)  « 


equal 


&  ^«teft  vekfeity  ihexttee 
«  irilkMg^W  *Ae  >B*  Amh 


->9^dwt£grrUJ3^  x  8*8© 
Wg  ±9970  x  5280s £072d(  Jefet ;  -anse  fie 


acquired  in  falling  -ttkroagH  flhyvapaDeJ£ 

r::.vi:  v    v>4\  .     - 


tecrjrujljeipreaaed  by  867»$V  '$§6**1' 

r«  ^S*l,  $3, 4  &c  miles/  then  £4La»7i, 
Jfjffc,  3973  fee.  miles;  and  tht  velocity  acquired* 
■jjag  through  l,  %  3&c  tnfle»  above  theEwft 


3fi7»»V  =»  **  <v  to  583, 834,  ]030,&c  fid 
in  l"  reflectively. 

3.  The  velocity  acquired  in  falling  through  AE 
by  the  force  of  gravity  at  the  Earth's  surface  coo- 
tin  ued  constant = 2y/m  x  AE;  hence  the  velocity 
acquired  by  the  constant  force  (V)  :  the  velocity 
acquired  by  the  variable  force  (t)  ::  2^/mxJE 

:  lsfZTrx\f?£  ::   N/£7  •  ^T::  JSE  +  JE 

:  n^S£  ::  (if  AE  be  vwy  jbw//  with  respect  to  SE) 
$E~\AE*  :  SE;  .\  F-v  :  t    ::  \AE  :  S£,  or 


^  Tit  vi*o  two  tfantkitt  are  tot  nearly  equal,  the  ratio  of 
aw-.:  .«****  n»*  *  found  b?  fkMy  Air  djfmu*.  (Set 
Al^x-x  Lee*.  &) 
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AE 

V  —  v=     on  **>'      Now  since   V  is  the  velocity 

acquired  by  the  body  on  supposition  that  the  force 
is  constant,  and  v  is  the  velocity  actually  acquired  by 
it,  V—  v  will  be  the  error  arising  from  that  sup- 
position ;  which  error  will  be  found  to  be  very 
inconsiderable  for  small  distances  above  the  Earth's 

surface.     For  instance,  let  AE=*  1  mile,  then  V—  v 

A  E  v 

^UE  X  v=  (for  SEss397?)  Jq^0;  and  since  (by 

Art.  2.)  v  =  582  feet,  the  error  arising  from  the  sup- 

582 
position  of  the  constant  force  is  only  — — ,  or  about 
r  J  7940 

f4th  of  a  foot.  For  all  distances  therefore  within 
a  mile  of  the  EartKs  surface,  the  common  method 
of  calculating  the  velocity  acquired  by  a  body 
descending  perpendicularly  is  true  to  a  great  degree 
of  exactness. 


LXXIV. 

On  the  Method  of  calculating  the  Time  in 
which  a  body  descends  in  the  foregoing 
manner. 

1 .  Suppose  the  body  to  begin  to  descend  from  the 
point  A  as  before  (Fig.  in  p.  218.),  and  upon  SA 
de^fcribe  the  semicircle  AFS;  from  D  draw  DC  at 
right  angles  to  SA;  let  the  arc  AC*=-  A,  and  its  sine 

VOL.  II.  2  f  CD 
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CD  =  S,   then  (retiming  the  notation  of  the  pre- 

—  i  ai iU 
ceding  Section)  A  =    ,—       ~ 

S  =  s/  ax  —  x*,     and    $  = 


Ja 


but,   if  l  =  the  (rae  of  falling  through  AD,  then 
_ i       *fa  —xjx  _    yo  ~" 

=^7Z*A+S:  hence 


r*Jm 


AC+CD, 


which 


(■)  For  draw  cd  indefinitely  near  and  parallel  to  CD,  I 
(O  being  the  ceTrter  of  the  semicircle)  join  CO.tO;  dn« 
parallel  to  Dd;  then  Cc  (A)  ■  Cn  or  Drf  {-*)".  CO  (Ja)  : 


3),  .'.-*. 
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which  needs  no  correction,  for  when  t  =  O,  A  +  S  =  O. 
If  EF  be  drawn  at  right  angles  to  SA,  then  the  whole 


time  of  descending  through  AE  = 


<  AF+  FE 


=  ^/^  x  n/S?x  AF+FE  seconds. 

2.  Since  nt:  r  ::  l6f% :  37QO  x  5280,  let  r=  i,  then 

, LQ3        =         1 

2515392O0     1303311 


and  s/m  =  -—rr''  hence 
'  1141 


ir  /— =^7^  =  570.81.  If  therefore  S^^Ffi 
be  expressed  in  terms  of  the  Earth's  radius,  570.5 
x  s/SAy.  AF+FE  seconds  will  be  a  general  ex- 
pression for  the  time  of  falling  through  any  space 
^/Cabove  the  Earth's  surface;  but  as  it  involves  the 
length  of  an  arc  (AF)  whose  versed  sine  is  AE,  it 
cannot  be  readily  applied,  except  in  particular  cases. 

EXAM.  Suppose  a  body  to  fall  from  an 
height  equal  to  the  Earth's  radius,  then  AF  = 
a  quadrant  whose  radius  is  (r) ;  if  therefore  *■  — 
3.14159  and  r=l,  we  shall  have  *=(for  SA= 
lr-1)  570.81  xN/2"x^""  +  l  =  570.81  x  1.4142 
x2. 5707  =  2075  seconds=34'.  35". 

3.  If  the  space^fi  through  which  the  body  falls  be  so 
small  as  to  bear  no  sensible  proportion  to  the  radius 
of  the  Earth,  then  the  arc  AF  may  be  considered 
as  equal  to  the  sine  FE.  In  this  case  (Fig.  in  p.  220) 
AF+FE~2FE=2s/AEx.ES=2s/r^AE;  iherefore 
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JrxSAZJE 


V2r,/m      ^  Ty/m 

v      r         v      m  *£      v      m 

Now  the  time  of  falling  through  AE  by  the  force 
of  gravity  considered  as  con- 


hence  the 
time  by  the  variable  force 
(0  ;  the  time  by  the  con- 
stant force  (T) 

.    X/SA    </~3E    k/^E 
"   V  5EXV     m    '  V  ~ 

::    s/SJj/jSE 

::    JSE+AE  :  */SE    ::    SE  +  ±A E  i  SE; 

consequently    t-TtTu  \AE  :  SE,     .'.   t-T= 

TxAE    .      „  ,  ■  ■      ,         u 

— -p-fr—  »  '•  e-     the  error  in  time,  arising  from  the 

"  supposition  that  the  force  of  gravity  is  comiant,  is 

"  that  part  of  the  whole  time  of  descent  which  is  ex- 

AE" 
"  pressed  by  the  fraction  ~tjt;"  this  error  therefore 

will  be  extremely  small  even  for  very  considerable  di- 
stances above  the  Earth's  surface.  For  example,  let 
a  body  fall  from  the  height   of  50  miles,    which  is 

1  AE      i 

about  —  th  part  of  the  earth's  radius,  then  ^Tcp  =  -^- 

Now  the  time  of  falling  through  50  miles,  on  sup- 
position 
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position  that  the  force  is  constant,  is  128  seconds; 
hence  the  error  arising  from  this  supposition  is  only 

160  or  5^  °^  a  second. 

4.  If  the  distance  from  which  the  body  falls  is  so 
great  that  the  sine  EF  may  be 
considered  as  equal  to  the  arc 
FS,  then  AF+FE=AF+FS 
=  the  semicircle  AFS  =  %r  x  SA. 
Hence,  by  Art.  2,  the  time  of 
falling  through  AE  (t) 

=  570.81  x  s/SAx±,rxSA 
=  570.81  x  1.57079x5^ 
=  8g6.62SA*  seconds. 
This  then  is  a  general  ex- 
pression for  the  time  of  a 
body's  falling  to  the  Earth's 
surface,  when  the  distance  from 
which  it  falls  bears  a  great  proportion  to  the  Earth's 
radius ;  for  instance,  suppose  the  distance  of  the 
Moon  from  the  Earth  to  be  60  of  those  radii,  then 
the  time  of  its  falling  to  the  Earth  will  be  equal  to 

896.62x60!* 
=  896  .  62  x  >/2l6000=896 .  62  x  464.75 
=  416704  seconds  =  4  days  19  hours  45/  4". 


THE   END. 
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I. 

By  way  of  additional  corollary  to  Exam.  II.  page  103, 
besides  that  in  Note  a,  page  104,  it  might  hare  been  ob- 
served, that  t€  if  a  body  be  placed  at  the  center  of  gravity  of 
a  triangular  pyramid,  and  if  this  body  be  acted  upon  by 
four  farces  which  are  to  each  other  as  the  four  lines  drawn 
"  from  the  center  of  gravity  to  the  angular  points  of  the 
"  pyramid,  the  body  would  remain  at  rest"  For  let  ABCD 
represent  the  pyramid ;  let  E  be  the 
center  of  gravity  of  its  base  BCD,  and 
join  AE;  take  JG=3GE,  then  G  will 
be  the  center  of  gravity  of  the  pyr- 
amid**. Join  GB,  GC,  GB-,  EB, 
EC,  ED ;  then  the  three  forces  acting 
in  directions  GB,  GC,  GD  may  be 
considered  as  resolved  into  GE,EB; 
GE,  EC ;  GE,  ED  respectively ;  of 
which  EB,  EC,  ED  (by  Note  a,  page 
104)  destroy  each  other's  effects ;  there  remains  therefore  3GE, 
which  being  equal  to  GA,  a  force  acting  in  direction  GA  will 

destroy 


■r   •    «■   \'. 


(*)  Since  the  pyramid  is  made  up  of  triangles  similar  and 
parallel  to  BCD,  it  is  evident  that  AE  must  intersect  all  those 
triangles  in  a  similar  manner;  ami  since  it  passes  through  the 
center  of  gravity  erf  om$  of  ttasp,  it  must  pass  through  the  center 

of 


384 
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destroy  its  effect  also,  and  consequently  "  a  body  acted  spa 
"  by  four  forces  represented  in  quantity  and  direction  bj 
"  GA,  GB,  GC,  GD,  would  remain  at  rest." 


II. 

In  the  collision*  of  hard  and  elastic  bodies  (LeccV.)m 
omitted  to  shew  that  "  the  motion  of  their  common  camr 
"  of  gravity  is  not  affected  by  the  impact  of  the  bodies  mm 
«  each  other/' 


L  Let  A  and  B  be  two  perfectly  hard  bodies  moving  is 
the  direction  OQ$  suppose  A  to  impinge  upon  B>  and  kt  € 

m 


^■^ 


■■  * 


of  gravity  of  them  all j  hence  the  common  center  mf  gmmtofd 
the  triangles  (and  consequently  the  center  of  gravity  of  lb 
pyramid)  is  in  the  line  AE. 
For  the  purpose  of  finding 
its  distance  from  A,  let  (bed) 
be  one  of  the  similar  tri- 
angles at  the  distance  (Ae) 
from  A;  through  (e)  draw 
LeF  at  right  angles,  and 
from  A  draw  AL  parallel 
to  the  base  BCD  of  the 
pyramid  j  join  EF.  Let  b 
ABCD=A,  LF=a,  Le^x; 
then,  from  similar  figures, 
ABCD  (A)  :  Abed  : :  BIT 
:  be*  ::  BE* :  be*  ::  AE*  :  Ae* 


LF*   (a*)   :  Le*,    (x*)    .'.  A*a/= 


Ax* 


Now,  by  Art.  lf 


page  129,  the  distance  of  the  center  of  gravity  of  the  pyramid 

r        ^    v       *T   •  ,       f'.bcdxxx     f.x*x    x*     3      , 

from  the  line  AL  is  equal  to  ^-75 =r^- — = — x~-=4r 

j-bedxx     f-z**:     4     r»     * 

=  (when  x=LF)  \LF;    take  /.  LK=3KF,  and  draw  KG 

parallel  to  EF,  then  G  will  be  the  center  of  gravity  of  the 

pyramid ;  and  since  LK=3KF,  AG  will  be  equal  to  3GB.    It 

is  evident  that  this  method  would  apply  to  finding  the  center 

of  gravity  of  a  pyramid  whose  base  is  any  figure  whatever,  as 

well  as  to  the  triangular  pyramid. 
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be  their  common  center  of  gravity.  Let  the  variable  distance 
of  A  from  thejixt  point  0==*,  of  2*=y,  and  of  G=zX;  then, 

by  Exam.  V,  page  108,  X*=  jTr ,/"  •     Suppose  now  a  and  £ 

to  represent  the  velocities  of  A  and   O  A             B  Q 

JB,  and  that  *=the  time  of  their  I        '  ' 
motion,  and  consequently  the  time 

of  the  motion  of  their  common  center  of  gravity ;  then 

{since  V=.  -&\  the  velocity  of  A  (a)  =? ;  of  B  (b)  =  y ; 

of  G=*       Now  X=^±#      •   ^T+T=^±^ 

=the  common  velocity  of  A  and  B  after  impact;  and  as 
the  velocity  of  their  common  center  of  gravity  after  impact 
is  evidently  the  same  with  the  velocity  of  the  bodies  them* 
selves,  it  follows  that  its  velocity  both  before  and  after  impact 
is  the  same,  i,e,  "its  motion  is  not  affected  by  the  impact 
of  the  bodies  upon  each  other." 

2.  If  the  two  bodies  A  and  B  be  perfectly  elastic,  then 
X=    *       *  %  and  T=  ^.i.p  =t^e  velocity  of  their 

center  of  gravity  (G)  before  impact,  as  in  the  preceding 
Article.  To  find  its  velocity  after  impact,  we  must  refer 
to  Art.  2.  page  161,  where  the  velocity  -of  A  after  impact 

A—B.a+2Bb  ,  .  ,      t  B^A.b+2Aa  /-x  m    _^ 

-    (    j+B W'    and   °f  B= A+B        -W  ;    n°W 

•  •  • 

a=j,  and   j8  =  j,  substituting  therefore  the  values  of  j, 

and  *  in  the  equation  y=_<_jf  >    we  have 

A-B.Aa+2ABb+B~A.Bb+2ABa     A+B.Aa+Bb 
I  J+ftf  ~        J+S' 

^Aa+Bb  far  ^  ^^^  of  the  common  center  of  gravity 


common 


.  of  A  and  B  after  impact ;  from  which   we  draw  the  « 
conclusion  as  in  the  preceding  Article. 


III. 


kTTie  following  Note  should  have  been  inserted  in  Lect.VUl. 
S.JS9. 
1.   In   a  combination    of    wheel*    as    represented    in  tot 
acted  Figure,  where  the  nacW  wheels  A,  C,  &c.  act  op*. 
OH  Urgt  ones   B,  D, 
JKi  »  a  eriakn*  that 
mk  MTOMh  of  the 


the 
«*«,*  tbe  larger  and 
•aaaBer  wheels  to  be 
•VmJ,  and  that  the 
aamnV-r  of  teeth  in  tbe 
barge  wheel  is  to  that 
in  the  aaaaUer  as  M  :  «  ;  then,  from  the  manner  in  » tri 
theae  teeth  act  upon  each  other,  it  appears  that  whilst  At 
sanaMrr  wheel  makes  one  revolution,  the  larger  one  wtQ  matt 
aahr  gth  part  of  a  revolution ;  and  if  (A7)  be  tbe  ntnaas 


\- 


made  br  the  smaller  wheel  ii 


any  given  t 


a*  h  hV 


of  teronrtions  performed  by  the 


men  -^  i 

larger  one  in  the  * 

2.  Instead  of  fan*  pairs  of  larger  and  smaller  wheek 
between  the  ioadJ*  PQ  and  aris  E,  as  represented  m  tba 
Fywre,  eoneerre  now  any  nwaaier  of  small  wfaccat  j|,fi 
fi.G»fe>    (sack  a«ba«  apa»  a  catreapoadang  Jar*  oat, 

B.A 
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JB,  D9  Ff  H9  4jc.)  to  be  interposed,  and  let  the  number  of 
teeth  in  the  wheel  A=*m9  in  the  wheel  B**M*9  in  the 
wheel  C=m'9  and  in  the  wheel  D=M'\  in  the  wheel  E^=m", 
and  in  the  wheel  F=Af";  &c.&c;  suppose  also  that,  the 
number  of  revolutions  performed  in  a  given  time  by  the 
wheel  A**N\  by  the  wheels  B  or  C^N9;  by  the  wheels 
D  or  E=JT;  by  the  wheels  F  Or  G=  #"';  &c.  then,  from 
what  has  just  been  shewn,  we  shall  have, 

xr      Nm        AM  N 


iW      Mum'  ,  JIT       JV 


XT,,/    Wmr^iTmmrm"         ,  If,, J»T 

""  Af"       JfATAf"  '  **     m"~N'"' 
&c.=&c.    =&c. 

from  which  equations,  cc  if  the  number  of  revolutions  (iV) 

'   M  performed  by  the  first  wheel  (A)  in  a  given  time  and  the 

€€  number  of  teeth  in  the  several  wheels  be  given,  we  can  find 

€€  the  number  of  revolutions  performed  by  the  wheels  B9D9 

€€  F9  &c.  in  the  same  given  time;'9  and  on  the  other  hand, 

-  4€  if  the  number  of  revolutions  performed  by  the  several 

"  wheels  B9  D,  F9  &c.  in  a  given  time  be  given,  we  can  find 

i  j/   m'    jf" 

the  value  of  — , — 7, — r,98ic.  or,  the  proportion  between  the 

fit        7H        Ifl 

number  of  teeth  in  each  corresponding  larger  and  smaller 
wheel;"  moreover,  since  the  teeth  in  each  corresponding 
pair  of  wheels  are  supposed  to  be  equal,  this  proportion  will 
evidently  be  that  of  the  circumferences,  and  consequently  of 
the  radii  of  the  wheels  B9A;  D9C-9  F9  E  \  &c  &c.  This 
Theorem  applies  to  the  construction  of  wheels  for  regulating 
the  motions  of  the  hour,  minute  and  second  hand  of  a  clock. 

• 

IV. 

At  the  end  of  Lecture  X.  it  might  have  been  observed,  that; 
if  a  number  of  very  small  equal  spheres  be  placed  upon  each 

other 


r* ■ 

» ■     i 

-  :  .u.--;    comi*;.  .• 

•■ ...   be  ;ni:  ■ 
:    ■"  "  *  t-^c   >]jhere*  .• 
--.   rt>:**et   tn  :.':: 
i~   .:.  ::>  state  ■  >?'*>. 

-  -t.-i-<    in    the  >u;  • 

-  t:.t   i-^Tt'iiarv  :  a. . 

-  which  join*  ti:i: 
.t?  o.    the  saint*  .\:\ 
.:   part*  Qf  the  i-au- 


::    the   *:v 

v.itona:\.    . 

*"  «r  *  :**  " 

-■  ::»ti>rv  !•■• 

.    -  r-rwhiJ. 

■-' :   \rritti1: 

H*  rn-N  ' 


P 
is 

ot 


.* 
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other  in  the  manner  represented  in  the  annexed  Figure,  and 
the  whole  supposed  to  he  in  equilibrio  in  a  vertical  pint, 
tlien  the  figure  which  the  spheres  (thus  placed  contiguoa 
to  arid  pressing  on  each  other)  will  assume,  will  be  thai  of 
an  inverted  catenary.  For  it  is  evident  that  these  spheres  m 
under  precisely  the  same  circumstances  with  respect  lo  then 
equilibrium,  as  the  particles  of  the  catenary  in  its  state  of  sus- 
pension ;  gravity  operates  upon  the  spheres  in  the  name 
manner  M  it  operates  on  the  particles  of  the  catenary ;  and 
■ince  the  spheres  may  he  considered  as  pressing  against  each 
other  in  the  direction  of  the  straight  line  which  joins  their 
respective  centers,  this  pressure  ia  a  force  of  the  same  kind 
with  that  of  the  tension  of  the  different   parts  of  the  cate- 


nary, but  acts  in  an  opposite  direction;  upon  the  samf 
principle,  therefore,  that  each  particle  of  the  catenary,  in 
its  state  of  suspension,  is  kept  at  rest  by  its  gravity  and 
tension,  each  of  these  spheres  will  be  kept  at  rest  by  its 
gravity  and  pressure  between  the  two  adjoining  spheres.  In 
this  inverted  state  it  is  called  the  curve  of  equilibration  ;  and 
in  this  latter  sense  it  lays  the  foundation  of  the  theory  for 
the  "  Construction  of  Arches  ; "  for  an  explanation  of  which 
theory  the  Reader  is  referred  to  such  authors  as  have  written 
specifically  upon  the  subject,  more  especially  to  Dr.  Hutton-1  . 


(»)    Tracts    on    Mathematical     and    Philosophical    Subjtct< 
tol.X,   1812. 
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